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FOREWORD 
NASTRANO (NASA STRUCTURAL ANALYSIS) is a large, comprehen- 
sive, nonproprietary, general purpose finite element computer 
code for structural analysis which was rleveloped under NASA 
sponsorship and became available to the public in late 1970. It 
can be obtained through COSMIC (Computer Software Management and 
Informati~n Center), Athens, Georgia, and is widely used by NASA, 
other goveroment agencies, and industry. 
NASA currently provides continuing maintenance of NASTRAN@ 
through COSMIC. Because of the widespread interest in NASTRANR, 
and finite element methods in general, the Eleventh NASTRANB 
Users' Colloquium was organized and held at the Holiday 
Inn-Fishermt.nls Wharf, San Francisco, May 2-6, 1983. (Papers 
from previous colloquia held in 1971, 1972, 1973, 1975, 1977, 
1978, 1979, 1980 and 1982, are published in NASA Technical 
Memorandums X-2378, X-2637, X-2378, X-2893, X-3278, X-3428, and 
NASA Conference Publications 2018, 2062, 2131, 2151 and 2249.) 
The Eleventh Colloquium provides some comprehensive general 
papers on the application of finite element methods in 
engineering, comparisons with other approaches, unique applica- 
tions, pre- and post-processing or auxiliary programs, and new 
methods of analysis with NASTRANB. 
Individuals actively engaged in the use of finite elements 
or NASTRANB were invited to prepare papers for presentation at 
the Colloquium. These papers are included in this volume. No 
editorial review was provided by NASA or COSMIC, however, 
detailed instructions were provided each author to achieve 
reasonably consistent paper format and content. The opinions and 
data presented are the sole responsibility of the authors and 
their respective organizations. 
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BANDIT i n  NASTRAN 
Gordon C. Chan 
Sperry Corporation 
; R84 1 5 5 9 1  
SUMMARY 
BANDIT ( re f .  1 and 2) has been implemented i n t o  the NASTRAN Apr i l  '83 
release. It i s  now a permanent feature i n  NASTRAN and w i l l  be included i n  a l l  
fu ture releases f o r  a l l  four  computing machines (IBM, CDC, UNIVAC, and VAX). 
I NTRODUCTION 
Or ig ina l l y  BANDIT operated as a preprocessor o f  NASTRAN. It rezrd the 
NASTRAN inpu t  cards and produced a se t  o f  resequencing (SEQGP) cards t h a t  would 
great ly  reduce the computational time requi red by the aa t r i x  dacomposi t i o n  
module o f  NASTRAN f o r  a la roe  structure. I n  the past, many computer centers had 
i n s t a l l e d  BANDIT i n  t h e i r  systems together w i th  the NASTRAN program. The user 
would run the BANDIT program and NASTRAN as i f  they were one program ( o r  two 
separated programs depending on how the two programs were ac tua l l y  t i e d  together 
i n  the computer systems). I n  some cases, the user was required t o  pass the 
i npu t  cards and the output SEQGP cards between the  two programs, and i n  others, 
the data was manipulated through the use o f  cataloged disc f i les .  Although 
there i s  nothing wrong w i th  t h i s  BANDIT-NASTRAN arrangement, there are, however, 
several shortcomi ngs: 
1. Each i ns ta l  l a t i o n  requires patching the BANDIT-NASTRAN operation for  
each new NASTRAN release. 
2. The complete NASTRAN i n p u t  deck i s  read and decoded twice, once by 
BANDIT and once by NASTRAN, which i s  i n e f f i c i e n t  and redundant. I n  
addit ion, BANDIT requires tha t  a1 1 cont inuat ion cards must fo l low 
imnediately t h e i r  parent input  cards. 
3. BANDIT uses For t ran f i l e s  which may become dead f i l e s  f o r  NASTRAN which 
uses i t s  own GIN0 f i l e s .  These dead f i l e s  are ca r r i ed  along throughout 
the e n t i r e  durat ion o f  NASTRAN execution. 
4. When source code i s  added t o  NASTRAN f o r  a new connection element, the 
element tab le  i n  BANDIT needs t o  be updated and re-compiled, and the 
BANDIT executable program re-generated, o r  the $-APPEND opt ion must be 
used. 
5. There are four versions o f  BANDIT f o r  IBM, CDC, UNIVAC, and VAX com- 
puters. 
The BANDIT i n  the NASTRAN Apr i l  '83 release has removed a1 1 the above de f i -  
ciencies, and i t  comes i n  one version appl icable t o  the four computing machines. 
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To reduce redundancy and other  i n p u t  l im i ta t i ons ,  a l l  the i npu t  card handling 
subroutines o f  the o r i g i n a l  program were not  used. Only th i r ty - two o f  the o r i -  
g inal  seventy-two source codings were i n s t a l l e d  f n  LINK 1 o f  NASTRAN. The 
overlay segment f o r  BANDIT rout ines i s  therefore gyeat ly simp1 i fied. BANDIT i s  
executed now only when the user 's  i npu t  deck i s  read i n  by NASTRAN, decoded, and 
free o f  error.  
BANDIT IMPLEMENTATION 
The implementation o f  BANDIT i n  NASTRAN fol lows two simple guidelines: a 
NASTRAN user needs no p r i o r  knowledge o f  BANDIT, i t s  theory, and i nput 
requirement; and BANDIT should no t  prematurely terminate the NASTRAN job  due t o  
user i npu t  error.  I n  addit ion, most o f  the usleful features and program f l e x i -  
b i l i t y  o f  the o r i g i n a l  BANDIT version are reta ined i n  t h i s  implementatfon. 
E igh t  options are ava i lab le  t o  the user t o  u t i l i z e  some special features t h a t  
the program of fers.  The o r i g i n a l  BANDIT program uses the $-sign i npu t  cards f o r  
these options, whereas i n  NASTRAN, NASTRAN card i npu t  (see NASTRAN User's 
Manual, p. 2.1-2) i s  used. The fo l low ing tablie compares the two methods ( w i t h  
J def aul t values under1 i ned) : 
O r i  g i  real BANDIT i n  
BANDIT NASTRAN OPTION USEAGE 
$GRID=n (no t  used) To inform BANDIT no. of g r i d  points  
$MPC=M,YES BANDTMPC=Q,1,2 To inc lude MPC's and r i g i d  elements i n  re- 
sequencing (11, r i g i d  elements only (2),  
o r  non~e o f  these (0)  
( none BANDTDEP=g ,1 To inc lude (0)  o r  t o  exclude (1)  dependent 
g r ids  i f  BANDTMPC-1, o r  2 
$METHOD=CM, BANDTMTH=l,Z;3, To use C u t h i l l  -Mckee method ( I ) ,  
=GPS, G i  bb-l)ool e-stockmeyer method (3), o r  
=u both 1:2) 
SCRIT-2 ,&,3, BANDTCRI=1,2,3 To se t  c r i t e r i o n  f o r  evaluation: r ms-wave- 
4 7 f r o n t  (1'  bandwidth (21, p r o f i l e  (3),  
o r  max-wavefront (4) 
SPUNCH=M ,YES BANDTPCH=g, 1 To punch (1) out  SEQGP cards and terminate 
NASTRAN job  
$NASTRAN=NO, (no t  used) 
=YES 
To execute NASTRAN a f t e r  BANDIT ( I B M  only 
( none BANDTRUN=g,l To generate SEQGP cards uncondi t ional ly  
(1) 
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Orig inal  BANDIT i n  
BANDIT NASTRAN OPTION USEAGE 
$DIMENSION=n BANDTDIMrm To redef ine scratch array dimensions t o  n 
( o r  100x[m], defaul t=153) 
( none) BANDIT=-1 ,g To sk ip BANDIT i n  NASTRAN (-1) 
BANDIT OPTIONS 
Current ly NASTRAN provides two methods t o  sk ip  over BANDIT opera t ion. 
F i r s t ,  the NASTRAN BANDIT=-1 op t ion  can be used. The second method i s  t o  
include one o r  more SEQGP cards fn the bulk data deck. I n  t h i s  second method, 
BANDIT would terminate since the user has already stated h i s  choice o f  SEQGP 
resequencing cards. However, the NASTRAN BANDTRUN=l op t ion  can be used t o  force 
BANDIT t o  generate new SEQGP cards t o  replace the o l d  SEQGP se t  already i n  the 
input  bulk data deck. I n  a l l  instances when BANDIT i s  executed, NASTRAN w i l l  
issue a page o f  summary t o  keep the user informed o f  the basic resequencing com- 
putations. The user may r e f e r  t o  reference (1)  f o r  d e f i n i t i o n  o f  the technical 
terms used. 
The NASTRAN HICORE card can be used i n  the UNIVAC machine t o  increase the 
open core f o r  BANDIT operation. I n  a l l  machines, BANDIT automatical ly counts 
the number o f  g r i d  po in ts  used i n  a NASTRAN job, and i t i s  able t o  se t  up the  
exact array dimensions needed f o r  i t s  in te rna l  computation. However, i f  the 
user's s t ructure model uses more g r i d  points  ir ;  the connecting elements than the 
t o t a l  number of g r i d  points  as defined i n  the G R I D  cards, BANDIT w i l l  issue a 
f a t a l  message and stop. I n  the case where non-active g r i d  points  (def ined i n  
the G R I D  cards bu t  nowhere used i n  the model) do ex is t ,  BANDIT w i l l  add them t o  
the end of the SEQGP cards, and t h e i r  presence w i l l  not  cause f a t a l  crashing i n  
a NASTRAN job. 
R ig id  elements and MPC's arc included i n  the BANDIT computation only when 
the BANDMPC=l ( o r  2)  op t ion  i s  requested, and t h e i r  depending g r i d  points  can be 
cont ro l led  by the BANDTDEP option. The r i g i d  elements are t reated as a se t  o f  
MPC cards ( re f .  3). Reference (1) states: "It should be emphasized here t h a t  
only i n  rare cases would i t  make sense t o  l e t  BANDIT process MPC's. The main 
reasons f o r  t h i s  are t h a t  BANDIT does not  consider ind iv idua l  degrees o f  freedom 
and, i n  addit ion, cannot d i s t i ngu i sh  one MPC set  from another." 
CONSIDERATION OF SOME SPECIAL ELEMENTS 
The axisymmetic elements produce two g r i d  numbers f o r  each g r i d  p o i n t  
(PINGAX) defined i n  the bulk data deck. Therefore, BANDIT i n  NASTRAN w i l l  use 
twice the number o f  g r i d  points  i n  i t s  computation and produce the 1000000 and 
l 
I  
n 
I  I =  
) -  0
'-
I  
fi  t     r [ ], lt 0  
i  n  
I  
tl   ;     i  .
   ('"ti     s  
    P  I"  l      
I      r       
nci  s.   TRUN=1 i       
I  P     l  P    
t l    ll  I   , l 
   r     d   i  encing 
    )  f i i    i l 
 
  r            
   I  .  ll es, I  ti ll  
  i      ,        
  d   l t .   
l   i   .  ti     
l  i  Oi   n  I:> , I  l  
l   .    i   fi d n 
 I   t     l) l    
     i   l t  l i  n 
 . . 
i   ~ d n  ti  l  
 PC=1 r  i    i i  i     
ll     id     f 
  .   l   i    
l  n      t I   's. i  
      t  l    
n , i i h    r." 
I I   ECI   
   i     i  t lH     l   re, I  n  l  
   i     ti       
3 
2000000 ser ies o f  g r i d  numbers i n  the generated SEQGP cards. Other pseudo e le-  
ments (such as the surface elements used i n  heat o r  f l u i d  problems) which are 
not present i n  the  element d e f i n i t i o n  tab le  (GPTABD data block) o f  the NASTRAN 
program are therefore excluded i n  BANDIT computation. On the contrary, any new 
element (developed by user), whose spec i f i ca t i on  i s  defined i n  the GPTABD data 
block, i s  automatical ly brought i n t o  g r i d  p o i n t  resequencing. 
NASTRAN RESTART 
A few comments about NASTRAN r e s t a r t  jobs and BANDIT are needed t o  c l a r i f y  
BANDIT operational procedure: 
1. BANDIT i s  automatical ly skipped i f  i t  i s  an unmodifisd r e s t a r t  job. 
However, the previously generated SEQGP cards are already absorbed i n t o  
the NASTRAN data base, such as the EQEXIN, SIL, BGPDT, etc. A message 
i s  p r i n ted  t o  inform the user t h a t  BANDIT i s  not  needed. 
2. BANDIT i s  always executed i f  i t  i s  a modif ied r e s t a r t  job. 
3. BANDIT can always be executed i f  the r e s t a r t  job  contains one o r  more 
o f  the NASTRAN-BANDIT options (e. g., NASTRAN BANDTMTH=2) . A NASTRAN 
BANDIT=-1 op t ion  can be used t o  stop BANDlT execution uncondit ional l y  . 
A t  the beginning o f '  a NASTRAN job, the Input  F i l e  Processor modules ( IFPI  
and IFP) i n  LINK 1 read the executive and case contro l  cards and process the 
complete bulk data deck. The SEQGP cards generated by BANDIT are added d i r e c t l y  
t o  the NASTPAN data base (GEOM1 f i l e )  a t  a much l a t e r  stage. I n  other words, 
since these SEQGP cards are not  p a r t  o f  the o r i g ina l  bulk data deck, they are 
simply not avai 1 able f o r  the res ta r t l a1  t e r  feature o f  NASTRAN. 
NASTRAN BULY VTA OPTION 
A new opt ion (key work BULKOATA) i s  also added t o  the NASTRAN card i n  the 
Apr i l  '83 release. It allows NASTRAN j u s t  t o  examine the i npu t  data deck and 
echo any user e r ro r  detected. Since t h i s  new opt ion (NASTRAN BULKDATA=l) and 
any o f  the BANDIT opt ions share a common switch i n  NASTRAN in te rna l  programming, 
they cannot be used simultaneously. The BANDTPCH opt ion  acts almost l i k e  the 
BULKDATA option, bu t  i n  addit ion, the SEQGP cards are punched out. 
CONCLUSION 
The author wishes t o  thank Dr .  G. C. Everstirte f o r  h i s  permission t o  use 
h i s  program (BANDIT, release 9.0) f o r  t h i s  project.  
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ABSTRACT 
Since the initial installation of NASTRAN on the UNIVAC 1100/82 
computer at the Marshall Space Flight Center (MSFC), a number of 
"local" codes have been incorporatea as "user routines." This 
paper describes four of these codes and how interested users may 
obtain additional information. 
INTRODUCTION 
The MAP elements supplied by COSMIC/NASTRAN contain the user 
subroutine names OUTPTI, DUMOD3, etc., along with corresponding 
dummy subroutines. Locally generated "user routines" are 
compiled and the relocatable elements are copied over +5e dummy 
relocatables for mapping into the COSPlIC/NASTRAN system. Several 
local codes have been generated for the MSFC computer 
installations by BCSS and its predecessors and incorporated into 
NASTRAN ii: this manner. 
The routines were written in the FORTRAll V language as used with 
standard COSMIC/NASTRAN. All of the appropriate links were 
mapped using the MAP elements supplied with the COSMIC/NASTRAN 
package. 
The "user rcutines" are described in the following format: 1) 
purpose of routine or function, 2 )  installation of routine into 
standard COSMIC/NASTRAN, 3) example showing use of the routine. 
Note that the routine names used in the text differ from the DMAP 
"callingn n nes. 
OUTPT4 - This module was written to create FORTRAN-written, 
unformatted user tapes containing banded matrix data 
recovered from NASTSAN matrix data blocks as requested 
by the user via the OUTPUT4 DMAP instruction. The data 
is in a simple compzdt, convenient form and contains no 
special labeling codes. 
INPTT4 - Compani',~n module to OUPTI, reads matrix data blocks 
from OUTPT4 tapes. 
D'JMOD3 - This module was created to convert NASTRAN tabr~lar data 
blocks into matrix data biock format for convenience in 
manipulation and output, especially by OUTPTI. The 
element or gridpoint identification data is also 
recovered and output separately. 
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INPTT3 - This routine uses coding supplied by Rockmll International 
(RI) f o r  reading mrrtrix data i n  tha t  comoany's customary 
format i n t o  NASTRAN matrix data blocks. The R I  data i s  
i n  a compact Fortran-formatted coded form, which appears 
t o  have qui t e  widespread acceptance i n  the aerospace f ie ld .  
PFDR - Pr in t  F i l e  Data Retrieval post processor or1 i n a l l y  wr i t ten  t o  3 extract OUTPT4 data from the NASTRAN p r i n t  f le ,  i t  i s  par t i cu la r l y  
useful when data output i s  required from more than one 1 ink  exe- 
cution as occurs frequently during substructure recovery procedures. 
I n  such cases, the normal output f i l e s  are rewound a f t e r  each l i n k  
has been executed, thus ensuring tha t  subsequent executions of 
the output mdb:es w i l l  overwrite ea r l i e r  ones. The p r i n t  f i l e  
i s ,  o f  course, rewind inhibited. The p,ogram has now been general- 
ized t o  extract a l l  types o f  data. The user i s  required t o  provide 
header information t o  enable the program t o  f i n d  the data on the 
NASTRAN p r i n t  f i l e .  
IMPLEMENTATION 
1. OUTPT4 - Outputs selected matrices t o  binary f i l e  I N P I .  
A. Entry Point - OUTPT4; SUBROUTINE: WRTAPE 
B. NASTRAN Link: LINK14 
C. DMAP Call inq Sequence: OUTPUT4 11,12,13,14,15//V,N,Pl/V,N,P2 $ 
. D. Input Data Blocks: Ii - Any matrix data block which the user 
desires t o  be wr i t ten on NASTRAN f i l e  
INP1. Purged data blocks are ignored. 
Up t o  f i v e  data blocks may be output. 
E. Output Data Blocks: None. 
F. - Method: The OUTPT4 routine checks t o  determine whether the 
matrix data block i s  purged. I f  i t  i s  not, a c a l l  i s  
made t o  subroutine WRTAPE, which wr i tes each column 
o f  the matrix onto the user tspe INP1. Parameters 
P I  and P2 provide controls corresponding t o  those 
i n  the standard OUTPT2 module (q.v.*). 
G. Example: A comprehensive example o f  OUTPT4 and INPTT4 usage 
i s  provided as part  o f  the descript ion f o r  the l a t t e r  
r ou t i  no. 
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2. INPTT4 - reads matr ix  data from an OUTPT4 f i l e  assigned t o  INP2 
i n t o  a spec i f ied  matr ix  data block. 
A. Entry Point: INPTT4. 
B. NASTRAN Link: LINKZ. 
C. DMAP Cal l  i ng Sequence: -
D. Input Data Blocks: None. 
E. Output Data Blocks: 
MDB - Ya t r i x  data block t o  be loaded w i th  data from user f i l e  
INP2. 
F. Method: Retrieves one matr ix from user f i l e  INP2 f o r  each c a l l  
t o  the rout ine. This f i l e  may be the !?;PI f i l e  gener- 
ated by the OUTPT4 rou t ine  o r  a s i m i l a r  user-wr i t ten 
FORTRAN f i l e .  The required format f o r  t h i s  f i l e  and 
usage o f  parameter? P I ,  P2 and P3 are described i n  
the OUTP UT4 documentation. 
G. Examples: The use o f  both INPTT4 and OUTPT4 i s  i l l u s t r a t e d  i n  
the DMAP ALTER sequence o f  Figure 1. Two matrices 
are read from a f i l e  previously created by OUTPT4 
and subsequently p r i n t zd  using the MATPRN module 
(Figure 2). The OUTPT4 1 i s t i n g  i s  shown i n  Figure 3. 
H. Notes: 
1. The primary use o f  t h i s  rout ine i s  t o  enable the 
user t o  obta in NASTRAN generated matrices i n  a FORTRAN 
binary format f o r  subsequent use i n  user-wr i t ten 
Fortran programs. S i m i  1 a r l  y formatted matrices created 
by NASTRAN OUTPT4 or  by user-wr i t ten Fortran programs 
can be read i n t o  NASTRAN data blocks by using the 
companion INPTT4 module. 
2 .  The order o f  r e t r i e v a l  o f  matr ix  data blocks must be 
i n  the order which they were wr i t ten .  
3. Matrices output by OUTPT4 w i l l  be w r i t t e n  on f i l e  
INP1. This tape must be assigned as INP2 i n  subsequent 
NASTRAN r-uns when using INPTT4 t o  recover the matrices. 
Parameter usage i s  discussed i n  the user documentation. 
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A. Entry Point: DUMOD3 
B. NASTRAN Link: LINK7 
C. M P  Cal l  i ng Sequence: 
D. Input Data Blocks: 
TDB NASTRAN Tab1 e Data Block . 
E. Output Data Blocks: 
MDB NASTRAN Matrix Data Blocks. 
F. Method: Converts tabular data blocks i n t o  matrix data block 
format. Up t o  e ight  data blocks may be converted. 
The tables are mapped i n t o  a P I  x 8 matrix and 
the g r i d  point/element I D ' S  i n t o  array LTLID which 
i s  1 i s  ted and punched on cards. 
G. - Examples: The example i l l u s t r a t e s  how the SPCFORCE (OQG table)  
can be reformatted using the DMAP sequence shown 
i n  Figure 4. The LTLID array o f  gr idpoint  I D  num- 
bers i s  shown i n  Figure 5. Figure 6 shows the 
NASTRAN SPCFORCE output and Figure 7 shows the 
corresponding DUMOD3 matrix, IFLOAD, as output 
us i ng OUTPT4. 
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4.  INPTT3 - Reads ma t r i x  data from an RI- formatted f i l e  assigned t o  
INPT i n t o  spec i f i ed  mat r i x  data blocks. 
A, Ent ry  Point :  INPTT3. 
B. NASTRAN Link:  LINK2 
C. DMAP Ca l l  i ng Sequence: 
D, I n p b t  Data Blocks: RT formatted matr ices from f i l e  INPT. 
E. Output Data Blokks: -- A l l  NASTRAN ma t r i x  data blocks. 
F. Method: Rads the matr ices from an RI-formatted data f i l e  
i n t o  NASTRAN mat r i x  data blocks. Up t o  f i v e  
matr ices may be read. 
G. Examples: Figure 8 shows the DMAP ALTER sequence requi red 
f o r  loading two matr ices i n t o  the  Normal Modes 
Analysis R ig i d  Format and adding them i n t o  the 
mass and s t i f f n e s s  matr ices. The d iagnos t i c  
messages p r i n t e d  by NASTRAN t o  i nd i ca te  success- 
f u l  completion o f  the INPUTT3 i n s t r u c t i o n  a re  
shown i n  F igure 9. 
H. - Notes: The f i l e  INPT must be assigned conta in ing the 
RI-formatted data. 
.   rix      i d  
  cifi  rix  
. ry 
.    
c  ing 
INPUTT3 KO,MO",/KX,MX",/C,N,-l/C,N,O/C,N,O $ 
. ~t   d    
.   l ~ s: l  rix  
. 
ea      a  
  rix   
  
    i  
r i      l  
 id t  i     
    ti  
 d     
l ti  f   ti   
 n   
.   t  i d i i   
at
16 
ORIGINAL PAQg a 
INPUTT3 DMAP ALTER SEQUENCE OF POOR QUALIW 
I D  RI ORBITER - .  ~ - .  
APP 
, .. .- Of SPLACEMENT .- - . . 
SOL ., . . . -, - .* -. . 3 ,O - . - 
T I R E  150  
s 
s INPUTS K O ,  no INTO K O R B I  MORE 
. . -- .- . 
ALTER 36 
INPUTT3  K O . M O . , , / K O R B . M O R B ~ ~ . ~ C ~ N , - ~ ~ C , N ~ ~ ~ C ~ N ~ O  s 
- -  - . 
CHkPNT KORB,MORB S 
s 
S FORMS KF1,  H F l  AND ADDS KORB, flORB FORHING K F F ,  HFF 
. . -. . - - -. . . . - - - -- - ....- . . .--- . . . ALTER 7 1 . 7 2  
€ 4 ~ 1  v KNN , K F ~ / S I N G L E  /YNN,MFl/SINGLE S 
. . . ..-. - - .  ---.. --- -----  - . - CHKPNT KFl,MF! S 
ALTER 7 4 . 7 5  
SCEl U S t T t K N N , M N N ~ t / M F 1 t ~ F S ~ ~ n F l p v  s 
CHKPNT K F S , U F ~ . H F ~  S - 
ALTER 76 
ADDS KT1 tKORP , /KFF S 
C H K P N T  KFF I 
AD05 MFl  .MORBv,t/HFF- J .  - , - -. 
CtiKPNT nFF I 
ENDALTER -. 
CEND 
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A. Method: 
Repeated executions o f  OUTPUT4 and other  output modules w i t h i n  
a s ing le  NASTRAN run (especia l ly  i n  DMAP Looping) w i l l  cause 
previously w r i t t e n  matr ix  data blocks on INPl t o  be over- 
w r i t t e n  by subsequent c a l l s  t o  the output module. This being 
a system charac ter is t i c ,  the problem could no t  be resolved 
i n t e r n a l l y  . The matrices were preserved i n  t h e i r  en t i re t y ,  
however, when w r i t t e n  by OUTPUT4 onto the NASTRAN p r i n t  
f i l e .  Hence, the p r i n t  f i l e  i s  saved f o r  subsequent i npu t  
t o  a post-processor which extracts the matrices and wr i tes  
them t o  a s ingle f i l e ,  which may be ~ o p i e d  t o  tape f o r  l a t e r  
processing. This approach en25ies the user t o  obta in the 
resu l t s  o f  a number o f  w i p u t  requests i n  a s ing le  run. 
B. Input  t o  PFDR* 
The input  t o  the post-processor i s  simply the NASTRAN p r i n t o u t  
f i l e  i t s e l f .  This f i l e  can be obtained by the i n s t r u c t i o n  
QBRKPT PRINTBIFILENAME on the UNIVAC computer. This i nstruc- 
t i o n  simply d i ve r t s  the symbolic p r i n t  data t o  the previously 
assigned f i l e  FILENAME, which can then be read by PFDR, 
C. The PFDR Post -Processor: 
The NASTRAN p r i n t  f i l e  i s  converted t o  ASC! I code t o  enable i t  
t o  be read by the post-processor. The data "key phrase" i s  
input  t o  the post-processor. If no "key" i s  given, the pro- 
cessor automatical ly de fau l ts  t o  OUTPUT4 data. 
D. Output Data: 
The output data w i l l  conta in the OUTPT4 matrices o r  the par t i cu-  
l a r  data i d e n t i f i e d  by the key phrase. This data i s  usua l ly  
copied t o  tape f o r  subsequent use. The data formats are de- 
scr ibed i n  the user documentation. 
E. Implementation: 
PFDR i s  cur ren t ly  not ava i lab le  on the MSFC IBM system. 
F. Example: A sample runstream i s  shown i n  Figure 10. 
5. PFDR - Print File Data Retrieval post processor 
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E, Examples  
ORIGINAL PAGE 
PFDR SAMPLE RUNSTREAM OF POOR QUALITY 
s 
's--'--‘ P R I N T  f I L T D ' A T A  ' R C f  RIL'VIL- 
9 aoEL ErE; -'PRX Xrfa-"--" ------'- 
3 0 E t ~ T f  r C  OPXXXX. 
-aCxi ,P  'PR i~if,F717POSS7200 -. CCI- 
IASGeA PRXXXX. 
JBRKPT- P R I Y T s I P R X X % ~ - -  
a x o f  *NASTRANoLINMl 
aASGtA C*NASTRANa 
-'aPRf7TCICioNAStRAN. - 
aXQT C*NASTRAN,X 
a ~ o & P - O P x x x x S  
--- 
E X I T  
~ A ~ G , ~ ~ - ~ P ~ T P ; U ~ S ' , S A V E O ~ ~ ~ ~ ~ " P ' ~ ; L I ~  FF--- 
a c o P y , t n c  O P X X X X  o T O P w P  ?-. . ---.--- - 
aCoPy,GMC OPxxxx i ' rOP4TPr  
aFREE O P S ~ P .  aFREE . P R X X X X r  - .  -----.-- 
aFREL OPXXXXa 
asvclt P R X X X X  l ; ,,,HSP--' ------.. ----- 
asrn O P X X X X . ,  ,HHSP 
KEY : 
PRXXXX - F I L E  TO WHICH PRINTOUT I S  DIVERTED 
OPXXXX - FILE ro WHICH EXTRACTED DATA IS WRITTEN 
31 - ALTERNATE PRINT F I L E  DYNAMICALLY ATTACHED TO OPXXXX 
C*NASTRAN.X - EXECUTABLE ELEMENT OF PFDR 
OP4TP - TAPE TO WHICH OPXXXX I S  COPIED 
MHSP - DENOTES PYYSICAL UNIT FOR PRINTER 
FIGURE 10 
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- ------- P INT FI LO'. TA - [,T"I[,VU.-
1 
aD El ETE ~ C --PRX X XC.--" ---- --------
aO ltTt,C I . 
- eA-, ,P - A jx cit'7rlPOs-/200----·~~-
i ,  I .
a AKPT-PAI~TS/PRXX)(  
rQT - A N.lI "1 
---.------------
(NASTRAN RUN. 
aBRKPT PA INYS 
ausr- 3I,OPXXXX;------------
aEOtUQ PAXXXX. 
ExIT--- ---
aAS tA _ . 
--Qj r;  c-t"NA S T   r-".--------
ax QT C*   N. X 
aEc-;up-OPXX-xx.'~---'------
XIT 
aASG, r:rb P .. TP";U9S',-SA VE 0'" --;-" Pill IFF -
aCOPY.GMC xx .,OP"TP.
aCO y, G C oPXXXX ~";O "TP;-"--_w --.• ---
aF t Op .. Tp. 
iFREE ·PR'O(XX~-----'-·-------··-
arRt . oPxxxx. 
aSYIi4 PRXXXX.; ;-HHSP---------··----·--
iSYM O XX."HH  
- FILE TO WHICH PRINTOUT IS DIVERTEO 
- FI  ro WHI EXTRACTED DATA I WRITTEN 
- ALTERNATE PRINT FILE DYNA I llY ATTACHED TO OPX  
C*N STR .  - EXECUTABLE ELEMENT OF PFDR 
OP4TP - TAPE TO WHICH OPX  IS COPIED 
MHSP - DENOTES P~ SICAl UNIT FOR PRINTER 
FIGURE 10 
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SUMMARY 
The MSFC COSMIC/NASTRAN Auxi 1 i a r y  I / O  rout ines provide usefu l  , 
addi t ional  capab i l i t i es  for  input  and output o f  various matrices 
and tables between external f i l e s  and NASTRAN. The PFDR p r i n t  
f i l e  post-processor allows the user t o  ex t rac t  anv tvpe o f  dat, 
t ha t  i s  avai lab le from the RASTRAN p r i n t  f i l e .  These rout ines 
are i n  frequent use on the MSFC UNIVAC 1100 and I B M  systems. 
I n  conclusion, the authors would 1 i k e  t o  acknowledge the work 
c f  Messrs. J. Moorman, P. Halford and D. Harper, who contr ibuted 
various enhancements under the aegis o f  the MSFC Engineering Sys- 
tems Branch o f  the Huntsv i l le  Computer Complex. 
Prospective users may obta in  fu r the r  in format ion :ram 
AH33/W. E. Gal 1 oway , NASA, MSFC, AL , Telephone : 205-453-2294. 
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USING PAFEC AS A PREPROCESSOR FOR COSMIC/NASTRAN* 
W. H. Gray 
Fusion Energy Divis ion 
Oak Ridge Nat ional  Laboratory  
Oak Ridge, Tennessee 
T. V. Baudry 
PAFEC lbg inee r ing  Consu l t an t s  
Knoxvil le,  Tennessee 
Programs f o r  Automatic F i n i t e  Element Ca lcu la t ions  (PAFEC) is  a g e n e r a l  purpose, 
three-dimensional l i n e a r  and non l inea r  f i n i t e  element program ( r e f .  1). PAFEC's 
f e a t u r e s  include free-format inpu t  u t i l i z i n g  engineer ing keywords, powerful mesh 
:. generat ing f a c i l i t i e s ,  s o p h i s t i c a t e d  database  management procedures,  and ex tens ive  
da ta  v a l i d a t i o n  checks. Presented he re  is a d e s c r i p t i o n  of  a so f tware  i n t e r f a c e  t h a t  
i I. permits PAFEC t o  be used a s  a preprocessor  f o r  COSMIC/NASTRAN. Th i s  user- f r iendly  
'. software,  c a l l e d  PAFCOS, f r e e s  t h e  stress a n a l y s t  from t h e  4 b o r i o u s  and e r r o r  prone 
% . .  - procedure of c r e a t i n g  and debugging a rigid-format COSMIC/NASTRAN bu lk  d a t a  deck. By 
.. . ' i n t e r a c t i v e l y  c r e a t i n g  and debugging a f i n i t e  element model wi th  PAFEC, t h u s  t ak ing  
"- - : .  
- f u l l  advantage of the  free-format engineering-keyword-otiented d a t a  s t r u c t u r e  of 
PAFEC, t h e  amount of time spent  dur ing model genera t ion  can be d r a s t i c a l l y  reduced. 
. The PAFCOS sof tware  w i l l  au tomat ica l ly  conver t  a PAPEC d a t a  s t r u c t u r e  i n t o  a 
COSMIC/NASTRAN bulk  d a t a  deck. 'Ihe c a p a b i l i t i e s  and l i m i t a t i o n s  of t h e  PAFCOS 
software a r e  f u l l y  d iscussed i n  t h e  following r e p o r t .  
INTRODUCTION 
Numerous genera l  purpose programs isre c u r r e n t l y  a v a i l a b l e  t o  assist engineers  
during t h e  d a t a  p repara t ion  phase of a NASTRAN f n i t e  element method problem. The 
goal  of t h e s e  preprocessors  is t o  accept  a minimum amount of u s e r  d a t a  and c r e a t e  t h e  
rigid-format inpu t  d a t a  s t r u c t u r e  required by t h e  COSMIC/NASTRAN Bulk Data (NBD), 
s ince  t h e  NBD is  devoid of any s o p h i s t i c a t e d  automat ic  d a t a  genera t ion  schemes. m, 
such s e t s  of software ( r e f .  2 and 3) based upon o t h e r  programs were presented a t  last 
year's COcMIC/NASTRAN conference.  Many o t h e r s  have been presented i n  previous  years.  
Properly designed preprocessing a i d s ,  l i k e  these ,  can g r e a t l y  reduce t h e  time spen t  
by an engineer i n  c r e a t i n g  t h e  r igid-format r equ i red  by t h e  NBD. I f  t h e s e  a i d s  a r e  
i n t e r a c t i v e l y  executed, much c o r r e c t i n g  and debugging of  a f i n i t e  element model can 
. . be accomplished p r i o r  t o  submission of even t h e  f i r s t  COSMIC/NASTRAN execut ion f o r  a 
new problem. Although most of t h e  a v a i l a b l e  preprocess ing a i d s  f o r  COSMIC/NASTRAN 
meet t h e i r  design g o a l s ,  t h e  au thors  of t h i s  paper p r e f e r  t o  use  t h e  free-format d a t a  
prepara t ion and automatic mesh genera t ion  c a p a b i l i t i e s  of t h e  PAFEC s u i t e  of f i n i t e  
: *Research sponsored by t h e  O f f i c e  of Fusion Energy, U.S. Department of Energy, under b , 
- con t rac t  W-7405-eng-26 wi th  t h e  Union Carbide Corporation.  
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element coinputer programs. This paper describes software developed for utilizing 
PAFEC as a preprocessor for COSMIC/NASTRAN. 
At the Oak Ridge National Laboratory (ORNL) COSMIC/NASTRAN is leased upon IBM 
computer equipment. It is generally executed in a batch processing mode. Serving as 
an interactive front-end to the IBM machines are several DECsystem-10 computers. 
Within ORNL'a computer environment, users generally prefer to interactively create 
data and IBM Job Control Language (JCL) on the user-friendly DECsystem-10s and then 
to route these jobs to the IBHmainframe batch queues for nunber crunching. Because 
PAFEC can best be utilized in an interactive environment, the DECsystenklOs were 
chosen as the computers upon which to execute PAFEC. I 
The PAFEC suite of program modules is executed as a collection of ten separate 
phases that create and operate upon a database called the Backing Store (BS) file. 
Among other caoabilities, PAFEC has extensive mesh generation facilities; a free- 
format, engineering-keyword-oriented, modular data preparation scheme; extremely 
simple methods to represent repetitive data values; autouiatic load generation 
facilities; and a complete graphics software package to display the created finite 
element data. An optionally available interactive program, the PAFEC Interactive 
Graphics Suite (PIGS), can be obtained to enhance all the above mentioned 
capabilities. PAFEC is not simply a preprocessor. Solution sequences exist for 
linear static and dynamic structural mechanics problems as well as for treating 
certain classes of nonlinear structural mechanics and heat transfer problems. 
Oa the O W L  DECaystem-10s an additional facility has been implemented in the 
PAFEC control scheme that will automatically invoke the PAFEC to COSMIC/NASTRAN 
preprocessor for a stress analyst. Mnemonically designated PAFCOS (ref. 4), this 
software contains several subroutines. h e  main subroutine, called PAFNBD, serves as 
a controller for the other subroutines. The other subroutines convert the PAFEC BS 
internal format for the axis systems, nodal points, material properties, element 
topologias, element properties, and single- or multipoint constraints into the rigid- 
format of the COSMIC/NASTRAN NBD. Unique rigid-format continuation card mnemonics 
are generated as necessary. Upon successful completion of PAFEC PHASE 4, the user's 
Job will have created a disk file, cname>04.NBD, that contains the COSMIC/NASTRAN NBD 
(<name> symbolically represents the user's PAFEC finite element model job name and 04 
is appended to the job name to indicate the file was created in PHASE 4). Thus, the 
stress analyst can interactively generate, debug, and display a finite element model 
with PAFEC; convert a model to COSMIC/NASTRAN rigid-format bulk data using 
user-friendly software; and then solve the model using COSMIC/NASTRAN upon one of the 
larger mainframe computers at ORNL. 
ORGANIZATION 
First, a discussion of the most salient features of the model generating 
capabilities of PAFEC is presented. (Although PAFEC has complete solution 
capability, it will not be discussed here as it is not germane to the sgbject of this 
report.) Secondly, in the remainder of this report, we describe the details of 
subprogram PAFCOS, its supporting software, and the modifications to the PAFEC 
executive control. Finally, an example using this software is presented. 
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MODEL GENERATION WITH PAFEC 
The PAPEC modular da ta  system has many advantages. Rom the  user's standpoznt, 
t h e  f i n i t e  element da ta  a r e  very easy t o  input  and are i n t e l l i g i b l e  v i thout  
add i t i ona l  documentation. Additionally,  d a t a  prepared f o r  o ther  f i n i t e  a l s n n t  
programs can be used a s  input  da ta  by PAFBC with l e a s  text-edi t ing manipulation. 
From the system's s tandpoint ,  the  da t a  modules are e a s i l y  scanned t o  determine the  
so lu t ion  sequence and the  software required t o  perf o m  the  user's specif  i c f i n i t e  
element t a sk  ( r e f .  5). 
A PAFEC da t a  module cons i s t s  of th ree  par ts :  (1) t h e  module header card, (2)  t h e  
module contents  card, and (3) t he  free-format nrrperical data. The module header card 
and t h e  numerical da t a  a r e  required f o r  every module t h a t  t h e  user  inputs  f o r  a 
p a r t i c u l a r  f i n i t e  element problem. (Only those da ta  modules t h a t  a r e  needed a r e  
entered as data.) The contents  card is opt ional  and is used t o  a l t e r  t he  de fau l t  
d e f i n i t i o n  of  c e r t a i n  p a r t s  of the  da ta  o r  t o  change the  order  of the  n m e r i c a l  da ta  
loca ted  i n  t he  t h i r d  pa r t  of the  da ta  module. An example of t he  NODES d a t a  module, 8 
fundamental da ta  module, is presented t o  demonstrate t he  t h r ee  p a r t s  of t he  PAFBC 
modular da ta  : 
NODES 
Z4.0 
NODE X Y 
1 0.0 0.0 
2 0.0 1.0 
3 1.0 1.0 
4 1.0 0.0 
The f i r s t  card represents  the  module header card, t he  second card is a constant 
contents  da t a  card, the  t h i r d  card is a contents  da t a  card, and the  l a s t  four  cards  
present  t h e  free-format nodal n m e r i c a l  data. 
Other da ta  modules can be used t o  def ine nodal coordinates;  among these  are: 
NODES 
AXES 
ARC .NODES 
The NODES module can be used t o  def ine  nodal coordinates  
i n  any a x i s  set. 
The AXeS module can be used t o  def ine  d i f f e r e n t  a x i s  
sets. 
Once any number of node8 have been defined, t h e  
S1MILAR.NODES module can be used t o  def ine o ther  nodes 
t h a t  a r e  s imi la r  but perhaps more conveniently located 
i n  another a x i s  system. 
The LINE.NODES module caa be used t o  def ine any nunbsr 
of nodes t o  l ie  upon the  same s t r a i g h t  l ine .  
Similar t o  the  LINLNODES module, t he  ARC.NODES module 
can be used t o  def ine  any nunber of nodes t o  l i e  upon 
t h e  same c i r c u l a r  arc. 
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When used in conj.mction vith the MESH module, the 
PAFBLOCKS module r-ill cause two- and three-dimensional 
blocks of nodeo and elements to be generated. 
Several data modules are used in the description of finite element topology, 
types, material properties, and thicknesses. These modules include: 
PAFBLOCKS 
The ELEMENTS module describes the element type, 
properties, group nmber, and topology for individual 
elements. 
When used in conjunction with thc MESH module, the 
PAFBLOCKS module will cause two- and three-dimensional 
blocks of nad.?i and elements to be generated. 
REFERENCE.IN.PAFBLOCKS The REFERENCE.IN.PAFBLOQ(S module ?emits modification 
of generazed elements within a F?-P3l.OCii. 
PLATEb..W!* SHELLS 
BEAMS 
MASSES 
SPRINGS 
The PLATES.AND.SHELLS module describes element 
thicknesses, material nmber, and other fi~formation for 
membrane, bending, and axisymmetric finite element 
analysis. 
The BEAMS module describes pertinent information for 
beam elements. 
The MASSES module is used in dynamic finite element 
analyses to add mass at nodes. 
The SPRINGS module is used to input simple axial and 
torsicnal springs into a finite element analysis. 
GROUP.QF.SIM1LAR.ELEMENTS The GROUP.OF.SIHILAR.~EHENTS module copies selected 
elements into new elements by simply incrementing 
element topology. This facility can be u8ed to 
conveniently describe finite element geometries that 
contain repetitious sections. 
PAFEC examines the data modules describing a structure and the user's control 
module to determine how many deg~ees of freedom to permit at each nodal coordinate. 
To apply constraints at individual or groups of nodes, the following data modules can 
be used: 
RESTRAINTS 
ENCASTRE 
The RESTRAINTS module is the most generally used module 
for describing the degrees of freedon to be constrained. 
Each row in the data module can be used to describe the 
constraints at one node, or, by using the PLANE and 
possibly AXIS entry, all the nodes that lie on a line or 
on a plane can be constrained at once. 
h e  ENCASTRE module can be used to constrain all the 
degrees of freedom for a set of nodes. 
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SIMPLE. SUPPORTS The SIWLE.SUPPORTS module can be used t o  cons t ra in  a l l  
the  t r a n s l a t i o n a l  degrees of freedom f o r  a set of nodes 
while leaving t h e  r o t a t i o n a l  degrees of freedom 
unchanged. 
DISPLACEMENTS.PRESCRIBED The DISPLACM~NTSOPRESCRIBED module can be used t o  apply 
nonzero displacements a t  c e r t a i n  nodes. 
REPEATED-FREEDOMS The REPEATED.FREEDOnS module is used t o  cons t ra in  two o r  
more nodes t o  move by an i d e n t i c a l  amount in a 
pa r t i cu l a r  direct ion.  This  module is usefu l  vhen there  
is sl ippage poss ib le  a t  s o w  j o i n t  i n  a s t ruc ture .  By 
arranging tvo nodes t o  be coincident and therefore  t o  
have separa te  and unrelated degrees of freedom, t he  
REPEATED.FREEDONS module can be used t o  def ine those 
degrees of freedom t h a t  a r e  t o  be c o ~ t i n u o u s  across  the 
jo in t .  
The HINGES.AND.SLIDES mcdule is the  complement of the  
REPEATED.FREEDOHS module. Instead of spec i f ing  
conatrained degrees of freedom, t h i s  module is used t o  
specify unconstrained degrees of freedom. 
The LOCAL.DIRECTIONS module does not descr ibe 
cons t ra in t s  d i r ec t l y .  However, t h i s  module can be used 
t o  force PAFEC t o  resolve degrees of freedom i n  
d i f f e r en t  d i r ec t i ons  o ther  than the  g loba l  coordinate 
axes d i r e c t  ions. 
GENERALIZED.CONSTRAINTS The GENERALIZED.CONSTRAINTS module permits wr i t ing  
a r b i t r a r y  l i n e a r  funct ions r e l a t i n g  displacements among 
any number of nodes. Rigid l i n k s  may be spec i f ied  with 
t h i s  module. 
THE PAFCOS SOFTWARE INTERFACE 
The PAFSOS software developed a t  ORNL permits the  user  t o  def ine  a f i n i t e  
element model, using the previously discussed modular da ta  d ic t ionary ,  and then t o  
automatically c r ea t e  a rigid-format, COSMIC/NASTRAN bulk da ta  deck. S~tbrout ine 
PAFNBD serves  a s  a con t ro l l e r  fo r  severa i  o ther  subrout ines ,  i n d h i d u a l l y  discussed 
below, t ha t  a r e  co l l ec t i ve ly  located i n  the  PAFCOS subroutine l ib ra ry .  When the  user  
includes the COSMICINASTRAN cont ro l  d i r e c t i v e  i n  a PAFEC con t ro l  module, then a c a l l  
t o  subroutine PAFNBD w i l l  be inser ted  In  the  PHASE 4 FORTRAN generated f o r  the  job. 
Execution of the  PAFNBD subroutine w i l l  cause the a x i s  systems, nodal coordinates,  
mater ia l  propert ies ,  element topologies, element proper t ies ,  and constrained degrees 
of freedom t o  be successively converted from i n t e r n a l  PAFEC BS format t o  
COSMICINASTRAN bulk da ta  r i g i d  format. Upon successful  completion of the cons t ra in t  
conversion, subroutine PAFNBD re tu rns  t o  the PHASE 4 FORTRAN and normal PAFEC 
execution. 
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The PAFCOS software is written in FORTRAN-66 and user the PAFEC series R09800 
subroutines exclusively for accessing the data nodules contained in the user's BS 
file. Therefore, this software is easily implemented in any system where PAFEC has 
been installed. (A FORTRAN-77 version of the softvare is being created.) The next 
several sections discuss the functions of the individual subprograms contained within 
the PAFCOS software library. 
Subroutine PNCOOR 
Subroutine PNCOOR performs the processing of axis definitions from PAFEC BS to 
COSMIC/NASTRAN format. This subprogram processes each entry of BS module 68 (the 
internal storage number given to PAFEC axis sets) and writes the appropriate 
COSMIC/NASTRAN CORDZR, CORDZC, or CORD2S data cards, depending upon whether the PirFEC 
coordinate system is rectangular, cylindrical, or spherical, respectively. Unique 
continuation card mnemonics are generated as necessary. 
Subroutine PNNOD 
Subroutine PNNOD generates COSMIC/NASTRAN GRID cards from the PAFEC BS module 1 
(the internal storage number given to PAFEC global, cartesian nodal coordinates). 
All GRID cards are specified in global coordinates. If PAFEC BS module 4 is not 
empty, then the GRID card will also contain the appropriate output coordinate system 
designation. Othervise, the output coordinate system will be the global rectangular 
coordinate system. 
Subroutine PNMAT 
Subroutine PNMAT creates COSMIC/NASTRAN MAT1 data cards from the PAFEC BS module 
31 (the internal storage number given to the PAFEC materials data). Only isotropic 
elastic materials are converted, a subprogram PNMAT limitation. Each material in the 
data module is reformatted and written onto the output file with unique continuation 
card mnemonics. 
Subroutiae PNETOP 
Subroutine PNETOP processes the element data stored in PAFEC BS modules 13 and 
18. Each element definition is processed individually with mappings from PAFEC 
element types and topologies to COSMIC/NASTRAN element types and their corresponding 
topologies. The following element mappings are currently supported. 
PAFEC element COSMIC/NASTRAN 
mnemonic element card Element type 
CELAS2 
CMASS2 
CB AR 
CBAR 
CROD 
CTRMEM 
CQDMEMl 
CIHEXl 
Spring element 
Mass element 
Simple beam dement 
Off set beam element 
Simple rod element 
Triangular membrane element 
Quadralateral membrane element 
8-node brick element 
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CIHEX2 20-node b r i c k  element 
CIHEX3 32-node b r i c k  element 
CWEDGE 6-node wedge element 
CTRIA2 Tr iangu la r  p l a t e  element 
CTRSHL 6-node t r i a n g u l a r  p l a t e  element 
CTRIA2 Tr iangu la r  p l a t e  element 
CQUAD2 4-node q u a d r a l a t e r a l  p l a t e  element 
Unique continuation card  mnemonics a r e  genera ted f o r  each element type  r e q u i r i n g  a 
mul t icard  element topology. Also, s p e c i a l  process ing is required f o r  each PAFEC 
s p r i n g  element (number 30100) and mass element (number 30200) s i n c e  each of these  
elements may y i e l d  a s  macy a s  s i x  COSMIC/NASTRAN CELAS2 o r  CMASS2 element d a t a  cards.  
(Unique elemeqt numbers a r e  genera ted f o r  any newly c r e a t e d  elements.) 
Subroutine PNPROP 
Subroutrne PNPROP performs genera t ion  qf COSMIC/NASTRAN element p roper ty  cards.  
Severa l  PAFEC BS modules a r e  examined and t h e  fo l lowing mapping is used t o  c r e a t e  t h e  
a p p r o p r i a t e  COSMIC/NASTRAN proper ty  cards .  
PAFEC element COSMIC/NASTRAN 
mnemonic p roper ty  ca rd  
PELAS 
PBAR 
?BAR 
PROD 
PTMEM 
PQDMEM 
PIHEX 
PIBEX 
PIHEX 
PWEDGE 
PTRIA2 
PTRSHL 
PTRIA2 
PQUAD 2 
Subroutine PNDOF 
Subroutine PNDOF processes  c o n s t r a i n t  d a t a  s t o r e d  i n  PAFEC BS module 2. Each 
degree of freedom is examined f o r  c o n s t r a i n t  codes. Any cons t ra ined  degree of 
freedom genera tes  an a p p r o p r i a t e  COSMIC/NASTRAN SPC d a t a  card. PAFEC 
REPEATED.FREEDOMS a r e  output  as COSMIC/NASTRAN MPC d a t a  c a r d s  f o r  t h e  repea ted  
degrees  of freedom. 
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Subroutine PGCMPC 
If GENERALIZED.CONSTRAINTS are defined via PAFEC BS module 143, then subroutine 
PGCMPC generates appropriate COSMIC/NASTRAN data cards for each generalized 
constraint. An arbitrary limitation of three independent nodes for any dependent 
node has been set in subroutine PGCMPC. Unique continuation card mnemonics are 
generated as necessary. 
INTEGRATION OF THE PAFCOS SOFTWARE INTERFACE INTO THE PAFEC MACRO DICTIWARY 
Minor additions to the PAFEC MACRO dictionary were all that was necessary to 
completely implement the PAFCOS software into the PAFEC PHASE execution scheme. The 
PAFEC MACRO dictionary is used by the PAFEC driving program to create FORTRAN and job 
control information for a particular PAFEC PHASE. Within each PAFEC user data file 
there exists a control module and possibly several sets of data modules. (The PAFEC 
control module is analogous to the executive and case control cards of a 
COSMICINASTRAN data deck.) Based upon the user-specified PAFEC control directives, 
the PAFEC driver program determines which PHASE and what subroutine within the PHASE 
should be executed. In order to permit a user-friendly interface between the PAFEC 
system and the PAFCOS software, a single new control directive, appropriately named 
COSMIC/NASTRAN, was added to the PAFEC MACRO dictionary. 
PHASE 4 was chosen as the appropriate PHASE to create a C0SMIC/NASTRAN NBD, due 
to finite element model generation completeness. The MACRO dictionary was modified 
to conditionally include a call to subroutine PAFNBD (the driver for the PAFCOS 
software) in the PHASE 4 FORTRAN, based upon the presence or absence of the 
COSMIC/NASTRAN control directive. Similarly, an instruction was inserted to 
conditionally include the precompiled PAFCOS relocatable object module in the linkage 
edit step of the PHASE 4 job control. Therefore, to access the PAFCOS software all 
the user must do is to simply insert the phrase COSMIC/NASTRAN following the PHASJ3=4 
PAFEC control directive somewhere within his control module. For example, the 
following feg lines represent a valid PAFEC control module that would invoke the 
PAFCOS software: 
CONTROL 
NAME. ABCD 
PHASE=4 
COSMIC/NASTRAN 
STOP 
CONTROI.. END 
AN ILLUSTRATIVE EXAMPLE 
This rather academic example demonstrates most of the capabilities of the PAFCOS 
software. It is intentionally brief so that a very mall COSMICINASTRAN bulk data 
deck is created. The following listing is a copy of the PAFEC data deck that 
generates the small three-dimensional plate finite element model shown in figure 1. 
TITLE PAFCOS TEST 
CONTROI, 
- SAVEORESULTS 
" 
ine GCM C 
LI  I  e ined  A EC  l   then ine 
GCM C es r e H C/NASTRAN a rds for ch ized 
st i t trary lim ation  three indepen   for ny  
e   s  in su ine H . e in ion d oni s e 
e   .
INTEGRA ION  HE AFCOS OFTWARE INTERFACE INTO HE A EC  ICTIONARY 
i  ions to the EC O ctionary   th   y to 
pl t y im em  the AFCOS o tw e into the EC H E ion che .  
A EC  ctionary is   the EC iving ogram to e ORTRAN nd ob 
t  inform ion for  c  A EC . it  ach AFEC  a ile 
th e s   l  nd y e  s  a odules. (The AFEC 
t  o l  s logous o he ve  e  ds   
H C/NASTRAN  ck.)   h  i e EC t  ive , 
h  EC v  ogram erm n s i  E   ne i n h  E 
d  t . n  o i   ien nterface tw  he EC 
ystem  h  COS tw ,  in e ew t  iv  r ri y  
H /NASTRA ,   o h  EC  io .
H E   en  the r e H E to e  O /NASTRAN  e 
to inite lem   ion plet s    tionary  odif
to i o y include   to ine AFNBD (the v  for the AFCOS 
tw  n h  E    he en   en e h  
C/NASTRAN t  il y,  n truction  n ted o 
i o ly include he eco pi COS eloc table  o l  n he linkage 
i  tep  h  E  ob tr l. er  o s he COS tw e  
he  us   s o im y n  he  I /NASTRAN ollowing he SE=4 
EC t  e ive o e i n  t  odule.  l  he 
ollowing ew ines e   EC t  o l  h  l  invoke he 
03 tw  
OL 
E.ABC  
SE=-4 
I /NASTRAN 
 
OL,   
LLUSTRA IVE  
 h  ade  a e onstr es os   he bili ies  he COS 
r . s n e io y o h   small I /NASTRAN  
 s  ollowing isting s    h  EC   
 h  al  hree-dim in te lem  ode  hown n igure . 
TLE C  T 
L 
SAVE.RESULTS 
2e 
CONCATENATE-OUTPUT 
SAVEePLOTS 
NAME T 
PHASE-4 
COSMICjNASTRAN 
STOP 
CONTROL. END 
NODES 
NODE-NO X.IN YeIN ZaIN 
1 
2 1 5 0 0 8 
3 3.0 
4 0 5 .o 
5 0.75 5 0.4 
6 1.5 5.0 
PAFBLOCKS 
ELEMENT144200 
N 1 N 2 TOPOLOGY.OF*BLOCK 
1 2 1 3 4 6 2 0 0 5  
MESH 
REFER SPACING 
1 2 
2 2 1.5 1 
PLATES*AND*SHELLS 
MATERIAL THICKNESS . IN 
1 0.81 
MATERIALS 
MATERIAL E NU RO 
1 27E6 - 2 7  7.7 
RESTRAINTS 
NODE PLANE DIRECTION 
1 2 0 
MODES. AND. FREQ 
AUTOMATIC *MASTERS MODES 
10 4 
END.OF.DATA 
ORIGINAL PAGE IS 
OF POOR QUALITY 
After successful execution of PHASE 4 on an ORNL DECsystem-10 computer using the 
above PAFEC data, a file, T04.NBD, is created containing the COSMIC/NASTRAN bulk data 
deck. For completeness this data deck is listed below: 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
MAT 1 
+MAT00 1 
CO N E. OUTPUT 
SA . PLOTS 
.T 
PH 4 
C I /NASTRAN 
STOP 
C . END 
S 
.NO .  .IN .IN 
1 
2 1.5 0 0.8 
3 3  
4 a 5.0 
5 0.  5 0.  
6 1.  5.  
PAFBLOCKS 
ENT-4  
1 N~ TO O  . 
1  462005 
H 
FER SPACING 
1 2 
2 2 1.  1 
LA .AND.SHEL S 
A  C . IN 
1  
 
A   RO 
1 7E6 .27 .  
N S 
 PLANE REC ION 
20
DES. .FREQ 
ATI .MASTERS  
10  
. F. ATA 
\JRIGINAL PAGE I
F POOR llY 
ft  s  ion  H E  n n  syst lO o ut  ing the 
bo  A EC   file, D, is e e n the I /NASTRAN   
.  pl t  th s k is listed o  
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
I 
T0 1 
1 0.000 
2 1.500 
3 3.000 
4 0.000 
5 0.750 
6 1.500 
7 0.000 
8 1.167 
9 2.333 
10 -0.000 
11 0.917 
12 1.833 
12.70E+071.06E+07 
O.OuO 0.000 0 
0.000 0.800 0 
0.000 0.000 0 
5.000 0.000 0 
5.000 0.400 a 
5.000 0.000 a 
2.222 -0.000 a 
2.222 0.622 a 
2.222 0.000 a 
3.889 -0.000 a 
3.889 0.489 0 
3.889 0.000 a 
2.707.70E+OOO.00E+OO +MATOO I 
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SPC 
SPC 
SPC 
SPC 
SPC 
S PC 
SPC 
SPC 
SPC 
CORD2R 
+C 2R00 1 
coRD2c 
+C2C002 
CORDZS 
+C2S003 
CQUAD2 
CQ'JAD2 
CQUAD2 
CQUAD2 
CQUAD2 
CQUAD2 
PQUAD2 
ORIGINAL PAQt I8 
OF POOR QUAL17Y 
A l l  t h a t  remains f o r  t h e  u s e r  t o  do is t o  merge t h e  above f i l e  wi th  t h e  I B M  J C L  
procedure f o r  execut ing COSMIC/NASTRAN a t  ORNL, add a n  execu t ive  and c a s e  c o n t r o l  
deck, and then submit t h e  job. 
CONCLUDING REMARKS 
For production problems, us ing PAFEC and t h e  PAFCOS sof tware  a s  a preprocessor  
f o r  COSMIC/NASTRAN e l i m i n a t e s  a l a r g e  major i ty  of t h e  ca rds  necessary  f o r  a f i n i t e  
element a n a l y s i s .  Th i s  eof tware  h a s  been used t o  preprocess  s e v e r a l  l a r g e  magnet 
s t r u c t u r a l  a n a l y s l s  problems a t  ORNL and h a s  demonstrated a n  over 95% reduc t ion  i n  
t h e  t o t a l  number of carde  typed f o r  t h e s e  problems. Future  improvements a r e  planned 
t o  convert  and/or c r e a t e  even more of t h e  data .  
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4. The f i r s t  implementation of t h i s  software was cal led PAFNAS and was docmented 
in  the following rzferencz: Baudry, T.  V. and Gray, W, !I. : PAFNAS, A PAFEC to  
I COSMICINASTRC~ Conversi~n. First  U.  S. A. PAFEC Users' Conference, June 1981. 
5. PAFEC For the Engineer. PAFEC LD., Nottingham, England, Feburary 1981. 
4. The first implementation of this software was called PAFNAS and was dOC'Dented 
in the following r~feren~~: Baudry, T. V. and Gray, W. H.: PAFNAS, A PAFle to 
COSMIC/NASTR~~ Conversl~n. First U. S. A. PAFIC Users' Conference, June 1981. 
5. PAFEC For the Englne~r. PAFIC LO., Nottingham, England, Peburary 1981. 
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David W .  Taylor Naval Ship R&D Center 
Bethesda , Maryland 20084 
SUMMARY 
GPRIHE, an i a t e rac t ive  Inodeling system, rutis on the CIX; GOO0 computers and t h r  
DEC VAX 11 /780 rninicmputer. This system includes three caoponents : 1 ) G P R I M E ,  
user-friendly geanetric language and a processor t o  t r ans la t e  t h a t  language i n t o  
geanetric e n t i t i e s ,  2 )  G U N ,  an in terac t ive  data generator for  2-D models; and 
3 )  SOLIDGEN, a 3-D sol id modeling program. Edch cornpnent has a colnputer-user 
interface of an extensive cormaand s e t .  A l l  of these progtsams make use of a canpre- 
hensive U-spline rnathernatics subroutine l ib ra ry ,  which can be used fo r  d wide 
variety of in t e r  polation probleas and other geanet r i c  calculations. Many other 
user d i d s ,  such CIS autanat ic  saving of the geanetric and f i n i t e  elernent data bases 
and hidden l i n e  ranoval, a re  available. This in terac t ive  f i n i t e  elanent rnodelind 
capabil i ty  can produce a canplete f i n i t e  elernent model, producing an output f i l e  of 
grid and elenent data. 
INTRODUCTION 
Fini te  element analysis has becaae the predaninant rnethod for  per fonning 
s t ruc tura l  analysis on d i g i t a l  computers of d l 1  types. Almost any conceivable 
s tructure,  from a sna l l  valve to  an en t i r e  ship,  [nay be analyzed by the f i n i t e  
element method. 
However, the creation of a f i n i t e  element rnodel of the s t ruc ture  co be 
anelyzed by t h i s  method is a major task. Even a m a l l  problem car1 require large 
amounts of geanetric data,  with lnatiy d e t a i l s  t o  be considered. An engineer cdn 
spend ii vast mount of tirne defining the nunerical model of a s t ruc ture  and 
verifying the correctness of t h i s  data. Ttie ex trerne generdlity of' t h i s  engineering 
method has frustrated attempts t o  create an ef fec t ive  autanat ic  f i n i t e  elernent data 
generat,: w i t h  canparable generdlity. F in i te  element models frequently need 
refinements which require a return to the geanetry for loore infonnation and d e t a i l s  
t o  canplete the modeling. Hence, complete geometric da ta ,  and e f f i c i e n t  management 
of chat da ta ,  a re  essential  t o  make these modifications simple. 
The term t'geanetric rooJolingv dppears frequently i n  current computer grdphics 
and computer-aided design l i t e r a t u r e .  Many s c i e n t i s t s  and engineers maintain 
(correct ly)  that  they liave been llmodeling geanetry" i n  t r ad i t iona l  ways for  a great  
many years. Most recent geanetric modeling i n  the computer-based science has been 
evolving for  Inore than d decade, b u t  the d is t inc t ions  between the old technique and 
the new are significa.:t ,  even i f  they sanetiroes appear t o  be rather subt le .  
Although the older geometric techniques could be said t o  permit t h e  modeling of d n y  
required shape, there was l i t t l e  consistency i n  the representation of d i f f e ren t  
types of objects  ( r e f .  1). Today, good lnathe~oatical tools ,  such as  B-spline 
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funa ions ,  are making possible the r e a l i t y  of representing a l l  objects  by s e t s  of 
oonttnwus , well-behaved functions. This developnent makes possible not only 
bet ter  f i n i t e  element modeling but also solutions for a wide range of problems i n  
several d isc ip l ines  of' physics. 
With GPHIME ( r e f .  2 )  t!ie f i n i t e  element niodeling process is  dutaoated by  
providing a geaaetr ic  representation of the s t ruc ture  while retaining the broad 
general i ty of the f i n i t e  elelaent method. With t h i s  complete geometric data base of 
the s t ruc ture ,  both the general data generator GGEN ( r e f .  3) and the 3-D daca 
generator SOLIDGEN ( r e f .  4) [nay be used t o  produce the  f i n i t e  element model 
necessary for s t ruc tura l  analysis.  The basic assunption of the GPRIME approach is 
t h a t ,  i f  a systematic and accurate mathematical rnodel of the geometry of a 
s t ruc ture  could be stored in  the canputer, the task of creat ing general f i n i t e  
element data generators would be great1 y siloplif ied . Ttie advent of low c o s t ,  
in terac t ive  canputer graphics makes the (;PRIME approach even more a t t r ac t ive ,  since 
problem areas i n  an autaaa t ica l ly  generated rnodel car1 be eas i ly  resolved by in ter -  
act ive methods a t  the graphics screen. 
The Navy and DTNSRLX: have long been irlterested in  geanetr ic  modeling tectini- 
ques. Since 1976, the Nunerical Structural  Mechanics Branch of the Canputation, 
Mathematics and l o g i s t i c s  kpartlnent has been developing d geometric laodeling 
system consisting of the B-spline raathematical tools  t o  define geanetr ic  represen- 
t a t ions ,  a geometric language t o  access this modeler, and the in ter face  needed f o r  
implementing it in terac t ive ly  on a canputer. This language, called GPRIME, was 
o r ig ina l ly  formulated t o  support f i n i t e  element data generation for  s t ruc tu ra l  
analysis.  As indicated e a r l i e r ,  two data generation programs are  now available for 
use with the  GPRIME geometry: GGEN, for  general in terac t ive  modeling including the 
two-dimensional shell-type elanent and SOLIDGEN, for generating three-diraensional 
so l id  models. GPRIME, GGEH, and SOLIDGEN were f i r s t  developed fo r  use on the CDC 
6000 and CYBER caoputers under the NOS and NOS/BE operating systaas, and are  now 
also operating on the DEC VAX 11/'180 minicanyuter. ?he graphics capab i l i t i e s  
assuae tha t  Tektronix storage-tube type graphics terminals w i l l  be used. The pro- 
grams may be used i n  batch or  interactive-graphics ~i~\.des, or tnixed raodes. The 
- programs use the R A F O R  preprocessor  for s t r  uctbred FORTRAN. 
GPRIME COMPUTER GRAPHICS: A GEOMETHIC I.1ODELING SYSTEM 
Geometric Constructions 
Classical primitives of geometry 
B-spline mathematical functions, i n  1, 2, and 3 dimensions 
Parametric representations independent of dnalysis model 
* Rotations, t rans la t ions ,  scaling of geciletry 
tieaaetry generation +?,,a digi t ized  da ta ,  keyboard or cursor 
de f in i t ion ,  or combination 
Graphic Display and Viewing Options 
Hidden l i n e  removal 
Rotating, t r ans ia t ing ,  scaling display of geometry 
Selection of gemetry iterns t o  be displayed 
Sta tus  of a l l  viewing, p l o t ,  axes parameters 
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* Program-teuser messages 
Illnotation of geometries, de f in i t ions ,  i, . j ess  a t  screeri 
Generation of F i n i t e  Element Nodels 
Ddta generdtion for  2-L, pldte /she l l  elelflelits, dellera1 elernents 
J-D solid elenent generator 
O u t p u t  forrnatter 
Processing Controls 
* In terac t ive  and batcll operating [nodes 
* Restart capabil i ty  
HELP roessa&es on de f in i t ions ,  co~nrnands, as requested by user 
Applications 
* Hydrornechanics modeling, s t ruc tu ra l  f i n i t e  elernent analys is ,  
ship magnetostatic signatures, thennal analysis 
* Potential application i n  ship vulnerabil i ty ,  infrared detect ion,  
cost and weight estimation, CAD/CAM, canyosite studies. 
EVOLUTION r3F LE014ETHIC I.IODELINti: THE PATH TO GPRIHE 
During its evolution, geaoctric modeling has taken many fonas. Its ncorrectv 
deszript ion i s  discussed i n  many foruns today. Designer's sketches and engineering 
drawing? have long been t h o u h t  of as geaaetr ic  models. The f ac t  t ha t  t h i s  type of 
representaclon is lieav il y iaced w i t h  graphic shorthand and engineering insight  
becaues obvious when we begirl t o  ask canputers t o  t r ans la t e  these drawings in to  
instruct ions for  o~aaufacturing the parts  described on these Jrawirigs. Achieving 
t h i s  autanatiori requires tiiat a  canputer be pr-ovided w i t h  a l l  the d e t a i l s  of the  
draftsman's shorthand, so tha t  i t  can "understand" Che old drawings, or  tha t  i t  be 
provided with suf f ic ient  gemet  r i c  infonnation rather  than engineering tenas such 
a s  " f i l l e t "  i n  model descript ions.  Both developnents dre taking place, i .e., 
d i r e c t  reading from blue pr in ts  and more canylete nunerical input da ta ,  but the 
complete geanetric representation dypears to  be the key t o  large-scale automation. 
Discrete f i n i t e  eleaent rnodels are now routinely used for s t ruc tu ra l  analysis.  
These models dre usually tlioudht of d s  rdther elegant geornetric models, b u t  a re  of 
no use i n  defining a rnachine cu t t e r  path, and rea l ly  of l i t t l e  use t o  a  f r n i t e  
elernent analyst who requires roodels w i t h  a  rnore detdi led rnesll. Coordinate inforrna- 
tion fcr constructing f i n i t e  elenent models is defined a t  a  d i sc re t e  number of 
points-p3riod. Soroe s o r t  o :  intorpolat ion roay be used on t h i s  data t o  find inter-  
mediate points,  b u t  because the f i n i t e  elanent data points were created t o  meet the  
requirements for  one speci f  i c  analysis ,  those points rnay not represent the basic 
detai led geanetric shape of the s tructure.  
From work w i t h  ea r iy  computers and primit ive computer grdphics techniques, 
autanatic draft ing programs emerged. These programs " s p k e n  i n  the language 
familiar t o  draftsr~len. Soon designers warlted t o  connect t h i s  type of program t o  
programs tha t  guided nunerically controlled tools .  These marriages have becaoe or 
a re  nod evolving in to  compu ter-aided design and computer-aided manufacturing (CAD/  
CAM) systans. To accomnodate these new danands, the designer 's language has 
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evolved frotn tlie draftsrnaii's, with the  addition of d vocabulary of geornetric shapes 
and geanetric operations. Intersect ions of c l a s s i ca l  cyl inders  with complex 
"sculptured surfaces," ( r e f .  5 )  as  in Figure 1, make the  def in i t ion  of t rue  ttiree- 
dirnensiorial geanetric representations considerably eas ier  thari drawing w i t t :  the  
draftsman1 s two-dimensional t~ota t ion  .
We have used the terrti "old geometry" t o  cc l l ec t ive ly  refer  t o  the rliariy 
d i f f e ren t  canputer methods used t o  describe geanetric shapes, which, by t h e i r  
nature, are limited t o  cerl;din specicrl dyplications. Sorne of these rnetti~ds are  the 
closed fonn polygonal ap prox kaations of spheroids end e l l  ipsoids , the e l l  ip  soidal 
rnodelirig of dirplanes dnd subrnarines, and point by  poiot f i n i t e  elernerit 
descriptions. Similarly, we have used "new geanetryw t o  refer  t o  evolving methods 
of geometric description. THese descript ions attempt t o  be mattiernatically co~nplete 
for any application and t o  permit lnanipulation of a l l  geanetr ic  fonns without 
having t o  resort  t o  special processing fo r  d i f ferent  combinations of valid 
representations. For exanple, the B-spline rnathanatical functions afford good data 
representations of a s t ruc ture .  Ttie new geometry has obvious roots  i n  the old;  
however, the new approach represents attempts t c  develop a general solution t o  the 
geanetric modeling problem, whereas the older geometries were developed t o  solve 
part icular  problerns. 
'he  new gaanetry has not cane in to  the world witl~out. i t s  shdre of growing 
pains. A s  new capabil i ty  is added t o  older techniques, program developers have 
attempted t o  rnairitain canpat ib i l i ty  between tlie old forrns and the tiew forrns of 
geanetry. A s  roore of the properties of the new geanetry are  exploited, i t  becanes 
[nore d i f f i c u l t  t o  maintain cotnpatibility. Either the old forrns w i l l  have t o  be 
abandoned, ur t r ans la to r s  w i l l  have t o  be crezted t o  produce an equivalent new form 
for  the old def in i t ions .  Similarly, orice we have a very convenietit way t o  
represent geanetry and t o  combine forms eas i ly ,  the modeler's c rea t iv i ty  can 
quickly ou t s t r ip  the avaiiable mathematics. For example, volune iritersectioris corn- 
puted using "old" techniques [nay yield only edges of boundary dhich can be drawn; 
t h i s  is insuff ic ient  t o  completely define d tiew volune because there i s  riot infor- 
[nation on how the functian varies  through the volune. These problems a re  evident 
i n  the  tectinique known a s  "canbinatorial AeomeLry," ( r e f .  5) which permits boolean 
operations on ttiree-dirnensional sol ids.  If simple unions and in tersec t ions  are 
permitted wittiout r e s t r i c t i o n ,  i t  is  edsy t o  irndgitie how a few si~iiple shapes could 
mustiroom in to  a c a n p u t a t i o n a l l y - i n t r a c t a b l e  s i tua t ion .  Often, these problerns can 
be dvoided b y  lirniting tile riwnber of' canbinations or by deferring the boolear: 
operations u n t i l  they can be handled b y  l a t e r  appiicetions prograns i n  which d 
knowledge of the f ina l  product can sirnplify tile c!ioice of furictio~lal representa- 
t ion. 
'Ihe need for  complete geanetric description has dlso been evolving i n  ottier 
areas o f  canputer simulation. F in i te  elaaent and f i n i t e  difference r~odeling can be 
eas i ly  automated i f  an adequate geometric description is avai lablz.  Numericdl 
solut ions,  which require tha t  new meshes be generated a t  various points i n  the com- 
putat ion,  demand such a representat ion,  once the rnodel s advance frorn simple 
c l a s s i ca l  shapes t o  the canplexi t ies  of ttie rea l  world. The r e s t  of t h i s  report 
b r i e f ly  describes: tiPRII4E for  providing geometric representations arid &EN d n d  
SOLIDGEN wnich use t h i s  geanetry f?r f i n i t e  elenent modelin&. 
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GEOMErHIC LANGUALE PROCESSOR: GPRIHE 
Overview 
A s  the f i n i t e  element tnetliod gained yopuldrity w i t h  s t ruc tu ra l  engineers, the 
need for arr accurate f i n i t e  elanent model t h a t  could be developed i n  a reasonable 
time d t  reasonable cost becarne obvious. 'nie canputer program G P H I H E ,  a geometric 
modeling s y s t e m ,  provides the geanecry for these f i n i t e  elenent methods. GPRIME 
addresses the requirements f a r  d practical geofnetric modeling system-mathematical 
r e p r e s e n t a t i o ~  , man-rnachine in ter face ,  data base managanent , and implementation 
( r e f .  6 ) .  'he geometry is defined i n  GPRIME v i d  a yeon~etric language of defini- 
t ions and comnands tha t  s implif ies  the creation of cunplex models. Classical 
shapes are  defined using straight-forward expressions, and Inore general curves and 
surfaces can be defined using d ig i t ized  coordinate data. By using the B-spline 
mathematical functions, GPRIME can provide the engineer w i t h  a complete geometric 
rnodel, constructed with well-behaved continuous functions, independent of the dis- 
c re te  model used i n  the analysis .  
nie GPHINL. processor i t s e l f  uses in terac t ika  canputer graphics t o  define 
b e m e t r i c  e r i t i t ies  and to aid i n  visual izing the rnodel being created. The 
processor creates  a geometric ddta base ( refer rad  t o  a s  UIF - user rnaster f i l e )  
which rnay be used for r e s t a r t ing  the def in i t ion  process a t  l a t e r  sessions and for  
cantnunication w i t h  user ' s  progrdms. Tile irnplernentation of GPRIHE dllows the user 
various controls over the en t i r e  s y s t e m .  
The lieornetry Modeler 
From construction drawings, tool c u t t e r  da ta ,  d id i t ized  da ta ,  measurenents, or 
other forms of rrlodel descript ion.  the engineer oiay begin t o  define a geometric 
rnodel w i t h  a canbinatiori of e i the r  general curves and surfaces, or  with c l a s s i ca l  
forms of geometry. ltiese c l a s s i ca l  forms inci  ude points ,  l i n e s ,  a rcs ,  c i r c l e s ,  
c y l i ~ d e r s  , cones, spheres, and surfaces of revolution. These e n t i t i e s  are 
represented in terna l ly  by  U-spline funct ions,  which are  a lso  useful in smoothing 
and f i t t i n g  applications, as shown i n  Figure 2. The parametric representations of  
these e n t i t i e s  make i t  easy t o  locate points and curves of intersect ion i n  complex 
geanetric configurations. Ir! f a c t ,  the in tersec t ion  capabil i ty  provides a very 
useful tool  for  data-checking of models of complex s t ruc tures .  
Rotations, t rans la t ions ,  and scaling of the geometry are avai lable through the 
GPRIME language. GPRIIdE was designed for  use i n  creating f i n i t e  element s t ruc tu ra l  
analysis models, b u t  i t  can be applied wherever a gear,et,ric description of an 
object is  required. A s e t  of user-callable subroutines is avai lable for  user 
access to the internal  B-spline def in i t ions  stored on a UMF (user  rnaster f i l e  fran 
G P R I M E )  data base. 'lliese subroutines are referred t o  a s  the GF'RIME Data Base 
Access Capability (GDBAC) . 
Design Aids 
Special GPRIME comnands provide the capab i l i t i e s  of control l ing model changes, 
viewing options arid other user a ids .  The user rnay de le te  or change any part of a 
constructed geanetrical model, and the GPRIME processor w i l l  au tanat ica l ly  change 
any of the c u n p n e ~ t s  dependent on or affected b y  the geolnetrical changes. 
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Viewing options allow the  user t o  control  the  viewpoint, a s  well as  t~ e f fec t  
t r a n s l a t i o n s ,  hidden l i n e  rernoval, and ro t a t ions .  l he  hidden l i n e s  have been 
removed in  the propeller shown in Figure 3. P lo t t ing  opt ions permit p lo t s  of a l l  
, o r  some o f  the curves,  surfaces,  points  o r  user-defined groups of  data .  An 
opt iona l  s t a t u s  tab le  shows the cur ren t  s t a t u s  of  p lo t t i ng ,  viewing, pr int ing,  and 
axes opt ions.  The pr in t ing  oytions a r e  provided f o r  annotation of various t ab l e s  
on the screen. A comnand a l so  permits the  user t o  obtain an output f i l e  contain- 
ing t h e  de f in i t i ons  and commands used i n  a sess ion .  ,An i n t e r a c t i v e  c a l l  f o r  HELP 
gives t he  user i n s t ruc t ions  a s  needed i n  using these  comands and def in i t ions .  ' 
Executive control  permits the  i n i t i a l  session t o  begin w i t h  an input  f i l e  of 
de f in i t i ons  and t o  r e s t a r t  l a t e r  sessions from the  saved geanet r ic  da t a  base. 
GPRIME a l s o  provides a macro f a c i l i t y  which contains  a user-defined s e t  o f  GPRIME 
comands. For frequently used procedures, sucn a s  def in ing  two surfaces and t h e i r  
curve of i n t e r sec t ion ,  or  f requent ly used viewing opt ions,  t he  user can, v ia  t h e  
lnacro comoand, execute i n  one l i n e  severa l  previously defined statements.  
In sufornar y,  GPRIME provides powerful generation a lgo r i  thus f o r  developing a 
geanet r ica l  model fran which f i n i t e  element models [nay be generated. The geanetry 
may be used in  a var ie ty  of app l i ca t ioas ,  such a s  smoothing funct ions,  data- 
checking, sh ip  vulnerabi l i ty  s tud ies ,  o r  merever  geanetry is required. Additional 
GPRIME c a p a b i l i t i e s  include viewing, p lo t t i ng ,  ed i t i ng ,  and f i l e  options enabling 
the  engineer t o  s ign i f i can t ly  reduce the tiroe required for model generation. 
Final ly ,  the  GPRIHE data  base is ava i lab le  for  use by user probrams. 
INTERACT1 VE DATA GENERATOR: GGEN 
Overview 
With the  ava i l ab i l i t y  of a general geanetr ic  language processor, such a s  
GPRIME, which provides d data base of a representa t ive  geometric model, f i n i t e  
element modeling becanes eas i e r  and more canylete.  GGEN is a cmpu te r  program fo r  
creat ing f i n i t e  element models from an i n t e r a c t i v e  computer terminal.  GGEN is  
d i f f e ren t  from most other f i n i t e  eletnent data  generators in t h a t  i t  references 
geanetr ic  information t h a t  has been defined using the  GPRIME geometric language. 
One advantage of the CPRIME-GGEN approach includes the a b i l i t y  t o  def ine  i n t e r -  
a c t i v e l y  a three-dimensional model from a two-dimensional terminal screen o r  
d ig  i ti z i  ng board . 
GGEN Proced ures 
The CGEN generator has been imylmented as  a module of the CPRME language 
processor. lhis ifnplernentation permits U E N  t o  use many of the graphics and data  
managenent fea tures  of GPRIME. These fea tures  include GPRIME processing of 
changes, p r in t  opt ions,  HELP r~~essayes , new qeo~netry, and access t'o ex i s t i ng  
1 geometry. A l l  these processes raay be perfonned int.eractive1 y, one a t  a time, with 
program control  remaining i n  U E N .  However, i f  the user wishes t o  return t o  
GPRIME, GGEN w i l l  au tana t ica l ly  save GGEN da ta .  
Any GPRIME deanetry, such a s  poin ts ,  curves,  sur faces ,  or groups of these,  may 
be referenced by CGEN a t  any time during an in t e rac t ive  session. h e  f i r s t  curve 
o r  surface act ivated is the  de fau l t ,  t ha t  is ,  t!ie curve or  surface from which new -, 
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elements are created, unless another curve or surface is referenced by a given 
command. The nunber of curves , surfaces , and groups whicti rnay be active a t  one 
time is limited by user specified parameters. Comnands are provided t o  remove 
unneeded items, including points ,  frora tile list of act ive geometries. 
Data Generation and Display 
Node points dnd elements can be created i n  a bulk mode by using one cantnand 
with various options. These options include generating points, elements, or both. 
Such bulk generation w i l l  produce a llunifor~all tnesti on the specified reference curve 
or surface. Prior to  the b u l k  generation, the user may enter another comand t o  
cause broad variations i n  the rnesh. 
Although CiGEIJ dutanacically nuflbers nodes dnd eletaents, an option ex i s t s  t o  
assign numbers to the nodes and elanents. Points and elements may also be defined 
individually or i n  small groups. In one command, both passive (type-in) and inter-  
act ive (cross-hairs, tracking cross) methods are  used. I n  the other, the user 
se lects  from a user-menu, that  is, a s e t  of instructions printed on the screen, t o  
perform the various creation functions interactively.  
Deletion of nodes and elements is  similar t o  the creation process, ei ther by 
using a type-in comnand or by  making a menu selection. Note: GGEN assunes the 
usage of d storage tube type terminal , meaning that  any itern drawn retaains u n t i l  
the entire screen is erased. Deleted items w i l l  be marked deleted w i t h  an "Xtl 
u n t i l  the picture is redrawn. Any item so marked can be restored l a t e r ,  i f  the 
item was deleted b y  mistake. 
By entering the EDIT command, the user rnay perform most (&EN functions under 
interactive control. I n  t h i s  mode the user se lects  a function t o  be perfonaed from 
a l is t ,  called the Renu, displayed on the right side of the screen. (see Figure 
4.) ?he user indicates the desired function by  moving the terminal's crosshair 
cursor inside the box enclosing the function name on the menu. Alternatively, the 
function raay be selfcted using the keyboard by entering the character displayed a t  
the l e f t  of the name of that  function. GGEN acknowledges the user 's  selection by 
highlighting the b o x  tha t  encloses the name of that  function. 
The rl~enu functions permit the user t o  delete and create &;odes and eleraents by 
selecting node yoir~ts a:A elernents on the screen w i t h  tke cross hair cursor. 
The user can selectively display &EN points, curves, surfaces, and eleraents 
as i n  GPRIME. Items nay also be identified wi th  labels  as the user chooses. One 
command allows the redisylay of a l l  currently defined items under the control of 
the current plot parameters. The piping tee i n  Figure 5 uses the option t o  shrink 
element representation away froin associated node points. Any new items included i n  
the parameter l i s t  of t h i s  comaand w i l l  also be plotted. 
& tpu t 
A l l  generated f i n i t e  eleaent data [nay be passed t o  a local  f i l e ,  "FEDATA," 
using a punch cornmand. Point data ,  element data ,  or both can be put on t h i s  f i l e .  
A l l  current data can be entered o r ,  optionally, only those items that  have changed 
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since the  l a s t  usage of  the canrnand. This output f i l e  i s  ava i lab le  t o  the user for  
d i r e c t  input t o  f i n i t e  eluaent programs or for l a t e r  ed i t ing .  
GENERATING THREE-DIMENSIONAL SOLID STRUCTURES : SOLIDGEN 
Overview 
?he f i r s t  proposed dppl icat ion of the GPRIl4E geometric modeling approach was 
for the generation of threedirnensional  sol id  f i n i t e  element models. The :~roposed 
concept consisted of  two pa r t s .  F i r s t ,  GPRIME surfaces would be defined t o  bound 
the s t r u c t u r a l  model. Then, a data  generation progrim would generate br ick-l i  ke 
so l id  elements on the  i n t e r i o r  of  a defined volune. 
The SOLIDGEN progran was developed t o  implement the  data  generation concept. 
There was no r e s t r i c t i o n  on the  GPRIME surface used t o  bound a SOLIDGEN model and 
those boundary surfaces [nay e i t h e r  def ine a face of the model or  extend beyond the  
region being defined,  whichever the  user f i nds  more convenient. The shape of the 
generated elements is governed by the  bounding surfaces and addi t ional  reference 
surfaces provided by the  user.  
SOLIDGEN Technique 
To generate a s a t i s f a c t o r y  f i n i t e  element model with SOLIDGEN, the  user must 
f i r s t  visual ize the general shape of the 'general ized model. For example, w i l l  the  
elements l i e  i n  more o r  l e s s  concentr ic  rings about a cy l ind r i ca l  recess  o r  w i l l  
they make up a rectangular b r i c k r o r k ?  'his type of information i s  conveyed t o  
SOLIDGEN by se l ec t ing  and ordering the reference surfaces i n  such a way t h a t  they 
forln a mesh of  six-sided super elements, ca l led  zones. The generated elements w i l l  
follow the general pa t te rn  defined by these zones. 
The three diagrams of Figure 6 demonstrate t he  procedure from sketch through 
t h e  geometry t o  the sol id  elanent model of a globe valve. The designer has marked 
an octant of the sy~nrnetric valve w i t h  reference surfaces shown i n  Figure 6a. 
Together, these six-sided super elements def ine the  boundary of the  so l id  model. 
The gecinetry required by SOLIDGEN here is not an exact de ta i led  s t ruc tu re  but 
rather the general bounding surfaces or surfaces of revolution seen in  Figure 6b. 
SOLIDGEN b u i l d s  the br ick elements of  Fidure Gc from these surfaces.  The output 
f i l e  contains a l l  the gr id  point and element da ta .  
CONCLUSION 
Although GPRIME's biases  a r e  toward the solut ion of research and developnent 
problems, obviously there  a r e  many other dreas of po ten t ia l  appl ica t ion .  From 
early in  its developnent it was c l ea r  t h a t  GPRIME would provide a powerful geo- 
metric capabi l i ty  useful fo r  many s c i e n t i f i c  appl ica t ions ,  Thus, it comes a s  no 
surprise  tha t  GPRIME is being used for hydromechanics modeling, for  sh ip  vulner- 
a b i l i t y  s tud ie s ,  and f o r  in f ra red  modeling a s  well a s  f o r  generating f i n i t e  elerne~it 
data.  It o f f e r s  potent ial  use in  simulation, i n  f i n i t e  element modeling of canpo- 
s i t e s ,  and i n  cost arld weidht estimation problems. In the  manufacturing a rea ,  i ts  
possible appl icat ions t o  canputer-aided design and canputer-aided manufacturing 
procedures seem obvious. 
  omm Il  le     
~ t  t  !6m   
 EE- I~ENSIONA   u
TIl  t ~ ~pli t  uPRI ~
 e- iJOensi te . !)roposed 
 uPRI ~  
l an !.   an k
  m
ram   
uPRII~   
I   
  
p.ner  
  
u
  t r  t  ~I E~,
t l 
       l 
  ick-wor  Thi   
    
m i ed Il ~ ents l 
Il  b
 anet  lef'.le    
mmetric   
   
 anet u  
  
  icl< g 6  Il
le   
l '    
  
ar' r   -
 i  . I1US   
 l!i  i 8   r-
     t  m~lt 
  Si  te n -
  n g .   
~li t s  t r-aided t r-aided 
40 
A l i b rd ry  of ti-spline subroutines tirakes i t  a simple task for  prograrn 
developers t o  include GPHIME geanetry i n  t h e i r  prograns, ?he data generators GGEN 
and N L I D G E N  were tlie f i r s t  exanple of usirrg these it i ternal routines fur  
specialized applications, i n  t h i s  case, t o  address the needs of f i n i t e  elenent. 
analyses . 
CiPHIlIIE and its data generators have been providing a strong geometric 
capabil i ty ,  a t  the forefront of geanetry modeling. I n  t h e i r  present form, they 
40 require cotitinual u~aintetiance on several computer systems i n  order t o  etlsure 
the i r  usefulness. tiowever, Illany extensions can be made tha t  woula enhance t t ie ir  
usefulness t o  Ndvy kt-oyrains. For exanple, the rnuclie~natics routines cat1 be exparided 
to  include multiple intersect ion points. Better displiry cha rac te r i s t i c s  and 
improved user-caoputer in ter face  methods would help tlie user. Utirer entidaceroerrts 
could pennit graphical changes i n  the geaaetry, a more general output fonnat, arid 
the addition of Inore elements. Irnproved data-trandlitig tect~tliques could rnake tlie 
data base access even more e f f i c i en t .  A s  these mathenatical and canpliter science 
ideas becana r e a l i t i e s  i n  GPRII4E, it w i l l  becane easier  co solve larger  dnd  rnore 
canplex problems. 
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Figure 1 - Two-Surface Intersect ion 
Figure 2 - Ship Hull 
Figure 3 - Marine Propeller,  Hidden Lines Removed 
Figure 1 - two-Surface Inte
rsection 
Figure 2 - Ship Hull 
Figure 3 - Marine Propeller
, Hidden Lines Remov~d 
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Figure 6 - Globe Valve, from Sketch to Solid Elements 
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ORTHOTROPIC HOLE ELEMENT 
J. W. Markham 
Lockheed-Georgia Company 
C. V. Smith 
Consultant 
Georgia I n s t i t u t e  of Technology 
SUMMARY 
A f i n i t e  element was developed t o  adequately represent  the  s t a t e  of s t r e s s  i n  
the  region around a c i r c u l a r  hc le  i n  or thotropic  mater ia l  experiencing reason- 
ably  general  loading. This has been achieved through a complementary v i r t u a l  
work formulation of the  s t i f f n e s s  and stress matr ices  f o r  a square element 
with a center  c i r c u l a r  hole. The elemenc has been incorporated i n t o  COSMIC- 
NASTRAN a s  a "dunnny" element. Sample problems have been solved and these  
r e s u l t s  a r e  presented. 
INTRODUCTION 
Mechanical fastening is the  most used joining method i n  present  f l i g h t  veh ic le  
s t ructures .  This r e s u l t s  i n  connection d e t a i l s  t h a t  contain many c i r c u l a r  holes.  
These connections a r e  subjected t o  very general  loading with the  add i t iona l  
complic..tions of load t r a n s f e r  through fas teners  and the  use of nonisotropic 
mater ia ls  i n  the  connection. Because of the  high s t r e s s e s  i n  these  areas ,  i t  
is important t h a t  an accurate  evaluation of the  l o c a l  s t r e s s e s  around each 
hole be obtained t o  evaluate  the  performance of the  j 5 i n t .  
The f i n i t e  element method is an e f f e c t i v e  way t o  t r e a t  problems with complex 
geometry, mater ia l ,  and loading. However, because of the  complexity of the  
s t r e s s  s t a t e  around fas tener  holes, a l a rge  number of conventional elements 
would be required t o  provide an  adequate representa t ion of the  hole neighbor- 
hood. This means the cos t  of the  analys is ,  both i n  computer c o s t s  and man- 
hours, w i l l  be high. 
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A so lu t ion  t o  t h i s  problem would be an e f f i c i e n t  spec ia l  purpose f i n i t e  
element which provides an  accurate  representa t ion of the  s t a t e  of stress 
around a hole without the  need f o r  many conventional elements. This has 
been done previously f o r  i so t rop ic  mater ia ls .  I n  1981, under a contract  
with NASA-Langley, Lockheed-Georgia Co. developed an o r tho t rop ic  hole  element 
(Ref. 1 ) .  
ELEMENT GEOMETRY 
The or thotropic  hole element is considered t o  be a t h i n  p l a t e  i n  a state of 
plane s t r e s s  with displacements on the ex te rna l  boundary spec i f i ed  so  a s  t o  
insure  displacement cont inui ty  with adjacent elements. The element is a 
variable-noded t o t a l  eiement and is defined v i a  ADUM7, CDUM7, and PDUM7 input 
cards  i n t o  NASTRAN. The user may speci fy  the  number of nodes on each of t h e  
th ree  boundaries a s  shown i n  Figure 1. The nodes on the  e x t e r i o r  of t h e  
element have two c a r t e s i a n  degrees of freedom whereas the  nodes on the  hole 
wall  have only a s i n g l e  r a d i a l  degree o; freedom. The r a t i o  of element width 
t o  hole diameter i s  determined from gr id  point  loca t ions  and is thus  a use r  
choice; however, a r a t i o  of four is recommended. Th* mate r i a l  p roper t i e s  may 
be i so t rop ic  o r  or thotropic  and a r e  defined by MAT1 o r  MAT2 cards.  Character- 
i s t i c s  which a r e  not defined f o r  t h i s  element include mass proper t ies ,  thermal 
loading, ma te r i a l  nonl inear i ty ,  and d i f f e r e n t i a l  s t i f f n e s s .  
ELEMENT INPUT 
A g rea t  dea l  of user f l e x i b i l i t y  has been re ta ined i n  the  input f o r  t h i s  element. 
Defaults have been provided and the re fo re  the  input can be q u i t e  simple. The 
following input is required f o r  the  element: 
o Total  number of nodes 
o Element and property i d e n t i f i c a t i o n  
o Grid point  connection 
o Material  iden t i f  ic.ation 
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The following input is optional: 
o Number of segments on each of the three boundaries 
o Number of integration intervals per segment for 
each of the boundaries 
o Number of Gaussian integration points per interval 
for boundary integration 
o Number of integration intervals per volume octant 
o Number of stress terms with powers of r>- 2. 
Input for each of the four symnetry conditions. 
o Number of stress terms with powers of r<- 2. 
Input for each symmetry condition. 
o Definition of stress output locatlons. 
ELEMENT ADVANTAGES 
Use of the orthotropic hole element can result in a substantial savings in 
computer costs and manhours. Savings in computer costs can be obtained partic- 
ularly with models containing multiple holes because the congruency feature of 
NASTRAN can be used conveniently. This means that several hole elements of 
similar geometry can be included in the model and the stiffness matrix is only 
generated once. For complex geometries involving conventional elements, the 
congruency feature is impractical. 
Use of the hcle element can also result in substantial savings in manhours. A 
single hole element can replace dozens or even hundreds of conventional elements, 
therefore reducing the time required for modeling. Typically, an orthotropic 
hole element can be defined with eight input cards, thus no data generators or 
preprocessors are required for these areas of the model. Another advantage 
that results in manhour savings is the stress output generated by the hole 
element. The user can obtain stress components at any location within the 
element. With a conventional model, obtaining stresses at desired locations 
can be a laborious task because of the need to manipulate data and because of 
the large number of elements involved. 
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WIMPLE PROBLEYS 
The excmple  problem^ which follow were solved with the COSMIC-NASTRAN program 
at Luckheed-Georgia Company with the orthotropic hole element implemented. 
They are intended to demonstrate the performance of the element in a variety 
of applications. 
Isotropic Plate with Uniaxial Tension 
The orthotropic hole element can be used in isotropic applications by simply 
specifying isotropic elastic coefficients. This is demonstrated by presenting 
the solution for an infinite isotropic plate with unit uniaxial tension at 
infinity (see Figure 2). The finite element model is shown in Figure 3. The 
plate width is 20 times the hole diameter, which represents an essentially 
infinite plate. Poisson's ratio is set at 0.3205. 
Table 1 presents results for the three stress components at four values of 
radius and four values of 8. The hole element stiffness and stress matrices 
were based on a geometry of 8 exterior nodes and 12 interior nodes (on the 
hole boundary). The hole boundary is given by r = 1. Note the excellent sat- 
isfaction of the zero radial stress boundary condition; the results were typi- 
cally times the magnitude of external loading. The circumferential stress 
results are also very good, with an error of only 0.2% on the maximum tension 
stress concentration factor and 1.5% on the maximum compression stress. The 
zero shear stress condition is perfectly satisfied since it was included in 
the original stress assumptions. 
The stresses away from the hole boundary are also very well represented by 
the hole el~ment results. 
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I so t rop ic  P l a t e  with Half Cosine Loaded Hole 
A load t r a n s f e r  problem f o r  which a comparison so lu t ion  is ava i l ab le  (Ref. 7 )  is 
that of an  i n f i n i t e  i s o t r o p i c  p l a t e  with Poisson's r a t i o  equal t o  0.25, loaded 
with uniform t r a c t i o n  on one end and a cosine v a r i a t i o n  of r a d i a l  t r a c t i o n s  on 
the hole boundary (see Figure 4).  The t o t a l  load on the  end is equal t o  2P, 
and the  r a d i a l  t r a c t i o n s  on the  loaded hole boundary a r e  given by 
The f i n l c e  element model is shown i n  Figure 3. Table I1 presents  r e s u l t s  f o r  
+'.o iegicn around the  hcle ,  ,a,;ed on a geometry of 8 e x t e r i o r  nodes and 16 
i n t e r i o r  aodes. The value of P i s  s e t  equal t o  1.0. 
S t resses  a t  t h e  hole boundary a r e  very wel l  represented by the  f i n i t e  eleaient 
r e s u l t s .  The r a d i a l  s t r e s s e s  follow the  cosine curve over the  loaded regian 
and a r e  of t h e  order  of on the  unloaded por t ion of the  boundary. The 
va r i a t ion  of c i rcumferent ia l  s t r e s s  is reasonably accurate,  with an e r r o r  of 
3% on the  maximum sty-ss concentratLon. 
I n  the  region around t h e  hole, t h e  r e s u l t s  from the  hole element so lu t ion  
continue t o  g ive  a good desc r ip t ion  of the  s t r e s s  s t a t e .  
+45O Laminated P l a t e  
- 
The example problems with i s o t r o p i c  mate r i a l  serve t o  confirm the  bas ic  theoret-  
i c a l  approach and t o  p a r t i a l l y  v a l i d a t e  the  computer solut ion.  There remains t o  
demonstrate s a t i s f a c t o r y  performance i n  app l i ca t ions  with or thotropic  mater ia ls .  
The f i r s t  ma te r i a l  se lec ted has  inater ia l  proper t ies  a s  follows: 
Note t h a t  even though Ex = E t h i s  ma te r i a l  is ra the r  "far" from i so t rop ic ,  
Y' 
with some unspecified measure, due to  the  l a rge  value of Poisson's  r a t i o  and 
the  f a c t  t h a t  E, G, and v do not s a t i s f y  the  i so t rop ic  r e la t ionsh ip .  These 
proper t ies  describe the  3 5 '  graphitelepoxy laminate considered i n  Reference 4.  
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The f i r s t  loading is u n i t  t e n s i l e  t r a c t i o n s  i n  the  y-direction, applied a s  
shown i n  Figure 2 with the  f i n i t e  element model given i n  Figure 3. The 
-6 
computed r a d i a l  s t r e s s e s  a t  the  hole boundary were of the  order 10 times 
the e x t e r i o r  loading thus s a t i s f y i n g  t r a c t i o n  boundary condit ions.  Figure 5 
shows the  v a r i a t i o n  of c i rcumferent ia l  s t r e s s  around the  hole boundary f o r  a 
hole element geometry consis t ing of 8 e x t e r i o r  nodes and 12 i n t e r i o r  nodes. 
Also shown is  the exact solut ion f o r  an i n f i n i t e  p la te ,  given by 
which can be deduced from Reference 5, p. 175. The o r tho t rop ic  hole element 
r e s u l t s  contain the  e s s e n t i a l  f ea tu re  t h a t  the  maximum s t r e s s  concentrat ion 
does not occur a t  the  famil iar  locat ion of 6 = 0'. The e r r o r  i n  maximum s t r e s s  
is  only 0.7%. 
The hole loaded with half-cosine d i s t r i b u t e d  t r a c t i o n s  has a l s o  been solved; 
see  Figure 4.  The resu l t ing  r a d i a l  s t r e s s e s  on the  boundary a r e  e s s e n t i a l l y  
i d e n t i c a l  t o  the r e s u l t s  achieved i n  the  case  of i so t rop ic  mater ia l .  The 
m a x i n u n  c i rcumferent ia l  stress on the  hole boundary is T~ = 0.79 a t  $= 125'. 
which can be clmpared with the  hole element r e s u l t s  f o r  i so t rop ic  mate r i a l  of 
To = 0.84 a t  4. 85'. Again, i t  is seen t h a t  the  loca t ion  of maximum s t r e s s  
has sh i f t ed  around the  c i r c l e  from the fami l i a r  locat ion.  
Plywood 
The next mater ia l  se lec ted has proper t ies  a s  fo l lous:  
These proper t ies  descr ibe  a plywood mate r i a l  f o r  which Reference 5 conta ins  many 
r e s u l t s  f o r  an  i n f i n i t e  p la te .  Note t h a t  t h e  plywood p roper t i e s  ate q u i t e  
d i f f e r e n t  from the  3 5 '  lamination proper t ies ,  both i n  magnitudes and re la t ion-  
ships .  This provides fu r the r  checks on the  a b i l i t y  of the  hole e lsnent  t o  
handle d i f f e r e n t  types of or thotropic  mater ia l .  
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The types  of lohding considered a r e  u n i t  t e n s i l e  t r a c t i o n s  i n  t h e  y-d i rec t ion  
(Figure 2 ) ,  u n i t  compressive t r a c t i o n s  i n  t h e  x -d i r ec t ion  wi th  c o n s t r a i n t  i n  
t h e  y -d i r ec t i cn  (F igure  6a ) ,  and uniform u n i t  i n t e r n a l  p r e s su re  on t h e  ho le  
boundary (F igure  6b). For a l l  c a se s ,  t h e  f i n i t e  element model is shown i n  
Figure 3;  and t h e  element geometry con tc in s  8 e x t e r i o r  nodes and 24 i n t e r i o r  
nodes. 
For t h e  u n i a x i a l  t ens ion ,  t h e r e  is  t h e  u sua l  e x c e l l e n t  s a t i s f a c t i o n  of t r a c t i o n  
boundary condi t ion ,  wi th  Tr of t h e  order  C i r cumie ren t i a l  s t r e s s e s  around 
t h e  hole  boundary a r e  shown i n  Figure 7. Also shown a r e  t h e  exac t  r e s u l t s  f o r  
an  i n f i n i t e  p l a t e ,  given by 
- 
2 
- 
4.8557 cos  8 - 0.7071 
4 
-6.9994 cos  0 + 7.4994 cos2 0 + 0.5 
which can be deduced from Reference 5 p. 175. The gene ra l  f e a t u r e s  of t h e  v a r i a t i o n  
of s t r e s s  a r e  demonstrated by t h e  ho le  element r e s u l t s .  
The cons t ra ined  compression r e s u l t s  s a t i s f y  t h e  hole  boundary cond i t i ons ,  wi th  
-5 
'r 
of t h e  o rde r  10  . Circumferent ia l  s t r e s s e s  around t h e  boundary a r e  shukm 
i n  Figure 8.  The exac t  r e s u l t s  f o r  i n f i n i t e  p l a t e  a r e  g iven  by 
7 = 
2 
8 1.1155 - 6.5174 s i n  8 4 2 
-13.9989 s i n  0 + 12.9989 s i n  8 + 2 
deduced from Reference 5 p. 179. 
The i n t e r n a l  p r e s su re  r e s u l t s  provided boundary r a d i a l  s t r e s s e s  of t h e  magnitude 
-1.00002, which is aga in  e x c e l l e n t  s a t i s f a c t i o n  of boundary cond i t i ons .  Circum- 
f e r e n t i a l  s t r e s s e s  around t h e  boundary a r e  shown i n  F igure  9 ,  compared t o  
i n f i n i t e  p l a t e  exac t  r e s u l t s  given by Reference 5 p. 173. 
2 4 
= 4.8829 - 15.8432 s i n  0 + 13.9989 s i n  6 
2 4 2 + 12.9989 s i n  8 - 13.9989 s i n  8 
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Orthot ropic  Laminates wi th  Pin-Loaded Holes 
A c l a s s  of problems which is of p a r t i c u l a r  i n t e r e s t  t o  t h e  a i r c r a f t  i ndus t ry  
i s  t h a t  of pin-loaded holes  i n  o r t h o t r o p i c  lamina tes .  F i n i t e  element s o l u t i o n s  
f o r  a  v a r i e t y  of g r a p h i t e  epoxy laminates  were presented by Crews (Ref. 6 ) .  The 
f i n i t e  element model used f o r  t he se  ana lyses  was q u i t e  d e t a i l e d ,  as shown i n  
Figure 10. These r e s u l t s  a r e  used here  a s  a  b a s i s  of comparison t o  r e s u l t s  
obtained us ing  t h e  o r t h o t r o p i c  hole  element. 
A NASTRAN model was cons t ruc ted  a s  shown i n  F igure  11. The p a r t i c u l a r  c a s e  
presented he re  is f o r  W/d = 20. The load  is appl ied  a t  t h e  c e n t e r  of t h e  
f a s t e n e r  and i s  r eac t ed  on both edges of t h e  model i n  order  t o  more c l o s e l y  
approximate an  i n f i n i t e  shee t .  A f e a t u r e  of Lockheed-Georgia's ve r s ion  of 
COSMIC-NASTRAN %as invoked t o  proper ly  account f o r  t h e  con tac t  a r e a  of t h e  
f a s t e n e r .  The hole  element geometry cons i s t ed  of 16 e x t e r i o r  nodes and 20 
i n t e r i o r  nodes. S ix  d i f f e r e n t  lamina tes  were considered.  These were (1) quas i -  
i s o t r o p i c  (2) 0' (3) 90' (4) [ 0 ~ / 9 0 ~ ]  s (5) [+45O]s - and (6)  [ 0 ~ / + 4 5 ~ ] s .  
Figures 12-17 present  p l o t s  of t h e  t a n g e n t i a l  and r a d i a l  s t r e s s  components 
obtained by t h e  ho le  element f o r  t he se  r e s p e c t i v e  m a t e r i a l s  i n  comparison t o  
t h e  r e s u l t s  obtained by Crews us ing  a  d e t a i l e d  c l a s s i c a l  model. 
These p l o t s  i n d i c a t e  t h a t  a  reasonable  c o r r e l a t i o n  was obta ined  f o r  t h e  t a n g e n t i a l  
stress d i s t r i b u t i o n  a t  t h e  hole  boundary. Peak t a n g e n t i a l  s t r e s s  d i f f e r e d  by no 
more than 12%. Excel len t  c o r r e l a t i o n  of r a d i a l  s t r e s s  d i s t r i b u t i o n  was obtained 
f o r  a l l  cases .  
Mul t ip le  Holes 
. . 
~ i g u r e l 8  shows a  f i n i t e  element model of a p l a t e  conta in ing  f i v e  holes .  For 
* 
economy i n  modeling, i t  is d e s i r a b l e  t o  develop t h e  ho le  element s t i f f n e s s  
- matr ix  only once and then t ransform t h i s  ma t r ix  a s  necessary  t o  r ep re sen t  a l l  
> \  
., t h e  ho l e  elements. This  i s  p o s s i b l e  i n  NXSTRAii by us ing  t h e  congruency f e a t u r e ,  
. . 
and t h i s  f e a t u r e  has been checked by determining t h e  s o l u t i o n  t o  Figure 18  wi th  
. , 
- t ens ion  app l i ed  p a r a l l e l  t o  t h e  row of holes .  The m a t e r i a l  is  i s o t r o p i c  wi th  
. . Poisson ' s  r a t i o  of 0.3205. 
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The maximum stress concentration factor is given in Reference 7, p. 194 for an 
intermediate hole in an infinite row of holes. In order to simulate the 
infinite row, the displacements of each loaded end of the model were constrailled 
to be uniform across the width of the plate. The finite element result for 
stress concentration is 2.78, based on a hole element geometry containing 8 
exterior nodes and 12 interior nodes. Reference 7 gives 2.65; there is a 5% 
difference in results. 
Concluding Remarks 
The performance of the orthotropic hole element in solving a variety of problems 
has demonstrated that it can produce acceptable results with significant advantages 
in computer costs, model preparation time, and post-processing of data. Even 
though the emphasis in this paper has been on problems concerning fastener holes, 
the use of this element is applicable to any isotropic or orthotropic plate 
containing circular holes. 
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TABLE 1 
STRESSES FOR AN ISOTROPIC PLATE SUBJECTED TO UNIAXIAL TENSION 
* Hole Element Results 
** Reference 2 
U1 
U1 
  
S  SOT C  ECTED  I  ON 
8 T * 
deg r 
r = 1 0 0 
30 0 
60 0 
90 0 
r = 2 0 0.279 
30 0.327 
60 0.422 
90 0.467 
r = 3 0 0.145 
30 0.295 
60 0.594 
90 0.739 
r = 4 0 0.083 
30 0.278 
60 0.659 
90 0.851 
ol l ent esult
 ef
T** r 
0 
0 
0 
0 
0.281 
0.328 
0.422 
0.469 
0.148 
0.296 
0.593 
0.741 
0.088 
0.278 
0.659 
0.850 
T * T ** Tr8 * e 0 
3.006 3.000 0 
2.005 2.000 0 
-0.006 0 0 
-1.015 -1.000 0 
1.221 1.219 0 
0.923 0.922 0.572 
0.325 0.328 0.571 
0.028 0.031 0 
1.076 1.074 0 
0.815 0.815 0.516 
0.296 0.296 0.516 
0.031 0.037 0 
1.036 1.037 0 
0.784 0.784 0.482 
0.284 0.278 0.488 
0.010 0.025 0 
';" 
TrO ** 
0 
0 
0 
0 
I 
0 
0.568 
0.568 
0 
, 
0 , 
0.513 
0.513 
0 
0 
0.482 
0.482 I i 
0 I 
I 
.ill 
TABLE I1 
STRESSES FOR AN ISOTROPIC PLATE WITH LOAD TRANSFER 
* Hole Element Results . 
** Reference 3 
U1 
0'\ 
E I 
T SES OR  ISOTR C LATE ITH OAD  
tf> T * r deg 
r = 1 0 -1. 271 
30 -1.099 
60 -0.649 
90 -0.041 
120 -0.012 
150 0.003 
180 0.003 
r = 1.2 0 -0.995 
30 -0.844 
60 -0.445 
90 0.038 
120 0.055 
150 0.023 
180 0.006 
r = 1.5 0 -0.726 
30 -0.6U4 
60 -0.288 
90 0.045 
120 0.094 
150 0.055 
180 I 0.035 
* e Elem  l s 
** rence 3 
T ** r 
-1.273 
-1.103 
-0.637 
0 
0 
0 
0 
-0.977 
-0.829 
-0.429 
0.034 
0.078 
0.038 
0.024 
-0.726 
-0.609 
-0.293 
0.037 
0.086 
0.049 
0.033 
T * Te** Tre * e 
0.372 0.412 0 
(.467 0.470 0 
0.649 0.612 0 
0.834 0.810 0 
0.415 0.373 0 
0.056 0.053 0 
-0.094 -0.065 0 
0.314 0.348 0 
0.358 0.381 0.035 
0.460 0.443 0.046 
0.477 0.415 -0.032 
0.289 0.274 -0.097 
0.070 0.088 -0.064 
-0.015 -0.011 0 
0.232 0.241 0 
0.256 0.253 0.042 
0.295 0.266 0.046 
0.266 0.231 -0.047 
0.179 0.152 -0.119 
0.062 0.055 -0.083 
0.010 0.012 0 
Tre ** 
I 
i 
0 
! 0 
0 
0 
0 
0 
0 
0 
0.021 
0.029 
-0.031 
-0.081 
-0.051 
0 I 
0 I 
0.026 
I 
0.028 
-0.045 I 
-0.105 
I 
-0.070 I 
0 
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Figure 2. Unit Tensile Traction in the Y-Direction 
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G E N E H A L I Z  IN6 'THE '[HA FRG ANL) TRAFAX FINITE ELEHENTS 
Myles M. Hurwitz 
h v i d  W .  'Idylor Naval Yiip H&l) Center 
Betl~esdd, MarJland 20084 
SUMHAH Y 
Tlie NASTHAN '[KAPHG and T H A P A X  f i n i t e  elerients are very r e s t r i c t i v e  a s  t o  shape 
and grid point nurnberin&. ' h e  elernerlts [nust  b~ trapezoidal with t w o  s ides  pa ra l l e l  
to t h e  radial  axis. In additiori, the ordering of the gr id  points on the  eleraent 
corinection card m u s t  fo l lcd  s t r i c t  ru les .  Ttie paper describes the generalization of 
these elaoents so that  these r e s t r i c t ions  no longer apply. 
Since NASTHAN1s inception i n  the early 19701s, the axisyrmretric t ~ a p e z o i d a l  
ring elernent THAPRC; i ldS  been d.1 accbrate,  e f f i c i en t  eleraent used in  so l id  a.:isymrnet- 
r i c  problaas. More recent1 y ,  ttie THAPAX elenent was introduced t o  handle non- 
axisyrnrnetric loading for  scch s t ruc tures .  While these two ele~aents  usually perfor~o 
very well, the r e s t r i c t ions  i r a ~ s e d  upon the user i n  the specif icat ion of cht! 
elements can be corisidered, a t  bes t ,  d i f f i c u l t ,  a t  worst, unreaconable, i n  l i g h t  of 
today's autanatic data generators. Ttie r e s t r i c t ions  require t h a t  the  elements be 
trapezoidal,  rather then g e t i e r ~ l l y  quadr i la tera l ,  with the toy and botcaa edges 
para l le l  to the radial  axis.  Also, the specif icat ion of the  yrid points on the 
connection cdrd I   st be given counterclo-.hwise s t a r t i n g  with the  grid point with 
stnaller radial  coordinate of the two grid points with the sraaller. ax ia l  coordinate. 
Illis psper presents tile reasons f'or these r e s t r i c t i o n s ,  how the r e s t r i c t i o n s  hdve 
been ranoved, the i ~ n p ~ i t i o n  of a  lieu, u u t  l e s s  s t r ingent  r e s t r i c t i o n ,  and an 
exanple yroblein. 
Ttie s t i f fness  r~iatrix for d f i n i t e  elernent is  usually represented as 
where LB]  is t!ie matrix of strain-displace~nent re la t ions  arid EL)] is the rnaterials 
rnatrix d e s c r i ~ i n g  ttie corlstitutive re la t ions .  The NASTHAN lheoret ical  'lanual ( r e f .  
1 )  defines LB] f'or 1'HAPRC; and '1'HAPf.X elements. 'I'lle ~uanual shows t h a t ,  i n  order t o  
eva?uate the int.egra1 of Equation ( 1 1 ,  the in t eg ra l s  
NS4 15598 
I I  GI • 
  LI  
R ING 'fHI:: T APH  I) 'f FAX N T  l.EM S 
l  
lJa   Td yl r av al ~I  I  
ethesdcl, ar ,lan  
I1 H  
- .,Ir-,-
Il  ,sI  , H IHA  i i e leule!1   i tive s  
 ;J( i ti. 'lli  m nts must ..:  '«l i s  
 e l . II n,  i   i    m t 
~necti t o~ i t Il  i s  er ~t
 lem    i  
IN'fHODUCT ruN 
i  's n t1  l  's, ht" isyuJI1 i  ,apezoidal 
 l rl1 G ldS elY) cc\..<rat , ~ t m  i  .: SYlOlnet-
ic r blem r  ly, h PAX lem   i   
mmetric l i  r SL.:c  il   '«l leloents l  rform 
 ll,  i ti s imposed  in  i  r..h~ 
l t  :m nsidered, t , i lt, t r ~onable, in i t 
t nati~ t  Il  i ti  ir  t  oents 
 t r t enerc 11 y 4 l,   p  ot':'OID s 
l l   i l i . l   i ti   g i    
, Js i  untercl ~k- lse t rting it   i  
m ll r l i t   t  i  t  i  maller- i l 
TI  a ts t. 1  s  ~st ns,  trictions el  
em , tIl  llllJO~,i tion i:I IJ~W, t ss tri e t i ti , 
am  p!' ll
TIlEORY 
Il  tiff ss matrix r i l te t  ll  s 
(1) 
er  un i  th tri  tr i - is l ment l ti s n  [I i  t e materi l  
matri  escribing th  nstitutive l ti s.   The  '1 r f. 
) fines lHJ f  T PRG  'fH n.: l ents. Til  manual sho  t t, in r r t  
va1. te t  i t. r l equati  ( ), t  i te rals 
0, 1, 2 (2) 
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must  be evaluated over the cross-sectional area of the eleaent. 'he NASTRAN Pro- 
~rummerts Manual ( r e f .  2) describes how the in tegrals  ( 2 )  are computed analytically. 
It is because of the ndture of the expressions involved i n  the exact representation 
of these in tegrals  that  the original  res t r ic t ions  on the elernerits were irnposed. The 
res t r ic t ions  have been removed by replacing the exact integration with Gauss quadra- 
ture. as follows, 
llle three-wlnt quadrature is given a s  
where 
Ni = 1/4(1 + SSi ) ( l  + l lQi) ,  the l inear  isopardmetric shape function 
over the square 6 = -1 t o  + I  and 0 = -1 t o  + I  
rie zi = r , z  coordit~ates of the &rid points a t  the four corners of the elenent 
c1 Qm = isoyarametric coordirrates a t  wnich rpzq is evaluated i n  
a three-point Gauss quadrature 
H1* "ra 
11 = quadrature *eights corresponding t o  cl. 
r 
With t h i s  forolulation, the res t r ic t ions  on the trapezoidal shape and grid point nuin- 
b e r i g  can be raaoved. 
. . ?here is ,  however, one s i tuat ion which can cause nunerical probleras. Note 
. . that ,  i n  in tegra ls  (2).  i f  p = -1 and r + 0,  then t h e  integral  + OD . Two cases can 
- be examined. Tke f i r s t  is the core element, a TRAPRG element; w i t 1 1  exactly t w  grid 
points with zero radius. (NASTRbii does not allow the TRAPAX elaoent t o  be a core 
* 
element since it does not allow a R I N G A X  ring t o  have a zero radius.) A t  these tw  
t points, the radial displaceoent mus t  be zero. This condition csn be assured as  
I I   II 
IT  
ti nal me Th N -
grammer's   )  
   
  o n lo l!
 -
,  .
n point    
') 
\Iler
4 
r = L Niri i=l 
4 
z = L Ni zi 
i=l 
Ni   ~~i) 1 nn i   ~    1 n    1 
 I Z rdillates grid  
ro
= 
= 
p n t  P 4  
i t 
Qua r wei  ~ ' nm 
detf:n!lt nant of the Ja~obian, 
at (~" T) ) 
.&. m 
ar az 
a~ a~ • evaluated 
(3) 
  m . I.rapez i U:Q-
rin  emove . 
There is. ho ever, one situation hich can cause numerical problems. ote 
that. in integrals (2). if p  -1 and r ~ O. then the integral ~ GO. Two cases can 
ni h t .   t  il wo 
l'.:'  ero   
   t ~ wo 
lacer  Il a  
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follows. If u and w are  the radial  and axial  displacements, respectively, a t  some 
point w i t h i n  an elaoent, then the assuoed displaceaent functions a r e  ( re f .  1) 
Mere tlie bi are  tmknown coefficients .  Then, 
where u . ,  w. are the displacetnents of the i t h  grid point. I f  r i  = 0, then u.  oust 
be 0. uhictillaeans that  the  (2i-l)tti coluan of H,, can be zeroed. I n  additioh, f r m  
Quation (41, 0 = u = t3 + 6 .  for  1 . 'lllerepore, O = U, = tl which can be 3 3' assured by zeroing rhe iirst and third colunns of H . However, the only terms of 
wliicb contain a form of ( 2 )  mth  p = -1 are  i n  &e f i r s t  and third colmns.  
h r e f o r e ,  for a TRAPRG core eleiaent with r i  = 0, no nuoerical proble~os exist .  
Now consider a second case - one where some r i  is small compared w i t h  some 
otner r .  i n  the eleuent. Caaparisonv between the analytical  integration and the 
b u s s  qdadrature show that  i f  
then ttie Ciauss quadrature resul ts  beyin t o  sidnificantly dedrade ( r  = max r . ,  
1 = 1, . . ., 4). 'herefore, inequality (7) is not allowed. T h i s  re%fiction should 
impose a Liardship toainly when a THAPAX core element is desired. This tiardship how- 
ever should require only an extra element or two t o  transi t ion to  larger radi i .  
SAMPLE PRObLE14 
The sample problem for t h i s  work was a nonoal modes analysis of a thick-walled 
cylinder of inner radius 5.0 inches, outer radius 6.25 inches, and length 3.5 
inches. 'he f i n i t e  eleaent .taodel for the unoodified version of NASTRAN is shown i n  
Fidure la and, for  the vervion which removes the res t r i c t ion ,  i n  Figure Ib. b t t l  
models used the THAPAX element. Ihe resu l t s  are shown in Table 1. The canparison 
of t h e  resul ts  shows a degradation a t  the hidhest tnode coroyuted . However, t h i s  can 
be expected because of the severity of the non-uniform mesh. 
I I  G  S 
 ALITY 
r   l ~nents, c~ l , t 
 e  ~ l o t i    ) 
U : H 1 + H2r + Hi + H 4rz 
w : H5 + H6 r + H1Z + Harz 
(4 ) 
( 5) 
wh  h Hi  I.I1
u1 
-1 
wI Bl 
= HBu 
u4 Ba 
w4 
r  .     m ts  th  . : . IOU  
, wlii h1lo   i th l ll1  H ~  itioA, rao J:;quati  4),  : : H  tS.z r all z. lhere~ore, 0 ill: H., i  
  t  tirstJan  lum  bU • ,J  l  nnIta .. hi h t i   rlO 2) Wl  P : -  re n tne irst  ol .llln  
~r fore, r  P  r  oe t   i : , Uineri  l ns 
 i     r  e .  ll r  th e 
th  . n  l B o s  inalytical t ti   
Gaus  r t re  t f 
r 
mi;.!C 
r 
min 
> 10 (7) 
 h  UH   lt  g  o gr  r  , 
 : , ••• , ). Theref  i equal1 ty (1)  « is l~th io ~ul
i se  hardship In  R  r  l t   i hardstli  
l ir   tr  oe t  t    ~ o  r  
E H H 
 s le o f r t is r    l es l sis  t l  
li  i  i s  i s, t r i s . i s,  l tn j.
i T  inite l o t .ID l f r t  l'IQ 1   i  s  in 
io r  l  , f r t  si  i  r s t  i ti , in l'1  l IX> h 
~odels t  R P  aaent. lbe lts re s  i  l   
t.  resu.1 ts s s  r ti  t t  io t I  Oi p . ever, t is  
 t   t  rit  t  '>n-unifono lo
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T U L E  1. CQHPARATIVE RESULTS 
MODE 
1 
2 
3 
4 
5 
6 
< 
NATURAL FREWENC I E S  (CPS ) 
RESTRICT1 VE 
ELM ENTS 
1090.003 
1660. a o  
1760.034 
19tl8.622 
207 1.862 
5407.31 1 
GENERAL 
ELEHENTS 
lOgO.000 
1660. &4 
1760.10 1 
1989.121 
2071.920 
5209.75 1 
" 
AH  ot  TS 
 QUEN S PS  
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LE S EM S 
 1090.
250 ~
 1 
  ~88. ~89. 1  
.
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ACOUSTICAL MODES OF ARBITRARY VOLUMES 
USING NASTRAN TRANSIENT HEAT TRANSFER RF9 
V. Elchuri, G. C. C. Smith, A. Michael Gallo 
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OF POOR QUALITY 
SUMMARY 
An equivalence between temp5rature and pressure, heat conduction and 'stiffness', 
and heat capacity and 'mass' is defined, enabling acoustical modal analysis of I 
arbitrary three-dimensional vol~!mes. The transient heat transfer analysis rigid 
format in NASTRAN, RF9, has been ALTERed providing the acoustical analysis capa- 
bility. Examples and AJ,TERs are included. 
I 
INTRODUCTION 
A twenty-node isoparametric acoustic finite element model was developed in 
Reference 1 for analyzing the acoustic  mod^ of irregular shaped cavities. In the 
present paper, 
1. the existence of an identical element in NASTRAN (IHEX2) and, 
2. the recognition of the similarity between the acoustical matrices of 
Reference 1 and the thermal matrices of NASTRAN 
have enabled the posing and solution of the acoustics eigenvalue problem for arbi- 
trary three-dimensional cavities bounded by 'hard' acoustic surfaces. A simple 
nodification of the transient heat transfer rigid format RF9 provides the acoustics 
analysis formulation in NASTRhN. 
SIMILARITY OF ACOUSTICAL AND THERMAL MATRICES 
Summarizing the finite element formulation of Reference 1, the pressure p in a 
volume V bounded by a surface S satisfies the three-dimensional wave equation and 
boundary co~.Gitiona: 
v2p + (w2/a2)p o = 0 in V, and (1 
where w is the frequency of vibration of the acoustical mode, a0 is the speed of 
sound, and 6 is the outward normal to S. Representing the volume V by an assemblage 
of three-dimensional finite elements, the corresponding eigenvalue problem becomes 
where for the ith element 
N84 15597 
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The shape func t ion  INJ approximates t h e  p ressure  w i t h i n  t h e  i t h  element i n  terms of 
the  nodal p r e s s u r e s  { p f i  a s  
p = LNJ~ {pIi  . ( 7 )  
A comparison w i t h  the  NASTRAN hea t  t r a n s f e r  a n a l y s i s  c a p a b i l i t y  (Ref. 2)  
i n d i c a t e s  t h a t ,  
1. eqca t ion  ( 4 )  is i d e n t i c a l  t o  the  hea t  conduction matr ix ,  i f  t h e  thermal 
conduc t iv i ty  is u n i t y ,  and 
+ 2. equat ion (5) is i d e n t i c a l  t o  the  heat  c a p a c i t y  mat r ix ,  i f  the  thermal 
. . 
.. capac i ty  p e r  u n i t  volume is l / a $ .  
i The temperature degrees  of  freedom i n  the  thermal a n a l y s i s  a r e  taken t o  cor re -  
spond t o  the  p ressure  degrees  of  freedom i n  the  a c o u s t i c s  a n a l y s i s .  
The above correspondence t o g e t h e r  wi th  the  r e a l  e igenvalue  a n a l y s i s  module 
;!IUD) p e r s i t  t h e  d e t e r m i t ~ a t i o n  of t h e  a c o u s t i c ~ l  modes and f requenc ies .  An ALTER 
- package t o  be used i n  HEAT APPROACH RE9 i s  included i n  the  Appendix. 
The two examples of Reference 1, shown i n  Figures  1 and 2, were analyzed us ing  
the  modified RF9. The r e s u l t s ,  g e n e r a l l y  i n  agreement, a r c  presented i n  Tables  1 and 
2 ,  and Figure 3. It is noted t h a t  t h e  missing geometric dimensions i n  Figure 2 were 
scaled from the  f i g u r e  o f  Reference 1. 
CONCLUDING KEMARKS 
With a simple modif ica t ion,  and a ' r e d e f i n i t i o n '  of  thermal conduc t iv i ty  and 
capac i ty ,  t h e  t r a l i s i en t  hea t  t r a n s f e r  r i g i d  format i n  NASTRAN has been used t o  d e t e r -  
mine the  a c o u s t i c a l  modes and f requenc ies  of a r b i t r a r y  volumes. The volume can be 
modelled by any of the  s o l i d  elements permit ted  by RF9. Although only  a c o u s t i c a l l y  
hard s u r f a c e s  have been considered i n  t h i s  paper,  s imple ex tens ions  t o  o t h e r  boundary 
cond i t ions  a r e  considered t o  be poss ib le .  
.- 
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APPENDIX 
9 AL. 'TER HEAT RF' 9 (NAS'I'RAN F('ELeEASF: AF'RX'I.. 1.982) 
:b 
ALTER 26 r 26 8 Sf:'l' NCIMGO=1 EEC:AI.ISE (2'" ERRilR :IN :[HEX2 l.-Cl(3lC: r 
ISMG HES'I' r C:S'TM r MI-"l' r 15:I'T'r CiEI3M2 r /HKELM r HO\D:IIC:'l'r I:IUPl1 r Dl?M2 r HEE:L..M r HhI:IP(::'I'/ 
3 r N r NOKGGX/ 1 / S r N r NOBGG $ 
AL.'l'EF\' 6 7 ~ 6 7  $ C:C)MF'IJ'I'E AND F'K'l'N'T MC)!:iES 
XIPD  DYNAMIC:^ GPI ... HSU.. r HI.JSE:T/I:;PI ... 1:1r HS:LI...I'I r HI.ISE'I'D~ '~'FPL:ICIL r ~ ~ : ~ ~ . ' ~  r 
t1NL.F"l'r H'TRL.. TEED r HEGI:lYN/HL..lJSE'I'/S r hl 7HL..IJSE 1'D/123/S r N r NCII:IL..'I / 
123 /125 /6  r N r NONI ...F' I'/S r N r NO'l'RI ... /S r N r NI.)Ek:I:l//!ii r N Y NC)I.JE $ 
PARAM / / tMPYX/NEIGV/ l / -d  $ 
READ HKAA r HBAA r r r EEL1 r HI.JSE'I' r C:ASEI:C:/I ... AHA r F'H:IA r 9 IIEICiS/ 
%MClI:IESt/fi t N r NE:%GV 9 
OFF' C)E.IGS r LAMA r r r r // $ 
!5DR 1 HI.I%E:'I'r rF 'HIAr r ;.!ir.,(:lr(:iPTr r r r/PH:E(:;r r/ ' l/*REI'(3* $ 
SLlFi'2? !:;ASECC: r CSTM r rlF"I'r 1:1:l:Tr HEI.1BYN r HSX'L. r r r BGF'1:IF'r L..AMA r r T'HII3 s 
HE:S'I'r ~ / r  rClPI-1:Cir r rF'F'HIG/tRETOt $ 
OFF' (:)F'k!:l.G, ,/ s 
1 '  1.. 0 1. pi, ' 1 . p ~ ~  r GPSE'1.8 r El  ... SEf:'l'S r CASECC: P BGF'I:I'I'V HE:IIf'XIN r HS IP r  PF'HX(.j H[~PE(::'T.~ 
/F'L.O'TXJ/HNS.I I-/HL.IJSEP/JUMPF'l.Q'l'/F'L..'l'F'L.G/PF'TL-E $: 
PK'TMSG F'L..Cl'TX3// $ 
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TABL,E 1. ACOUSTIC FREQUENCIES OF A RIGHT-ANGLED PARA1,LELOPIPED ( s y c / T )  
(a) Symmetric Modes 
Mode 
- Zxac t Frequencj-* -- Ref. 1 This Paper 
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AL R 
EMG 
A T R 
IJPII 
PARAM 
READ 
OFF' 
26,26 $ SET NOMGG=1 BE AUSE or ERROR IN IHEX2 LOGI . 
H T,CST ,MPT,DIT,GEOM2,/HKELM,HKDICT,DUM1,DUM2,HB ,HBDICTI 
a,N,NOKG XI 11 S,N,NOBG  $ 
67,67 $ COMPUT  AND PRINT MODE  
DV ICS, PL, SIL,HU /GPLD, ILn,HUSET ,TFPOOL,HDLT," 
H T, L, , ODVN/HLUSET/S,N, LUSEf ,N,NOD l I 
123/123/S,N, ONLFT/S,N, OTRL/S,N, UE DIIS,N, OUE $ 
II* PV*INEIGV 1/-1 $ 
A, B A",EED,HUS T,CA C/L MA,PHIA"O G I 
.MODES*/S,N,NEIGV $ 
OEI ,L A"" II • 
S 1 HUG T, ,PHIA" ;!11.7IhGM", ,/ Uh ,/1./ REJG* $ 
SDR  C SE C, M,MPT,DI , EODVN,HSIL",B PDP, A"rHIGr 
T"I"OP~ G",PPHIG/*RETG* $ 
OFP DPt-!]. G, , , " /1 $ 
2LOT PLTPAR, TS,EL T ,C C, PDT, QEXIN,HSIP"P HIG,HGPECT, 
IP OTX~5 HN ['-/HLUSE I ..JUMPF'l.OT IPLTFl /PFI  $ 
PRTMSG PLOTX311 $ 
E D TFR 
TABLE 1. C FREQU IES OF  RIGHT-ANGLED PA I.LELOPIPED (..::y / ) 
(a) S etr c s 
e exact Frequency* ef. 1 his Paper 
----
1 0, 
° 
699 702 680 . , 
2, 0, 
° 
1398 1542 1495 
0, 0, 1 1500 1506 1460 
1, 0, 1 1655 1664 1613 
2, 0, 1 2057 2155 2090 
3, 0, 
° 
2097 2525 2448 
3, 0, 1 2579 2925 
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TABLE 1. ACOUSTIC FREQUENCIES OF A RIGHT-ANGLED PARALJ.GLOBIPED (cyc/T) 
(Contd. ) 
(b) Antisymmetric Modes 
Mode 
-- Exact Frequency* Ref. 1 --- Tl l i  s Paper 
* f R m 2 n 2 %  9,, m, n = 1 +- ( )  + (p) 1 , (Ref. 1) 
Y z 
Q , Q sides of the parallelo~iped 
PX' y i? 
TABLE 2. ACOUSTIC FREQUEliCIES OF MODEL .JAN (cyc/C) 
(a) Symmetric Nodes 
P.e f . 1 
-- 
Mode 
-- Experimental Calculated This Paper -- 
( b )  Antisymmetrrc Modes 
Ref. 1 
--
Mode - Experimentel Calculated This Papzr 
TABLE 1. A C FREQ ES OF A RIGHT-ANGLED PA l.ELOPIPED (eyc/T) 
(C ) 
(b) A isYM et c s 
M e Exact Frequency· Ref. 1 Ihis P_aper 
0, 1, 0 1250 1255 1255 
1, 1, 0 1432 144C 1430 
2, 1, 0 1876 1ge8 1952 
0, 1, 1 1953 1963 1928 
1, 1, 1 2074 2089 2048 
2, 1, 1 2401 2499 2440 
3, 1, 0 2442 2875 2808 
3, 1, 1 2866 3346 3233 
• f 9~  m, n , (Ref. 1) 
Q , ~ • ~ sides of the para11e1o~iped 
x y z
TABLE 2. AC IC FREQ NCIES OF M EL 'JAN (cyc/T) 
(a) Sy et c H es 
R f. 1 
M e Experimental-- Calculated 
1 fjG6 593 
2 1174 1150 
3 1549 15~6 
4 161) 1605 
5 1817 1829 
5 1992 2026 
(b) Antisymmetrt~ M s 
R . 1 
M de ~xperi -1--- C culated 
1 1220 116A 
2 '!'35~' 1317 
3 167':" 1634 
4 1996 )~56 
5 2021 )997 
6 2176 2187 
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This Pap~.E. 
562 
1104 
] 524 
1581: 
1751 
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~his Paper 
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1568 
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1VJ ALTERNATIVE METHOD OF ALJALYSIS FOR BASE 
, ACCELERATED DYEJAMIC KCSPOIJSE I N  NASTRAN 
V. E l c h u r i ,  A. Michael G a l i 9 ,  G.  C .  C .  Smith 
B e l l  Aerospace Tex t ron ,  h ~ f f a l o ,  New York 
An a l t e r n a t i v e  method o f  a n a l y s i s  t o  de t e rmine  che dynamic response  of  
s t r u c t u r e s  s u b j e c t e d  t o  base  a c c e l e r a t i o n s  is  p r e s e n t e d .  The method is  e x a c t  as 
opposed t o  t h e  a p p r o x i u a t e  t echn ique  o f  u s ing  u n u s u a l l y  l a r g e  masses and l o a d s  t o  
e n f o r c e  d e s i r e d  base  a c c e l e r a t i o n s .  T h i s  paper  p r e s e n t s  t h e  r e l e v a n t  e q u a t i o n s  of  
motion, ALTERS f o r  d i r e c t  and modal frequency-,  random- and t r a n s i e n t - r e s p o n s e  r i g i d  
formats ,  and i l l u s t r a t i v e  examples. 
Dynamic envi ronments  of  i n d u s t r i a l  s t r u c t u r e s  and s t r u c t u r a l  conponents  a r e  
f r e q u e n t l y  s p e c i f i e d  i n  terms of  base  a c c e l e r a t i o n s .  The dynamics a n a l y s i s  capa- 
: b i l i t i e s  o f  NASTRAN, however, p rov ide  f o r  t h e  s p e c i f i c a t i o n  of  l o a d s  r a t h e r  th;n 
a c c e l e r a t i o n s .  An approximate t echn ique  is t h e r e f o r e ,  g e n e r a l l y  p r a c t i c e d  where in  
t h e  s t r u c t u r a l  d e g r e e s  of  freedom w i t h  known (base )  a c c e l e r a t i o n s  a r e  a s s igned  v e r y  
l a r g e  masses ( o r  mass moments of  i n e r t i a s ,  of t h e  o r d e r  o f  l o 6  r o  1012 t imes  t h e  
t o t a l  s t r u c t u r a l  mass) and s u b j e c t e d  t o  co r re spond ing ly  l a r g e  l o a d s  t o  e n f o r c e  t h e  
d e s i r e d  base  a c c e l e r a t i o n s  ( r e f .  1 ) .  P h i s  method can ,  i n  some i n s t a n c e s ,  l e a d  t o  
e r roneous  r e s u l t s  as shown by t h e  f requency response  f u n c t i o n  i n  F igure  1. The 
f u n c t i o n  r e p r e s e n t s  U x x , l  i n  e lement  2 when t h e  c a n t i l e v e r e d  p l a t e ,  shown i n  
F igu re  2 ,  i s  s u b j e c t e d  t o  a u n i t  base  a c c e l e r a t i o n  z ( f )  = 1. A c o n c e n t r a t e d  n a s s  
of  1c8 u n i t s  was used i n  t h e  z ( t r a n s l a t i o n )  deg ree  o f  freedom a r  g r i d  p o i n t  1. The 
s o l u t i o n  was o b t a i n e d  u s i n g  t h e  d i r e c t  f requency and random-response r i g i d  f o r n a t  
DISP RE 8. A v i s c o u s  damping m a t r i x  p r o p o r t i o n a l  t o  t 5 e  s t r u c t u r a l  s t i f f n e s s  n a t r i x ,  
BDD = 2.0 E-6 WD, was used  e n a b l i n g  a  d i r e c t  c o m ~ a r i s o n  of  t h e  r e s u l t s  w i t h  t h o s e  
from t h e  a l t e r n a t i v e  method. 
The method d i s c u s s e d  i n  t h e  fo l lowing  s e c t i o n s  a v o i d s  t h e  use  of  f i c t i t i o u s  
l a r g e  masses the reby  e l i m i n a t i n g  any a s s o c i a t e d  c o n d i t i o n i n g  problems. For a  noda l  
formula t io l l  o f  t h e  problem, t h e  modal b a s i s  c u r r e i l t l y  a v a i l a b l e  i n  NASTRAN r i g i d  
fo rma t s  is used. These modes are t h e  base- re laxed  niodes i n c l u d i n g  r i g i d  body nodes ,  
and c o n s t i t u t e  a p l a u s i b l e  b a s i s  f o r  base  e x c i t e d  dynamic r e sponse  c a l c u l a t i o n s .  
The p r e v a i l i n g  boundary c o n d i t i o n s  a r e  s a t i s f i e d  by a l l  modes. The u s e r  d i r e c t l y  
s p e c i f i e s  base  a c c e l e r a t i o n s  on e x i s t i n g  IIASTRAIJ bulk  d a t a  c a r d s .  
Note: A c o n s i s t e n t  set o f  FLT u n i t s  h a s  been used throughout  t h i s  paper .  
,. 
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Viscous damping, FL-~T 
f -1 Frequency, T ORIGINAL PACE 
OF POOR QUALITY 
8 Modal damping coefficient 
i a 
K Stiffness matrix F'L,-l 
k stiffness, FL-' 
M -1 2 Mass matrix, FL T 
m -1 2 Mass, E7, T 
P Load vector, F 
P 
d Derivative operator - , T-I d t  
t Time, T 
u Displacement vector, L 
.. .. 
Y,z Translational accelerations, LT -2 
w Circular frequency = 2nf, T -1 
W 
i 
n 
Circular frequency of ith natural mode, T-' 
@ Modal matrix 
-2  
OXX, 1 Normal stress component in basic x direction, z- fiber, FL 
Subscripts: 
a, d, h, a, P, r NASTRAN displacement sets 
D - d-r set 
METHOD OF ANALYSIS 
Direct Formulation 
After the application of constraints and partitioning to both structural and 
direct input matrices, the equation of forced motion is 
,), f, 
f 
g 
i 
K 
k 
M 
m 
p 
p 
t 
u 
y,z 
 
i 
w 
n 
a 
xx l 
Damping matrix, FL-1T 
V scous dam ing. FL-1T 
-1 Frequency, T 
M l dam ing co ficient 
Stiffnes  m trix FL-l 
-1 Stiffnes , FL 
ss m t ix, FL-l T2 
-1 2 , FT.. T 
Load ve tor, F 
d -1 D riv tive op rator dt ' T 
Tim , T 
Displacem t v tor, L 
T ional ac erations, L -
-1 c ar frequency 2  T 
ORIGINAL PAGE II 
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-1 c ar frequency of ith n u  , T 
 at x 
-   stress com t in c x rection, z fiber, FL 
scri t  
a, d, , ~, p  r TRAN displacem  sets 
::  s  
T OD  IS 
i  ulat o
ft  th  li tion  st i t   titionin  to t  tructu al  
i t in t atri , th  tion  forced oti  is 
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The displacement v e c t o r  ud is p a r t i t i o n e d  a s  
wi th  ur r e p r e s e n t i n g  t h e  base a c c e l e r a t e d  degrees  of freedom. Equation (1) can now 
be rearranged i n t o  the  fo l lowing two equat ions:  
2 2 Given t h e  base  a c c e l e r a t i o n s  p ur,  equa t ion  (3) i s  solved f o r  ud, pud and p ud. 
Equation ( 4 ) ,  i n  t u r n ,  can be solved f o r  Pr- the  l o a d s  requ i red  on t h e  base degrees  
of freedom t o  cause the  d e s i r e d  base a c c e l e r a t i o n s .  
Modal Fornula t  i o n  
The displacement v e c t o r  ud is  w r i t t e n  a s  
where t h e  modal ma t r ix  @dh has  been a p p r o p r i a t e l y  expanded t o  inc lude  any e x t r a  
p o i n t s  ( r e f .  2) .  S u b s t i t u t i n g  equat ion (5) i n  equa t ion  ( 3 ) ,  and p remul t ip ly ing  both  
s i d e s  by $&, t h e  r e s u l t i n g  equat ion of motion is  
where 
, and 
(cont inued)  
(1) 
d  
{ud} • {~-} (2) 
r 
r   
  
(3) 
(4) 
i  r ,   ' Ud 2 . F.q ),   r-   
  
mul t  
     
, tUD} [¢lDhOI t u } = --- = --- {u } ... [41 ] {u } d u ¢l h h dh h r r ° 
(5) 
 41dh    
i    
 4>Jh,    
 
[Bhhl = [B~h] + [$dh1T [~~Et~~!][$dh] 
[~h] = [¢ldh]Tlr~~~~!][41dh] 
0 1 0 
I 
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(6) 
 (7) 
i ) 
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PD - [MDrIp {ur} 
---------------- 
2 ( 7 )  [Hrr1p {ur)  
Consis tent  wi th  t h e  e x i s t i n g  c a p a b i l i t i e s  of NASTRAIi r i g i d  formats  f o r  modal 
frequency- and random-,and t r ans ien t - response  ana lyses  (DISP RFs 11 and 1 2 ) ,  the  
modal damping matr ix  Bhh c o n s i s t s  of c o n t r i b u t i o n s  due t o ,  
1 1. t h e  damping m a t i i x  B p ropor t iona l  t o  t h e  mass mat r ix  a s  hh 
wi th  the  elements of t h e  d iagonal  ma t r ix  corresponding t o  a l l  e x t r a  p o i n t s  s e t  t o  
zero ,  and 
2. the  d i r e c t  inpu t  ma t r ix .  
2 2 Gillen t h e  base a c c e l e r a t i o n s  p ur,  equa t ion  (6) i s  solved f o r  uh, puh and p uh. 
E ua t ion  ( 5 )  i s  used t o  recover  the  displacement v e c t o r  ud and i t s  r a t e s  pud and 3 p ud. Equation ( 4 )  can be used t o  recover  t h e  loads  Pr. The damping terms BrD and 
Brr  a r e  p a r t i t i o n s  of  t h e  d i r e c t l y  s p e c i f i e d  damping mat r ix  B2PP. 
IMPLENEESrATION I N  NASTRAN 
The method of a n a l y s i s  d i scussed  i n  t h e  previous  s e c t i o n  has  been implemented 
i n  NASTRAN Apr i l  1982 r e l e a s e  i n  t h e  form of  MlAP ALTERS. The ALTER packages f o r  the  
displacement approach r i g i d  formats 8 ,  9, 11 and 12  a r e  g iven i n  t h e  Appendix. 
F x i s t i n g  NASTRAN u t i l i t y  modules have been used t o  p a r t i t i o n  and merge v a r i o u s  
h t r i c e s  f o r  the  rearranged equa t ion  of motion. The f u n c t i o n a l  module FRRD? f o r  the  
frequency response r i g i d  formats  has  been modified t o  s o l v e  coupled equa t ions  of 
motion. These modi f i ca t ions  a r e  a l s o  included i n  the  Appendix. 
I n  using these  ALTER p a ~ k a g e s ,  the  following p o i n t s  a r e  t o  be considered.  
1. The base a c c e l e r a t e d  degrees  of freedom a r e  s p e c i f i e d  on t h e  SUPORT bulk  d a t a  
card.  
2. The base a c c e l e r a t i o n s  a r e  s p e c i f i e d  on RLOADi ox TLOADi bulk  d a t a  c a r d s  a k i n  
t o  s p e c i t y i n g  loads .  
3 .  The base  a c c e l e r a t e d  degrees  of freedom must have non-zero mass (or mass moment 
of i n e r t i a ) .  No f i c t i t i o u s  l a r g e  masses a r e  required.  
4. I n  r i g i d  formats 8 and 11, e x t e r n a l  loads  can be app l i ed  t o  a l l  (p-r)  s e t  
degrees  of freedom. 
5. In  r i g i d  formats 9 and 12,  e x t e r n a l  loads  can be app l i ed  t o  a l l  (d-r )  s e t  
degrees  of freedom. 
6 .  An OLOAD reques t  f o r  the  base a c c e l e r a t e d  ( r  s e t )  degrees  of freedom i n  RFs 8 
and 11 r e s u l t s  i n  the  loads  on these  degrees  of freedom necessary  t o  cause the  
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s p e c i f i e d  base  a c c e l e r a t i o n s .  Such a r e q u e s t  i n  RFs 9 and 1 2  w i l l  o u t p u t  t h e  
s e c i f i e d  base  a c c e l e r a t i o n s .  T h i s  i s  due t o  t h e  n o n - a v a i l a b i l i t y  of  pud and S p  ud i n  d i s t i n c t  d a t a  b l o c k s .  
7 .  I f  OLOADs are r e q u e s t e d  f o r  t h e  base  a c c e l e r a t e d  d e g r e e s  of  freedom i n  KF8 and 
11, a r e a l  d i a g o n a l  m a t r i x  named FREQ must be  i n p u t  on  DM1 bu lk  d a t a  c a r d s  w i t h  
e n t r i e s  s o r t e d  i n  an a scend ing  o r d e r  from t h e  FREQ o r  FREQi bulk  d a t a  c a r d .  
The o r d e r  o f  t h e  FREQ m a t r i x  must be e q u a l  t o  t h e  e n t r i e s  on t h e  FRE? o r  FREQi 
b u l k  d a t a  c a r d .  
8. Mode a c c e l e r a t i o n  method of d a t a  r ecove ry  i s  a v a i l a b l e  b o t h  i n  RFl l  and 
RF12. 
9. The d a t a  r ecove ry  p rocedures  i n  a l l  t h e  f o u r  r i g i d  fo rma t s  remain unchanged, 
w i t h  t h e  e x c e p t i o n  o f  s t r e s s  r ecove ry .  The s t r e s s e s  a r e  computed u s i n g  d i s -  
p lacements  ( o r  modal d i s p l a c e m e n t s )  r e l a t i v e  t o  t h e  base .  T h i s  i s  due to  t h e  
f a c t  t h a t  i n  problems w i t h  s p e c i f i e d  b a s e  a c c e l e r a t i o n s ,  t h e  a b s o l u t e  d i s p l a c e -  
ments  c a n  become ex t r eme ly  l a r g e .  The subsequent  stress c a l c u l a t i o n s ,  a s  a  
r e s u l t ,  a r e  based on s m a l l  d i f f e r e n c e s  o f  l a r g e  numbers, and can be i n  e r r o r  a s  
shown by t h e  s t r e s s  r e sponse  a t  v e r y  low f r e q u e n c i e s  i n  F i g u r e  1. I t  i s  t o  be 
no t ed  t h a t  any l i m i t a t i o n s  imposed by t h e s e  ALTER packages a r e  a s  a d i r e c t  
r e s u l t  o f  u t i l i z i n g  e x i s t i n g  f u n c t i o n a l  and u t i l i t y  modules,  w i t h  t h e  neces sa ry  
e x c e p t i o n  o f  FRRD2. These l i m i t a t i o n s  can  e a s i l y  be overcome by c r e a t i n g  new 
(dummy) modules. 
ILLUSTRATIVE EXAElPLES 
Two problems ( F i g u r e s  2 and 3) a r e  c o n s i d e r e d  t o  i l l u s t r a t e  t h e  a l t e r n a t i v e  
method of  d e t e r m i l i n g  base  a c c e l e r a t e d  dynamic response .  The problem i n  F igu re  3 i s  
used t o  i l l u s t r a t e  t he  accu racy  o f  a l l  t h e  f o u r  ALTER packages .  The problem i n  
F igu re  2  i s  used  t o  compare r e sponse  c a l c u l a t i o n s  w i th  t h o s e  shown ia F i g u r e  1. 
F igu re  3 shows a  2-degree of freedom sys tem s u b j e c t e d  t o  a  known base  a c c e l e r a -  
t i o n  a t  mass ml. The problem is  t o  de t e rmine  t h e  a c c e l e r a t i o n  response  o f  mass m7 .  -
The fo l lowing  s t e p s  a r e  fo l lowed i n  o b t a i n i n g  and cross-checking  t h e  s o l u t i o n  by 
v a r i o u s  ways : 
1. BF8 withALTERs is  used t o  de t e rmine  y 2 ( f )  and P l ( f ) ,  g iven  Y l ( f ) .  
2. RF8 wi thou t  ALTERs i s  used t o  de te rmine  y l ( f )  and Y 2 ( f ) ,  g iven  P l ( f ) .  
3. S t e p s  1 and 2 a r e  r e p e a t e d  w i t h  RF11. 
4 .  RE9 w i t h  ALTERs is  used t o  de t e rmine  y 2 ( t ) ,  g iven  y l ( t ) .  
5. S t ep  4 i s  r e p e a t e d  w i t h  RF12. 
F i g u r e s  4 and 5 show t h e  r e s u l t s  of s t e p s  1 through 3 which compare w e l l  wi th  
t h e  t h e o r e t i c a l  r e s u l t s  g iven  by 
Y2(lL1) = k  + iwc ( w )  ,and Pl(w) = m y  ( ' u ) + r n y  ( . )  . ( 9 )  1 1  2 2  I 
! 
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OF POOR QUALITY 
1 % :  ,, !.-, j ,  .,,. , <  , .  # . f  . t .*>ps 4 .~nd 5 with theorv. T l 1 1  
.. e -SUnt 
y2(t) = 1 - cos ' 1  t + y o 0  , 
b ' 1 7  
7 
where < = c / (2vkm7) , 
- 
for 
LI ="/;"; , and 
n 
- 1 yo0 = tan ( c , - )  , 
dl - c L  
Figure 7 presents the frequency response function of Figure 1, using RF8 with 
base acceleration ALTERS. For comparison, a damping matrix proportional to the 
structural stiffness matrix was used in both solutions (BDD = 2.0 E-6 KDD). The 
response does not rely on the selection of any fictitious large masses. The error in 
the stress response at low frequencies is also eliminated. 
CONCLUDING REMARKS 
1. An alternative method of determinliig base accelerated dynamic response in 
NASTRAN has been presented and demonstrated, avoiding the use of fictitious large 
masses. 
2. Although this paper discusses the problem and its solution in terms of absolute 
degrees of freedom, a number of variations can be simply achieved to suit particular 
problems. As an example, the introduction of the degrees of freedom relative to the 
base degrees of freedom, at least in the absence of extra points, can be easily 
accomplished by the transformation 
with 
This is useful in addressing shock spectrum response problems, and can lead to 
symmetric coefficient matrices and uncoupled (modal) equations of motion. 
4 .  The method can form the basis £0:- considering displacement and velocity base 
excitation problems in NASTRAK. 
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OF POOR QUALlTV 
$0 
$$ AL.TERS TI:) SI:lL.. 8 (NAS'I'RAN AF'HIL. 1 9 8 2 )  FOR HASE kC:CE:L,E:RATII3N+ 
$$ 
AL'TER H7 $ 
RBMGl USETrKAAv / hL.1.. r k L R r k R R r  r r 5 
RBMG2 KL-1- / LL.1- $ 
RfSMG3 l..L.L. r KLR r KRH / I:IM $ 
ALTER 123. Y 3.22 9 
FR1.G CASEXX r USETD r DL..T r F RL r GMB r GC)D r 1:II'I' r /F'F't v PfiF PIIF r F O L  I PHF'/ 
tDl:RE(~'Tt/FRt,CRY/tF: REII* Q, 
E0I.J I U F'PFrF'I:IF'/NI:JSt:'I' Q; 
VEC USE:'l'I:l/UF'/rkF't/I(::l')Mi~'$/*Rf 8 
VEC l J S E T I / U I / I / P / R  % 
PAR'I N PF'F' r r UF'/F'fZF 1 Y F.'F'F: 2 Y r /I $ 
PARTN F'DF'r r Ufr /Pl :~F' l  r PISF'Zr r /1 C 
PARTN fl1:18 '$IS r /MI:I:I: 1 r M D L S ~ ~  r ~1.1111 2 Y ~ 1 : 1 ~ 2 2  $ 
r'ARTN H IS D r V I:I r / B 111 IS 1 1 r b TI IS2 1 r I3 15 IS1 2 r B 11 D 2 2 $ 
PAWTN KDD~VI:IY/KI:I I : I~~ Y K D I : I ~ ~ Y K I : I I : I ~ . ~ Y K I : I D ~ ~  $ 
fl PiERGE flI:lIlll r r vflI:IIS22vVI:lv/ MI'1I:Il / - 1 / 0 / 1  $ 
PJERGE I3 I:I 11 1. 1 r r B 11 I:I 1 2 r r U Il r / b I:lIll / - :I / 0 / 1 $ 
IIERGE ti' I:I l:~ I 1 r r K I:I 1.1  >? r Y U 1:t P / K 111 111 I / -- 1 / 0 / 1 $ 
MPYAII flI:II:I12v PF'F2 r F'I:IF:'l/ F'ISFF 1 /0/-1 $ 
, . flPYAIl M ] : I D ~ ~  y PF'F'2 9 / PIIFF2 /O 9 
MERGE PDFF'l r Pltf:'F-21 r I Y VIl/  F'IIF'F / 1 / 0 / 2  $ 
F RRD2 K I : l I : ~ l r B 1 : l D l r h I : t ? ' I I . r  F'I:lF'F r F 1 1 L . . / U I ~ ~ U F / O ~ 0 / 0 ~ 0 / - 1  + O  $ 
ADD FREQr/(3MEGAI/ ( 0  +Or 6+28:518?i) 8 
ALID FRU(I r /C) f lE( jA1. / (6+21331H5~0*0)  1 
I'IIAI~TJNAL, ClME:GA1/OMEGA2!/ tSI~I IAREf* /2 * 0 9 
MERGE rlI:ID2% Y r MI:lI:I22 r r L'I'1 Y / MI:ID2 / 1. / 0 / 2  $ 
MERGE B IS 1.1 2 I r r B IS IS 1' 2 r 9 V I:l Y j B I:! I:12 / 1 / 0 / 2 $ 
MEROE K D D 2 l r r K D D 2 2 r r U D v  / KDD2 /1/0/2 $ 
SMPYAIS flISI32 r I.JI:IUF' r C)ME:I:iA:? r r I / 1'E:MF'l / 3/- 1 $ 
SMPYAD BI3IS2 r l.JISUF' r OMECiA I r I I / TEMP2 / 3 8 
ADD TEMF"1 rTEMF'2 / TE:MFi'3 $ 
MPYAD KISIS2 r l.lI:IUF't TE MF'3 / F'F'F'2/ 0 '4 
MERGE F 'PF ' l rF 'PF '2r r r rUF '  / F'PF' / 1 / 0 / 2  $ 
E~UIV F'PF r PNEF/HF'CF-I. $ 
CONIS 1-BL- 1 HAP MPCF 1 $ 
VEC IJSETI:I/UECNE:M/rkF't/tNE:f / t H *  $ 
1 PAHTN PF'F 'Y~VECNEM~'PHNEF'YPMF'~~ / 1 $ 
MPYAD GMDrF'MF'rF'BNE'F'/ PNEF' ; 1 $ 
LABEL L B L l H A  $ 
E:UUIU PNE:F'r F:'F'E:F/SINOL..E. $ 
C 0 N I:I 1-dl..lHBr SINC;L..E $ 
ClEC ~J!~ETI:I /UEC:F~E:S/SNE~:*/*F'~:~/~S~: $ 
P I  
•• 
..
  I Y 
•• O OL N~STRA PRIL B  AC RA O  • 
••  8 • 
l ~ , , I ~LL,kLR,k R", $
LL I lL • 
L L,K ,K R I D   
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l:~l,l~!~! $ 
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D  
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f'YA  
 
G
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e 
RTN 
f'YAD 
L 
OUIV 
O n 
vEC 
,USETD,DLT~FRL,GMD,GOD,DIT,/F'pr,f'Sf DF, , I 
*DIREC */FREO /*FREQ  $
P ,PD D ET $ 
SETD VP *P*I*CO P*I R* $ 
USETD/VD/*D* *COM *I*k* , 
PF"VP/PPF1,PPF2"/l 
P , ,VDd·'DFl , IW:l, ,II • 
MDn,VD,/ DD!I,MD 21,MDDI2vMDD22  
BDD, D,/8DD ,BDD ,BDDI ,BD  
, D,/KDD11,KDD21,KDDl2,KDD22  
MDD11",MDD , D,1 DDI 1-1/0/1 • 
BDD 1" DD12"VD,1 BDDl 1-1 1  
KDDll"KDD12"VD,1 DDl 1 1  
MDD12,PP ,PDF11 PD I 10/-1  
DD22,PP , I D  10 $ 
1,F'D F:~"" DI PU  11/0/2  
DD1,BDD1,MDnl"PDF ,~OL/UDVF/O.O O. -1.0  
O,IOMEGAI/(O.O,6.283 5  $ 
EO,IOMEGA1/(6. 8 185,0.O) $ 
O I 0 A2/*SQUARE*/2.  $ 
MDD21" DD22"UD, I D  Il/   
8DD21"BDD?2"VD, i DD2 1 /  
?1" 22"V , I  1 2  
MDD2,UDVF,O EGA2", I T MPI I 1  
DD2,UDVF, MEGAI", I  I $ 
P , P2 I P   
DD2,UDVf,TEMP3 I PP 21  $ 
P 1,P ""VP I P  I   
P ,PNEF/M ' l.  
L  8 , f-' F-   
U D V CNE /*P*I*NE*I*M   
Pf"VFCNEM/PBNEF,PMF" I   
,P F,PBNf I f /   
Ee 18A  
,PFEF/ INGlE  
LBI .18 ,SI G  
USETD/VECFES/*NE*I*FE*I*S*  
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LAHE:L. LBL l r jH  % 
E;QU I V PFEFrPDF/OMIT $ 
CONLi LBL lHCr  OMIT I 
VEC IJSETIS/VECIJT)/bFEIr/$Dt/$ OIr $ 
FAHTN PFEF' r r VECI:IO/PBLlF'r POF r r / I I 
MPYAB OC)DrPOFrPBDF/ PDF/ 1 1 
LABEL LBL18C $ 
ALTER 1 2 J r  123 $ USE FOL INSTEAD OF PPF 
VDR C A S E X X ~ E ~ . ? ~ Y N Y U S E T D ~ U D V F I F O L ~ X Y C D B ~ / O U D V C ~ ~ / * F R E ~ ~ R € S P ~ /  
%DIREC?Ir/SrNrNOSORT2/S r N  rNOI:l/S rNvE143P/0 1 
AL-TEK 1 3 9 ~ 1 3 9  $ USE FOL INSTEAD OF FPF 
SDR2 CASEXX r CSTMr MPTr KIXTI EQI:IYNVSXLDI I I B G P ~ I P ~ F O L ~ Q F C ~ U F U C ~ E S T ~ X Y C L I B ~  
PPF/OPPC1rOQPClrOUFVClrrOEFClrPUFVC1/IrFREQRESP~/ 
SrNrNOSORT2 % 
VEC USUTD / VD2 / dDS/ tA f / tES  % 
VEC USETD / VAZ / Y A $ / l L f / t R t  6 
PARTN UDVFrrVD2 / LJAVFrUEVFrr / 1 % 
PAR'TN UAVFrrVAZ / LJLVFrURVFrr / 1 $ 
MPYAIS DMrURVFrULVF / ULVFP / 0 / -1 % 1 
UMERGE USETDrULVFPr / UAVFP / tA t / I r L$ / *H t  $ 
UMEHGE USETDvUAVFPrUEVF / UUVFP / I r D t / t A f / * E *  5 
EQlJ Z V IJDVF'P r UPVCP/NOfi % 
CONI:I L..bLl9ArNOA % 
SDHI IJSETDvrUDVFPrrrGODrGMIIrrrr / UPVCFrr / l / fDYNAMICSI  $ 
LABEL.. LBL19A $ 
SI:lR2 CASEXX~CSTM~MPTIDITIEC?L~YNISILDI  IIBOPL:IF'~FOL~ rUPUCPrE!3Tr 
XYCDBr/vrrOESC;lrr /%FREQRESFk/StNrNOSClRT2 b 
ENDAL.TER 
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F, , VECF .S/PFEF, PSF ,~  rop,\ QUALITY 
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1.8 18G,OMI  .. 
D U CDO/*FE*I*D*I*O* .. 
F "UECD 8DF,PO " I 1 .. 
GO , ,PB I I  • 
S  .. 
3,12 ..  L EAD  F 
EXX,EGDYN,USETD,UDVF,FOL,XYCD9,/OUDUC1,I*FREQRESP*1 
*DI CT*/ ,N,NO S, , D B, ,~OP/O .. 
39,139 ..  L EAD  P F 
S XX,CSTM,MPT,DIT,EQDYN,SIlD",BGPDP,FOL,GPC,UPUC,EST,XYCDB, 
O ,O 1, P C1"O 1,PUPU 1/*FREGR *1 
,N,N SORT2 .. 
ETD I U  I * *I* #I*E* .. 
T  I U 2 I *A*I* *I*R* .. 
f"VD2 I UAVF,UEVF" I  .. 
"VA2 I ULVF,URVF" I  .. 
, ,UL  I  I  I  .. 
, U , I  I * * * *I*R* .. 
B,UAV ,UEVF I D  I *D*I* *I*E* .. 
U ,UPUCP/NOA .. 
BL1 ,  .. 
USE B"U FP",G , MD"" I VCP" I I/* * .. 
9A .. 
, , PT,DIT,EGDY , IlD", G DP,FOL"U V , ST, 
B,I", 1" I*FRE P* , , O .. 
l.TER 
97 
. 
.: 
i 
,,' 
.. ; 
~ 
, 
, 
. 
. 
ORIOINAL PA t8' 
** 
OF POOR Q U A L ~  
$$ ALTERS TO SOL 9 (NASTRAN APRIL 1 9 8 2 )  FOR EASE ACCELERATION. 
*I 
ALTER 87 * 
RBHG 1 USETrKAAr / K L L r K L R r K H R r v r  % 
RBHG2 K L L  / LLL $ 
RBHG3 LLLPKLRVKRR / DM $ 
ALTER 1 2 5 r 1 2 5  $ 
VEC USETD/VD/tDt/tCOHPS/SR* $ 
PARTN P D r r V D / P D l r P D 2 r v / l  $ 
PARTN HDD r VD r / H D D l l  r f lDII21r H I t 1 I 1 2 ~  HI11122 $ 
PARTN F D D ~ V D I / B D D ~ ~ ~ B D D Z ~ ~ E D D ~ ~ ~ B D D ~ ~  $ 
PARTN K D D ~ V D ~ / K D D ~ ~ ~ K D D ~ ~ I K D ~ I ~ ~ I K D I I ~ ~  % 
HERGE H D D l l r r r H D D 2 2 r V D v /  MDDl /-1/0/i % 
HERGE B D D l l r r B D D 1 2 r r V D r /  BDDl /-1/0/1 3 
HERGE K D D l l r r K D D 1 2 t v U D r /  KUDl  /-1/0/1 $ 
MPYAD HDD12rPD2rPD1/ PDDl  /0/-1 $ 
HPYAD HDD22rPD2r / PDD2 /O % 
HERGE P D D l t P D D 2 r r r r U D /  PDD / 1 / 0 / 2  $ 
TRD CASEXXrTRLrNLFTrDITrKDD1rBDI11rMDE~irPDD/ 
UDVTrPNLD / SDIRECTt/NOUE/l /SrNrNC~OL/CvYrISTART $ 
ALTER 1399139 $ 
SDR2 CASEXXrCSTflrHPTrDITvEO1~YNvSILI~vrrBGPDPvTOLrOPrUFUrESTr 
XYCDHrPPT/OPP1rO~PlrOUPV1rrOEFl~PUGV/~TRANRESP~ % 
VEC USETD / VD2 / tDt /SAS/SES $ 
VEC USETD / UA2 / f A t / t L t / S R S  S 
PARTN UDV'TrrVD2 / UAVTvUEVTrr / 1 Q 
PARTN U A V T r r V A 2  / ULUTrlJRUTrr / 1 3 
HPYAD DMrURVTrULVT / ULVTP / 0 / -1 3 
UHERGE USETDrULVTPv / UAUTP / SA*/SLY/*NX % 
UHERGE USETDrUAVTPvUEUT / UDUTP / t D t / t A t / * E *  % 
EQUIV UDVTPv UPVTP/NOA $ 
COND LEL19ArNOA S 
SDRl USETDrrUDVTPrvrG0DvGMI:fvrvr / UPVTPrv / l / tDYNAMICSb $ 
LABEL LHL19A 9 
SDR2 CASEXX pCSTMrMPT T D I T r  ECJIIYNr S ILDv  I IBGF'LIP~TOL r v UPVTPv EST9 
X Y C U R r / r r t O E S l r r  /*TRANRESFt S 
ENDALTER 
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,K , I , LR,KRR", S
 I  • 
, ,KRR I H  
, 25 S
/ D/*D*I*COHP*I*R* S
" l, 2,, 1  
MDD, D, M 1,HDD 1,MDD12,MDD2   
B D,VD,/BDDl1,B 21,BDD12,BDD22 S
D,VD,IKDDll,KD 21,KDDI2,KDD22 S
M D l",M 2 , ,1 H I 1-1/0/1 S
l" I " ,1 I 1-1/0/1 $ 
11"KDD12"V ,1 D I 1-1/0/1 
MDD12,PD2,P ll I 10/-1 S
M D22, , I  10 S
S
1,PDD2""V I  11/0/2 S
SE X,TRL,NLFT,DIT, DD1,BDD1,H D1,PD I 
, L  1 * */NOUE/l/S,N,NC L/C, ,ISTART  
,1 • 
SE X,CSTH,MPT, IT, D , D",BGPD ,TOL,OP,UPV,EST, 
CDB, OPPl,OQP1,OUPV1"OEF1,PUGV/*TRANRESP* 
 1  1 * *I*A*I*E* S
 1 V  I * *I*L*I*R* 
"V  I ,UEVT" 1  S
"V  I V ,URVT" I  $ 
, ,  I  I 1  $ 
, , I V  I * I*L*I*R* S
, , V 1 V  1 * *I*A*I*E* S
TP,   
B ,  
SETD" DVTP", OD,GMD"" I " I I * ICS*  
B  S
SE X,CSTH,MP ,DIT,EODYN,SILD", GPDP, L" P, ,
DB,I", 1" I NRESP* 
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ORIGINAL PAGE I3 
OF POOR QGMLFTV 
** 
S$ ALTERS TO SOL 11 (NASTRAN APRIL 1982) FOR EASE ACCELERATION* 
*$ 
ALTER 93 $ 
PARAH //*ADDS/KDEK2/NOGENL/NOSIMP % 
ALTER 95~96 C 
PClRAfl //IADDS/NOEGG/-1/0 % 
PARAH //tADDt/NOK4GG/-1/0 % 
GKAD USETDrGflrGOrKAArrMAArrK2PPrH2PPrE2PP/ 
KDDIBDD~HDD~GMD~GOD~K~DD~~~~DI~~P~DII/*FREQRESP*/*DISP*/ 
SDIRECTt/O~O/O~O/O~O/NOK2PP/NOH2FP/NOB2PP/HPCfl/SINGLE/ 
O ~ ~ I T / N O U E / N O K ~ G G / N O P G G / K D E K ~ / V ~ Y I M O D A C C ~ - 1  $ 
EQUIV B~DD~BDD/NOBGG/MZDDIHDII/NOSI~~P/I~'~D~~KDD/KI~EK~ $ 
FRLG CASEXX~USETD~DLT~FRLIGHD~GODIDITP/PPF~FSF~PDFPFOL~PHF/ 
*DIRECT*/FREQY/*FREQf * 
EOUIV PPFrPDF/NOSET $ 
VEC USETD/VP/SPS/tCOflPt/*R* $ 
VEC USETD/VD/tDt/SCOflP*/tRf $ 
PARTN P P F Y ~ V P / P P F ~ ~ P P F ~ ~ P / ~  % 
PAR !N PDF,rVD/PDFlrPDF2rr/l S 
PARTri fi~J~rVDr/hDDllrMDD21rHL'ILI12rMDII22 $ 
PARTN BDUr VDr /bDDll r BUD21 I BIID12r ESDf122 $ 
PARTN KDDrVDr/KDDl 1 rKDD2l rKL'11I12r KIILt22 $ 
MERGE HDDllrrrMDD22rVDr/ MDDl /-'/0/1 S 
HERGE BDDllrrBDD12rrVDr/ BDDl /-1/0/1 $ 
HERGE KDDll r rKDD12r rVDr/ KDUi /-1/0/1 $ 
HPYAD MDD12rPPF2rPDFl/ PDF'F1 /0/-1 $ 
HPYAD HDD22rPPFZr / PDFF2 /O $ 
MERGE PIIFF1 r PIIFrF2 r r r r VD/ PDFF /1/0/2 $ 
GKAH U S E T D ~ P H I A ~ M I I L A M A ~ I I S T V I P ~ C A S E X X /  
MXHH~EXHH~KXHHPPHIDH/NOUE~'C~YV~HODES=O/ 
C ~ Y I L F R E Q = O . O / C V Y ~ H F R E C ~ ~ - ~ + O / - ~ / - ~ / - ~ /  
SrNrNONCUP/S*NrFMODE $ 
HFYAD PHIDHrPDFFr/PHF/1/1/0/0 $ 
SMPYAD P H I D H ~ M D D ~ ~ P H I D H ~ ~ I / M H H / ~ / ~ / A / O / ~  % 
SHPYAD PHIDHr KUDl r PHI DHt r r/KHH/3/'1/1/0/1 $ 
PURGE BZHH/NOR2PP % 
COND LkL13AvNOB2PP $ 
SHPYAD PHIDHrEDDlrPHXDHrrr/B2HH/3/1/1/0/1 $ 
LABEL LBL13A S 
EQUIV MRAr MlDIl/NOUE $ 
COND LBL 1 JB r NOIJE $ 
VEC USETD/UDl/*Dt/*A*/tEj $ 
HERGE MAArrrrVDlr/ MlUD /-1/0/1 8 
LABEL, LBL13B $ 
PARTN MlUDrVDr/MlDDll r rMlK111121 k 
HERGE M1DK11l~rMlDII12rrVDr/ MlDD2 /-1/0/1 $ 
SHPYAD PHIDHrM1DU2rYHIDHrrr/MlHH2/3/1/1/0/1 $ 
DIAGONAL MXHH/flINV/*SQUAKEt/-14 $ 
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AGO  
II*A */NOBGG/-l/0 • 
II*A */ K4 G/-1/0 • 
SETD,GH, , A"H A" , ,B I 
,BDD,HD ,GHD,GOD,K2DD,M2DD,82 D/*FREORESP*I*DISP*1 
* T*10.0/0.0/0.0/N K2PP/NOH2PP/NOB2PP/HPCFl/SINGLEI 
HIT/NOUE/NOK4GG/NOBGG/KDEK2/V,Y,HODACC~-1 • 
2 ,BD /NOBG /H2DD,HDD/NOSIHP/K2DD,KDD/KDEK2 • 
, ETD,DLT,FRL,GHD,GOD,DIT,/PPF,PSF,PD ,FOL,PHF/ 
I T*/ EQY/*FREG* • 
,PDF/NO • 
/VP/*P*I*COHP / R* • 
* *I*COHP*I*R*  
F"VP/PPF1,PPF2"/l • 
F" /PDF1,PDF2"/l • 
~Dn,VD,/MD l ,HDD , DD12,HDD22  
O, , ~ 11, D , DD1 ,BDD2  
D, D,/ 1 ,KD 1,KDD 2,KDD2  
D11",H 22, ,/ H I "10/1 i 
Dll"B 12" ,/ I / /1  
Dll"K I2"V ,1 D1 1- /0/1  
H DI2,PPF2, FI/ F I 1 /  
D 2, 2,   0  
pn 1, DF 2""V I  1 / /   
, IA,HI,LAHA,DIT""CASEXXI 
H ,BXH ,KXH ,PHIDH/NOUE/C,Y,LHODES=O/ 
,Y,LFREO=0.0/C,Y,HFREO=-1.0/-1/-1/-11 
,N,NON /S,N,FMOD   
IDH,PDFF,/PHF/l 1/0/0  
DH,MD l,PHIDH",/MHH/3/1/1/0/1 $ 
I H,K D1,PHIDH",/ H/3/1/1/0/1  
2 / B F' $ 
B ,N  
I H,B Dl,PHIDH",/B2 H/3 1/1/0/1  
$ 
HAA, I rt/NO  
3 ,NOIJE:  
SETD/VDI/*D*I*A*/*E*  
A"" l,1 H1D /  $
8 • 
HI , D,/H1 D11"H1DD12, $ 
H1DDl "MlDD12"VD,1 I  1 / /   
I H,H1DD2,PHIDH",/M1HH2/3/ 1/0/1  
H H/HI / OUARE*I-l.0  
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rWnolNAL PAGE IS 
OF POOR QUfim 
SMPYAD HINUrBXHHrHlHH2trr / TEHPl / 3 $ 
ADD TEHPlrB2HH / RHH $ 
PAHAH //fADDS/NONCUP/l/O S 
ALTER 99r100 1 
FRRD2 K H H ~ ~ H H ~ M H H P ~ P H F ~ F O L / U H V F / O ~ O / O ~ O / - ~ ~ O  $ 
DDRl UHVFrPHIDH/UDUF C 
ADD FREQr/OMEGAI/(O~Ov6~283185) % 
ADD FREQr /Of lEGA1/ (6 *283185rO*O)  $ 
DIAGONAL OMEGAl/OHEGA2/tSQUAREt/2eO S 
HERGE flDn21rrHDD22rrUDr / HDD2 /1/0/2 $ 
flERGE EDD2lrtEDD22rrUDr / HDD2 /1/0/2 $ 
HERGE KDD2lrrKDD22rrUllr / KD82 /1/0/2 $ 
SHPYAD HDIt2rUDVFtOHEGA2rrr / TEHP2 / 3/-1 S 
SMPYAti EDD2rUDUFrOHEGAIrrr / TEHPJ / 3 % 
ADD TEHP2rTEflP3 / TEMP4 % 
HPYAD KDD2rUDVFrTEHP4 / PPF2 / O $ 
HERGE PPFlrPPF2rrrrUP / PPF / 1/0/2 $ 
EQUIU PPFrPNEF/flPCFl $ 
COND LBLlSArMPCF1 $ 
UEC USETD/UECNEM/SPt/$NE*/*Mk $ 
PARTN PPFrrVECNEM/PENEFrPMFtr / 1 $ 
HPYAD GMDIPHFvPENEF/ PNEF / 1 $ 
LABEL LbL15A $ 
EQUIU PNEFrPFEF/SINGLE $ 
COND LBLlSBrSINGLE $ 
UUC USETD/UUCFES/*NE*/*FE*/*SY % 
PARTN PNEFrrUECFES/PFEFrPSFrv / 1 $ 
LABEL LEtL15E $ 
EQUXV PFEFrPDF/OHIT $ 
CONIS LBL~SCIOMIT $ 
VEC I J S E T D i U E C D O / t F E t / S D * / * O *  $ 
PAR1 N PFEF~~UECDO/PEDFVPOFI~ / 1 $ 
HF'YAQ GODvPOFrPHDF/ PDF/ 1 $ 
LABEL LBLlSC 8 
ALTER 101r101 $ USE FOL INSTEAD OF PPF 
V I:! H CASEXXIEQDYNVUSETD~UHUF~FOLVXYCI :~E~/OUHUC~~/ *FRE~RESF* /  
tMODALt/S r N r NOSORT2/S r N I NOH/S v N I NUF"/FhOI:IE $ 
ALTER 116~116 $ USE FOL INSTEAD OF PPF 
ri~R2 IJSETD r UnU1F r PDF v K2Di:I r B2IILI I MI111 I FOL I LLL rDM/ 
UDV2FrUEUFrPAF/tFREQRESPt/NOUE/REACT/FHOSET $ 
ALTER 122~122 3 USE FOL INSTEAD OF PPF 
S I:I R 2 C R S E X X ~ C S T M ~ H P T ~ D I T P E Q I : I Y N I S I L I : I ~  r v B G P I : I P ~ F O ~ - ~ C J P C ~ U P V C ~ E S T ~  
XYCDBrPPF/OPPClrO~PC1rOUPUClrOESC1rOEFC1~PUGU~~FREfl~/ 
SrNrNOSORT2 3 
ALTER 128rL28 $ 
SI:lH2 C A S E X X ~ C S T M ~ M P T I D I T ~ E Q K I Y N I S I L D I I I ~ L A M A ~ Q P H ~ P H ~ P H ~ E S T ~ X Y C ~ ~ B ~ /  
~ I ~ P ~ ~ X P H I P ~ ~ ~ I E F ~ ~ / ~ M M H E I G ~ / S I N V N O S O R T ~  $ 
ALTER 129~129 $ USE FOL INSTEAD OF PPF 
SUR2 CASEXXr r r rEQDYNrSIL1:ir I I rFOl..r I I IXYCI:IEIPPF'/ 
OPPCArrrrr/$FREBf $ 
VEC USETD / UDZ / fDf/tAt/SEt $ 
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U I  
D 
URlGI S
  UALITY 
I V,8 H,HI H2", 1 1 1   
P1,82H 1 8  
II*A */ NCUP 1/0 $ 
,  $ 
,B ,HHH" HF,FOL/UHVF/0.0/0.0/-1.0 
VF, D UDV $ 
EQ,/ HEGAI/(0.0,6.283185) $
,/ HEGA1/(6.283185,0.0)  
HEGA1/0HEGA2/*SQUARE*/2.0 $ 
HDD21"H 22"V , 1  1 /0/2  
8 21"B 2"V , 1 8  1 /0/2  
DD21" D22"VD, 1 D  1 /0/2  
D ,U F, EGA2", 1  1 /  $ 
8 , V ~OHEGAI", 1 3 1  $ 
P2, H  1 H  $ 
D2, F,  1  1 0  
F1,PPF2""V 1   / /   
, EF/H l • 
l15 ,H   
/VECNEH/*P*I*NE*I*H*  
"UECN H/ 8 ,PH " 1  
HD, ,P8NE I    
Bl  
F, SING  
15 , ING  
D/VECFES/*NE*/ FE*/*S* $ 
EF"V ES/ F, " 1   
Ie S8  
, II "   
15C.OHIT 
U /V /*FE*/*D*I*O*  
F"VECDO/PBDF,POF" 1  
D,P F, 8 F/ F/   
15  $ 
e 
 
PY D 
 
DR 
,10     NSTEAD   
, ,USETD,UHUF, OL,XYCDB,/OUHVC1,/*FREQRESP*/ 
*H AL*/S, ,N T2/ ,N,NO S,N,NOP/FM DE  
 
DDR2 
 
D  
6,1 6   NSTEAD   
US , DVIF, F, 2DD, 2DD,HDD,FOl,l ,DH/
U2F, EVF, F/* RESP*/ Uf/ CT/FRQSET  
2,12  $   NSTEAD   
A , H,HPT,DIT,EQDYN,S LD",BGPDP,FOL,QPC,UPUC,EST, 
D8, /OP C1,OUPC1,OUPVC1,OESC1,OEFC1,PUGU;*FREQ*; 
,N,NOSOR  $ 
8,~.   
DR2 ,CSTH,HPT,DIT,EQDYN,S LD""LAHA,QPH,PHIPH,EST,XYCDB,/ 
,IUP1,IPHIP1"IEF1,I*HHREIG*/S,N,NOSORT2  
 9,129   NSTEAD   
D  SE X""E DYN,SILD""F L""XYCDB,P FI 
PPCA"",/*FREQ*  
  1 V 2 1 * *I* */* *  
I 100 
ORIGINAL PAGE 3 
VEC USET'D / UA2 / *A*/ fL* / fR*  $ 
F'ARTN PHlDHppVD2 / PHAUFrPHEUFrr 1 $ OF QUAllTY 
PARTN PHAUF r r UA2 / PHL.LIF 1 PHRVF P r / 1 $ 
HPY A11 DMIPHRVF~PHL.UF / PHL.UFP / 0 / -1 $ 
UHERGE USETntPHLUFPr / PHAUFP / * A t / l L - t / b R t  9 
UMERGE USETD r PHAUFP? PHEUF / F HDVFP / f D t / l A t / * E l  O 
SDR 1 USE'TDr r F'HLSUFPr r r GOIlr GMllr P r v / F'HIPHt'r v / l / tDYNRHICS f  $ 
S[lRz CRSE:XXr CSTMr HF>TrDi'Tr ELJISYN~SILI~I~ r r r 1 AHA, tPH:LPHF'rESTr 
X Y C D B r / r r r I E S l , r  / * H H R E I G I / S ~ N Y N O S C ~ R ' I ~ '  $ 
ALTER 134, 1 3 4  $ USE FOL.. INSTEAD CIF PFF 
IlISRHM CASE:XXrUHVFrFZ)L.t I P H I P ~ ~ Z Q P ~ ~ I E S ~ ~ ~ E F ~ ~ ~ X Y C D L ( Y E S ~ ~ M F ' T ~ D I T /  
Z U P U C ~ ~ Z R P C ~ ~ Z E S C ~ ~ Z E C C ~ I  $ 
ALTER 1 3 8 r  13tj $ USE FOL INSTEAD OF PPF 
LIDRMM CASEXXrUH~JFrFOL.rIPHIF'1rIQPlrIESlrIEFlrrESTrHF'TrDIT/ 
ZUPUCl Y %[:4PCl r ZESC19 ZEIFCl I $ 
ENDALTER 
'. 
P  
 
MP II
M  
 
I 
D 2 
DD M  
l
lt  
SEll) I V  I *I*l*I R*  
I H"V I V , HEVF" /  
VF"V I VF, "   
,P F, V  I V  I  
E rsr 
POOR LIl
I), V , I V  I *I*L*I*R* $ 
ll),PHAV ,PHEV I I * *I* *I*E* $ 
SE D"P DVFP",G D, P"" I P I P" I I * A I *  
ASEXX,CSlM,MPl, IT,EQD ,SILD""L MA" I P, , 
CDB,I",I Sl" I MMREIG*/S, ,NOSOR12  
,   ~ l fA  O  P  
XX, , Ol, PHIP2,IUP2,IES2,l ~2,XYCDB,ESr,HPT, I TI 
PVC2,ZUPC2,ZESC2,Zf~C2,  
, 8      
S X, UHlI , , IPHIPl, IUPl, IESI dEFl , ,E!H, MPT, DIT I 
PVCl,ZQ 1, SCl, F 1,  
l
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~RH~INAL PAGE a 
$$ OF POOR Quarry 
9% ALTERS TO SOL i2 (NASTRAN APRIL. 1982) FOR EASE ACCELERATION* 
$1 
ALTER 88 0 
FARAM //*ADDS/KDEKA/NOUE/NOK2PP $ 
PARAH //*ADDb/KDEK2/NOGENL/NOSIW $ 
EQUIU '(AA r KDD/KnEKA 
ALTEF CCr 91 $ 
P ARA:t //fADDS/NOEGG/-1/0 $ 
PARAA //SADD*/NOK4GG/-1/0 $ 
GRAD USETDrGMrGOrKAArrMAArrK2PPrH2PPrF2PF/ 
K D D ~ E D D ~ H D D ~ G M D ~ G O D ~ ~ ' ~ D D ~ M ~ I I I I ~ E ~ D D / ~ T R A N R E S P * / * K ~ I S P * /  
$DIRECTt /CrYrG=O~O/C ,Y ,W3=O~O/O~O/NOK2PP/NOM2~F /NOE2FF ' /  
H P C F ~ / S I N G L E / O M I T / N O U E / N O K ~ G G / N O R G G / K K I E K ~ / U ~ Y ~ M ~ D A C C ~ - ~  $ 
EQL! I U B~DD~RDD/NOGPDT/H~DII~MDII/NOSIHP/K~DD~KDD/KDEK~ $ 
GKAPl USETDrPHIArHIrLAMArIfITrrrrCASECC/ 
MXHHr~XHHrKXHHrPHIDH/NOUE/CrYrLHODES~O/' 
CrYrLFRE~=O~O/CrYrHFREI~=-l~0/-1/-1/-1/ 
S~NINONCUP/SINTFHODE $
VEC USETD/VD/ fD* / fCOMPt / tH t  S 
EQUIV HAAvMlDD/NOUE $ 
COND LBL12rNOUE $ 
VEC USETD/VDl/bDt/tAZ/*EX 3 
MERGE MAAtrrrVLilr/ MlDLl /--1/0/1 $ 
LAPEL i-BL12 $ 
PAKTN ~ ~ I ~ D ~ V D P / M ~ D D ~ ~  t rhilIIII121 9 
MERGE MlDDllrrMlDD12rrVDr/ MlDD2 /-1/0/1 3 
SMPYAD PHIDH~HlDD2rPHIDHrrr/M1HH2/3~'1/1/0/1 $ 
DIAGON9L HXHH/MINU/*SQUAKEt/-1.0 $ 
SMPYAD MINVrRXHHrMlHH2rrr/ElHH/3 $ 
ALTER 1 ' 9 r 9 Y  $ 
TRL-G Cr\SEXXrIJSr-I'DrDLTrSLTrBGPDTrSILrCSTMrTNLrDITrGMDrGODrrESTr 
Ml3G/PPT. : ST t F'DTr PIlr r TOL / SrNrNOSET/NCOL S 
ALTER IOlrlQl S 
PARTN PUr rVD/YDlrPD2r r/l $ 
PAHTN MUD T VD r /MDDi 1 r MDD2l I MItD12 I MIIII22 $ 
PARTN E D D ~ V D ~ / P D D ~ ~ ~ B D D ~ ~ ~ R I I I I ~ ~ ~ H I I ~ I ~ ~  $ 
PAR'TN b;~JIlrvElr /KQDll rKDD21 rh'I~III12rKi:tII22 9 
MEFi'liE HDKtllrrrMDD22rUDr/ MDDl /-1/.0/1 $ 
MERGE hDIIl1 r rBDDX?r r:JIIr/ BDIll /-1/0/1 % 
MERGE KiSl.tl1 r r ti[! "" 2 r  r VDr/ KDIS1 /-1/0/1 $ 
MPYAD MDX~12rF"L~2rF'Itl/ PIID1 /()/-I 9 
MPYAD MUD2? F-12, / PI:ID2 /O $ 
MERGE PISDlrt-'IID2rrrrVD/ PIID /1/0/2 $ 
MPYAD PhADHrPDIlr /PH/l/l/O/O $ 
SMPYAD F~41DHrMDD1rFHTDHrrr/MHH/J/1/1/0/1 $ 
SMPYAD PHIDHrKDDl rPHIDH9 r s/KHH/'3,'1/1/0/1 $ 
EQUIV EI HI4 r bHH/NOE2PP $ 
COt4l' LBL13ArNOB2iP $ 
SMP'IAD P H I D H ~ B D I S J . ~ P H I D H ~ ~ ~ E ~ H H / B H H / ~ / ~ / ~ / O / ~  $ 
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II*AD *I OB G/-I/0 • 
II*AD *I OK4 G/-I/0  
D, M,GO,K A"H A" 2 P, 2PP,P PI 
,BD ,HD ,GHD,GOD,K2DD,H2 ,B2DD/*TRANRESP*I*DISP*1 
* */C, , =O. / , , 3=0.0/ .O/NOK2 P/N H PP B PP I 
M l/SINGLE/OHIT/NOUE/NOK4GG/NOBGG/KDE 2/V,Y,HODACC=-1  
2D ,BD /NOGPDT/H2DD,HDD/NOS HP/K2DD,KDD/K E 2  
TD,PHIA,HI, HA,DI ""CASEC I 
H ,B H, HH, I / / ,Y,LHODES=O/ 
, ,L ll=0.0/ , , EU 1.0/-1/-1/- 1 
,N,NONCUP/S,N,FHODE $ 
* *I*COHP*I*R* • 
M ,HHI[I/NOUE $ 
,NOUE $ 
TD/VDl/*D*I*A*I*E* $ 
A"" Dl,1 I D 1 1/0/1 $ 
LBL12 $ 
MIDD,VD,/MID 11"MIDD12, $ 
I Dll"HlD "V ,1 ID  -1  $ 
I H,MI D2,PHIDH",/MIHH2/3/1/1/ / $ 
HH/MINV/*SllUARE*/-l.O $ 
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Mn011",HD 22,V ,1 I 1 /0/1
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FARAH //*ADDt/NONCUP/l/O % 
TRD CAS€XXITHL~NLFT~DITIKHHIEHHIMHHIPH~UHV~~'~PNLH/ 
*HODALS/NOUE/NONCUP/SININCOL./C:~Y~ISTART $ 
ALTER 1281128 $ 
SDR2 CASEXXICSTMIHPTVIIITIEQDYNISILI:~~ I I IL~AHA~QPHIYHIYHIESTI 
X Y C D F P / ~ I Q P ~ ~ I P H I P ~ ~ ~ I E F ~ ~ / ~ ~ H M R E I G ~  % 
ALTER 129 $ 
VEC USETD I UD2 / fDt/YAt/tES $ 
UEC USETD / VA2 / SAt/'fLt/SNt % 
FAHTN P H I D H I I U D ~  / PHAVT~PHEVTII / 1 S 
PARTN PHAVTrrVA2 / PHLVrrPHHVlrr / 1 $ 
HF'YAD DHIPHRVTIPHLVT / PHLUTF / 0 i -1 8 
UHERGE USETLir PHLU I'Pr / PHRVTF' / SA1(/XL..O/IRt 8 
UMEHGE USETDrPHAVTPrPHEVT / PHDVTP / SDt/tAt/*E* $ 
SDRl USETDIIPHDVTP~~IGODIGHI:I~~I~ / YHJPHYtr i l/jcDYNAMICSf 9 
SDR2 C A S E X X ~ C S T H I ~ ~ P T I ~ I T I E O I : ~ Y N V S I L ~ I ~ I ~ I L A M A I ~ ~ H I P H F I E S T I  
X Y C D E V / P ~ P I E S ~ ~ V  /*MMHEIGt/StNrN@SOHT2 $ 
ENDALTER 
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lIF,/,IOP1,IPHIP1"IEF1,I*HHR IG* $ 
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TD I  I * *I*L*I*R* S 
IDH"VD2 I HA ,PHEVT" I  $ 
T"VA2 I r,PHR T" I  $ 
,PHRVT,PHLVT I V P I  / -1 $ 
ETD, VfP, I A P I * *I*l*I*R* $ 
,PH ,PHEVT I H  I * *I* *I $ 
"PHlIVTP",GOD,GHD"" I P IP P" / l/*DYNAHIC * $ 
SEXX,CSTH,HPT,DIT,EODYN.SILD""LAMA"PHIPHP,EST, 
B,I",IES1" I H ~ 6* , , O RT2 $ 
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* /  CHANGE NAHE=FRD2B 
* /  NUMBER S E : C J ~ = ~ ~ ~ N E W X = ~ ~ I I N C ~ ~ = ~ P I N S E R T = Y E S  
C 
C COMMON FRD2HC I S  INST IAL IZED BY ROUTINE FRRD2. 
C 
CUMH(JN /FRD;!RC/ I H  
* /  NUMBER SE~l~410vNEW1=4llrINCR=1vINSERT=YES 
C 
I: I F  I H - 0  r USE COMPLEX D0UBL.E PRECISION ARITHMETIC 
C 
I F  CIH .En*  0 )  I T Y  = 4 
* /  NUMBER SEi:CII=500vNEW1=5101 INCR=: l?  INSERT=YES 
CALL MAKMCB(MC~OIJ~'I 1Fi 'OldviFO~ I T Y  
./ DELETE SEQI-!510vSE02=510 
./ CHANGE NAME==FRD2C 
./ NUMBEP S E ~ I ~ ~ ~ ~ Y N E W ~ = ~ ~ ~ I I N C R = ~ ~ I N S E R T = Y E S  
C 
C COHM('1N FRD2BC I S  I N I T I A L I Z E D  BY ROUTINE FRRD2. 
C 
COMMON /FRD2EC/ I H  
,/ NUMBER S E O : I = ~ ~ O ~ N E W ~ = ~ ~ ~ I I N C R = ~ I I N S E R T = Y E S  
C 
C: I F  IHzOI USE COMPLEX DOUBLE PRECISION ARITHMETIC* 
C 
I F  ( I H  +E:tJ+ 0 )  IOUT = 4 
./ NIJMBER S E O S = ~ ~ O Y N E W ~ = ~ ~ ~ I I N C R = ~ ~ I N S E R T = Y E S  
C 
C: I F  I H = O v  THEN DO NOT USE INCORE CAPABIL IT IES BECAUSE FOR IH=O 
(: COMPLEX DOUBLE PRECISION ARITHHETIC WILL HE REQUESTED 
I: AND SUBROUTINE INCORE CALLED BY FRD2C I S  WRITTEN ONLY 
(Z FOR COMPLEX SINGLE PRECISION MATRICES* 
C 
I F  ( I H  *EO+ 0 )  GO TO 1 0 2  
./ NUMBER SEQS~1070rNEWl=1071vINCR~lvINSERT=YES 
C 
C I F  UH==Ov USE COMPLEX nOUHLE PRECISION ARITHMETIC, 
C 
' IF t I H  *ECJ* 0 )  IOlJT = 4 
./ CHANGE NAME-FRRD2 
, / Nl.lMBEP SE:01=270r NE:W1=271 I 1NCR=1 I INSERT=YES 
c 
C: I':CIMMC)N FRIr2BC: WJ'L-L. Ef: USE11 BY ROUTINES FRD2B AND FRIl2C. 
C 
COMMI:IN /FRIi;!EC:/ l:H 
. / NUMHE:R SE(I:I. : ~ 4 4 O ~  NEW1 =441  I INCR=l  r INSERT=YES 
C 
C .LF' (2Htil.. I:S PlJRGELl AND MACH NIJMHER I S  NEGATIVE THEN 
C SC)L..VF: 'THE COUPLELI EQUAl'ION = ( - W t t 2 * M  f I W  t E  + K ) l J  - P 
C USING COMPLEX DOUBLE PRECISION ARITHMETIC* 
C; VAK:CABL..E I H  W1L.L BE IJSED TO CONTROL SOLUTION LOGIC I N  
.f ME=F
I  IS 
P IlY
.f Ut=70,NEW1=71,INCR=1,INSERT=YES 
 B  ITI   2. 
MO  fFRD2BCf  
.1  a =410,NEW1=411,INCR=I,INSERT=YES 
r  =O,  O  I  I . 
 (I  a. )   
.1 al=5PO,NE ,INCR=I,INSERT=
 MCB(MC, UT,IR W,I , ) 
1  01= 0, 510 
f FRD2C 
f R EOl=120,NEW1=121,INCR=I,INSERT=YES 
 M O     2. 
f 2BCf  
.f al=240,NEWl=241,INCR=I,INSE T=YES 
  =O,   I I  I .
 I  . a.  l   
• I U  al=37()'NEWl=371, INCR=l, I SERT=YES 
 
r 
c 
c
 ,         
  I I  M  B   
        
  I  I ION I . 
 I  . . )  
f  Ol=1010,NEWl=1071,INCR=1,INSERT=YES 
  IH O,   D B  I I  I . 
I  (IH . O. ) l U  
f  =FRR 2 
.f U f~ Ut=270,NEW1=2 ,INCR=I,INSERT=Y  
C
 CO O  n  I  BE D    D
O I Rn2BCI I  
1 B U1=4 0,NE ,INCR=1,INSERT=Y  
 I Q HL S U D  U B   I   
O VE  D ATI  - ** . + .B  U = 
I  L X  I I  . 
 RI H I  U  L L I N I  N 
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C ROUTINES FRRD2r FRD2B AND FRD2C* OF m R  QUALm 
C 
I F  (HCB( i ) *LEeO *AND* f l *LT+O*O) NONCUP = 1 
C 
+ /  NUHBER SECJ1=72OrNEW1=721vINCR=1vINSERT=YES 
C 
C I F  IH=Or THEN DO NOT USE INCORE CAPABILITIES BECAUSE FOR IH=O 
C COMk!EX DOUBLE PRECISION ARITHflETIC WILL BE REQUESTED 
C AND SUBROUTINE INCORE CALLED BY FRD2C I S  WRITTEN ONLY 
C FOR COHPLEX SINGLE PRECISION MATRICES. 
C 
I F  ( I H  +EQ+ 0 )  GO TO 2 0  
* /  NUMBER SEQ1=121OvNEW1=12llvINCR~1tINSERT=YES 
C 
C I F '  I H  = Ov THEN CREATE NULL TRAILERS FOR SCR2(QHR) AND SCR3(QHI)* 
C THESE DATA BLOCKS ARE NORMALLY GENERATEM BY FRD2A I F  
C I H  I S  NOT EQUAL TO ZERO EACH TIME THRU THE LOOP ON 
C NFREQ I N  THIS ROUTINE* SINCE FRD2A I S  NOT EXECUTED I F  
C I H  EQUALS ZERO THEN AFTER THE FIRST PASS THE TRAILERS 
C FOR SCR2 AND SCR3 WOULD BE INCORRECT SINCE SCR2 AND 
C SCR3 ARE ALSO USED BY FRD2C AS SCRATCH DATA SE' iS* 
CALL HAKMCB(HCBvSCR2rOvOrO) 
CALL URTTRL(MCB) 
MCB(1) = SCR3 
CALL WRTTRL(MCB) 
38 CONTINUE 
C 
./ NUMBER SEQl=1480rNEW1=1481vINCR=lvINSEHT=YES 
C 
C CREATE A PSEUDO FRL DATA BLOCK ON SCRl FROM DATA BL-OCK FOL FOR 
C INPUT TO ROUTINE FRU2F+ (NO TRAILER I S  NECESSARY)* 
C THE FREQUENCIES FROM FOL HAVE BEEN READ INTO I Z ( 1 )  DURING THE 
C SET-UP AT THE BEGINING OF THIS ROUTINE* THESE FREQUENCIES MUST 
C BE CONVERTED TO RADIAN FREQUENCIES FOR FRL ( W  = 2 P I t F ) e  
C 
CALL GOPEN(SCRlrIZ(IBUF1),1) 
DO 2 1 0  I = 1rNFREQ 
Z(I) = Z ( 1 )  * TWOPI 
210  CONTINUE 
CALL WRITE(SCRlrZrNFREQv1) 
CALL CL.OSE ( SCRi r i ) 
CALL FRD2F(MHHr BHHr KHH? SCRlr 1 r  Nl-OADr NFREOr PHF'r UHVF) 
./ DELETE SEQ1=1490rSEQ2=14YO 
,! 
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A NASTRAN DPAP PROCEDURE FOR CALCULATION OF BASE 
EXCITATION MODAL PARTICIPATION FACTORS 
William R. Case 
Instrument Systems Branch 
Instrument Division 
Goddard Space Flight Center 
Greenbelt, Maryland 
SUMMARY 
A connnon analysis procedure at the Goddard Space Flight Center is to analyze a 
structure to predict responses that will occur during a sinusoidal or random 
vibration test in which a predetermined motion is input by the shaker at the 
shaker/structure interface. Often the loads produced in these tests are a 
controlling factor in the design of the structure. The response analyses are 
:- generally performed in two stages: a modal analysis to determine the undamped 
. : eigenvalues and eigenvectors of the structure "cantilevered" at the interface 
- - where the structure will attach to the shaker, followed by a subsequent steady 
' state frequency response analysis using the modal information. The output of the 
, modal analysis, while giving information that is useful in comparing with the 
' eigenvalues and eigenvectors obtained in the test, does not give a sufficiently 
: clear indication of which eigenvectors will be important contributors in the 
subsequent frequency response analysis. The reason for this is that the 
vibration test loading is really a distributed inertial loading on the whole 
- structure known in terms of the input acceleration as opposed to some known force 
at a given location in other forced response analyses. 
By using the eigenvector data obtained in the normal mode analyses, a modal 
participation factor can be calculated which gives a clear indication of the 
relative importance of each calculated mode in terms of its response to any base 
acceleration input. This factor, like the generalized mass or generalized stiff- 
ness already calculated in NASTRAN, is a property 06 the structure. In addition, 
however, it is also a property of the base excitation. 
. This paper presents a technique for calculating the modal participation factors 
for base excitation problems usiilg a DMAP alter to the NASTRAN real eigenvalue 
analysis Rigid Format. The DmP program automates the generation of the 
t '  llseismicll mass to add to the degrees of freedom representing the shaker input 
. directions and calculates the modal participation factors. These are shown in 
the paper to be a good measure of the maximum acceleration expected at any point 
on the structure when the subsequent frequency response analysis is run. 
, 
1'184 
  ~    
~ I PA ION  
by 
ill am . as
trum  em  r
trum i i o
oddar l t ent
reenbelt  aryl
 
15599 ~ 
 mm l  r oddar  l t ent  
ru u e r i t p  ill r  n  andom
i io hi  erm oti t  
er/ f .   
t l in   p   
~ eral orm   odal l i rm  
~ ~ ru t levered  fac
her ru u  ill ac  low   ea
requ p  l odal o at   t t
odal l si  hil or t o f l pari it
t t  t  f y
ion hi ~ ill port t t  
 requ p al si  
i o n l  i ib e rt n hol
ru u   erm l io o    
 o l .
t t t al o l   odal
rt p ion  hi  io
iv or  o  erm p  
l o t. i , ik er l as er l
rea   ert o~ . i o  
ever   er cit .
i r t  e l in odal rt io s 
i io em sin     
l  i i r at.  MAP a at er t
"seismic" as  reedom n
i io l odal rt p io  o  
r  easur a m l o t i t
ru u e h t requen  l  .
113 
ORIGINAL PAGE 19 
INTRODUCTION OF POOR QUALITY 
Structures that are analyzed to predict what their responses will bt in a 
vibration test quite often have one feature in common; namely that they are 
rigidly attached to a vibration shaker at a number of interface degrees of 
freedom. Such situation, therefore, can be analyzed by multi-point constraining 
all of the interface degrees of freedom to any convenient single interface grid 
point with specification of the shaker motion at this grid point. Tke shaker 
motion, or base excitation, as it were, is then specified for a nonredundant set 
of degrees of freedom (DOF) that can easily be identified on a NASTRAN SUPORT 
bulk data card. In the following derivation of the base excitation modal 
participation factors, it is assumed that the. structure to be analyzed is to have 
a base motion at a nonredundant set of DOF and that the interface m F  have been 
constrained to this set of nonredundant DOF. In addition, the derivation is 
restricted to systems with real eigenvectors. 
DERIVATION OF MODAL PARTICIPATION FACTORS 
To derive an equation for the modal participation factors due to base excitation 
consider a general structural model, as shown in Figure 1. Presumably this 
structure would be rigidly connected to the shaker at several points, denoted in 
this example as 1 through 4. This situation can be simulated by creating some 
central point, r, and connecting 1 through 4 to r via rigid elements. Then r is 
a set of nonredondant DOF at which the shaker motion can be specified. The 
equations of motion of this structure, using the displacement set notation of 
NASTRAN, and ignoring d q i n g  for the moment, are 
-. 
merep? contains the loads necessary to drive the r W F  by the specified base 
motions imparted by the shaker. 
Following elimination of multi-point constraints (via MPC or rigid element cards), 
single point constraints (SPCms) and DOF omitted via Guyan reduction (OMIT'S), 
in equation (1) is reduced to U and the equations are 
& 
9 
where 
*Bold face letters will be used to designate matrices, including row and column 
vectors. 
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The Up DOF are identified on SUPORT bulk data cards sad UL are all remaining 
DOF in UU, Partitioning equation (2) :  
where P, are the forces exerted by the shaker on the structure and result in the 
base motions Up . The forces Pp are not known, a priori; rather the motions 
(accelerations, es or displacements) at the t- DOF are known. In this 
context the for~:':~F~ are retlly farces of constraint which are necessary to 
produce the desired base motion. Notice in equa;.an (4) that there are no applied 
loads for the L DOF. The situation being simulated here is one i n  which the 
: only excitation comes about due to the shaker driving the structure at the t- DOF. 
The DOF UL clii be considered to be made up to two terms: 
where 
y: = displacements of the i DOF when the P DOF are fixed 
U; = rigid body displacements of the DOF dne to the r DOF 
Thus U; would be the displacement DOE for a structure that was "cantileveredw or 
fixed at the 1% WF. The displacements, at the r DOF due to the 1. DOF not 
being fixed can be determined simply from geometric considerations and is 
where matrix DL, is data block DM generated by module RBMG3 in NASTRAN whenever 
SUPORT bulk data cards defining the existence of r\ DOF is present. The columns of Dlr are rigid body displacements at the i DOF due to a unit motion at one of the r 
DOF. They are rigid body displacements due to the fact that the t' DOF are a 
nonredundant set. Sukstituting (5) and 16) into (4 )  the two matrix equations for 
the unknowns U" ar.P Q (since U,is known) are 
,L \ 
far  S 
Q ITY
 \A... O t e  l t d.; an 'A.t ai
oo \A u..' art ionin t : 
't 
~ P l t 1-' 
(4) 
re"~  r  ru u  l
otions" ...  , .... t ,  ri ri: oti
ion , veloci~ splacem ) rOO n.
t t orces in t'lo- ~ o  st hi
oti n. oti ae.on 4) hp.  l
o l oo . tu ion l  hi
l i io  t n ru u  ~ O F. 
  1-. C ,,1\ s a w  er s:
(5) 
her
"': : splacem  ~ O r ix
\A r : placem  l  oo
~ 
 "~woul lace t O F  ru u e a levered" 
ix \' oo nts,,,~ ~ C '- oo t
ixe rm l rom etri si ion  
.' \A 
.' 
o U 
\. \' (6) 
her atri ~ir t O er t  odul hene er
 l t i e f' O  t.  um  
O.lr placem  :l \. oo  it oti \" 
oo . er placem  l'  
t t. bsti n  (6)  w  ~ t o  
 ~ r P ince \A is  
.~ \ or 
M"l i.A~ . ,\- W,\ U: - (Mu O\\_·l ~.l r ) IA,. (7) 
P . M i '4~.~ I(~~ '4; . I ) ,. .• 1-1 l U \ Jr 0.\,. ~n' t- (8) 
" 
l \. .1 
115 
where use of the fact that 
c)RlGINAL PAGE 
OF ROOR QUALrrY 
and thus 
has been made. This is discussed in the NASTRAN Theoretical Manual, Reference 1. 
Equation (7)  is the well known form for base acceleration input where the problem 
is solved for the motions u; as if the base were fixed but with an equivalent 
inertia loading on each of the DOF that is the rigid t d y  inertia force due to 
the base moving. Equation (8) merely solves for the forces required to drive the 
base at the specified motion. A better form for ?, results if equations (9)  and 
(7) are used to eliminate the stiffness term in (8). The result is 
where 
is the rigid body mass matrix of the structure relative to tile SUPORT DOF and is 
data block MR generated by NASTRAN in module RBMG4 when SUPORT bulk data cards are 
used. Equation (7) can be diagonalized with a modal transformation using the 
"cantileveredn modes of the structcre (that is, the modes of the structure when 
constrained ~t the r DOF). Define 
9,j = ;Ih eigenvector of structure when constrained at r DOF. 
*,, = 19,' 4: +Jh-, = matrix whose columns arc elgenvectors, 4 
Then the modal transformation is 
e se  the fact th  
u  thus 
e 
uRIGINAL E IS 
PO  UALITY 
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, is a vector of modal DOF ? ; ( i =1, 2,. . . n with h being the number of 
. 
modes isid in the dynamic analysis. substituting (12) into (7) and 
premultiplying by PIn the result is 
where 
' and 
t 
are bcth diayonal matrices with M,, containing the generalized masses (denoted 
' as m i  1 and k,,the generalized stiffnesses (denoted as k i ) of the 
: ;: cantilevered modes. 
.;With the addition of damping, each individual modal equation in equation (13) is, 
The damping factor, 1. , is specified through use of the TAQDMP bulk data card. I 
.- 
- Define 
t .l 
; The r ~ w  matrix +: contains as many terms as there are DO!? identified on the 
; sUPORT card, that is, those that will be given a known motion from the shaker. 
i Each term in 4: is identified as being a modal participation factor since the 
r solution tc equation (16) for some specified base motion at one DOF will be 
:- ..proportional to the corresponding term in41 . 
. . r 
'., AS an example of this consider the situation when the base motion is a steady 
.'state sinusoidal inpu_t at some resonant frequency L a , .  with an acceleration 
(complex) magnitude a . In this case: 1 
, 
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The solution to equation (16) for the modal acceleration 6 is 
where 
and 
is the modal amplification in mode 1 .  Equation (18) indicates the modal 
acceleration is, of course, lagging the base acceleration input by 90 degrees. 
The significance of the modal participation factors in +: is evident from 
equation (18). At resonance, the modal acceleration magnituds is equal to the 
product of the modal amplification, the participation factor and the magnitude of 
the input shaker acceleratioc. For systems with relatively small damping, the 
magnitude of the accelerations at grid points throughout the structure can be 
approximated by a single mode response (the resonating mode) so that, for example, 
using only one mode in equation (12) 
The modal participation factors, together with the eigenvectors calculatecl in a 
real eigenvalue analysis can therefore be used to obtain estimates of what the 
magnitude of the grid point accelerations will be in a subseqcent forced base 
response analysis. The modal participation factors can be easily calculated 
during the real eigenvalue analysis run (in Rigid Format 3, for example). A 
matrix of all participation factors for all modes is: 
1 
That is, each row of Fqr is an ( , (the participation factors for one mode) . 
Each column of Fnr gives the participation factors for all modes for one DOF of 
base acceleration. For example, column 1 of F,, contains the participation 
factors for base acceleration in the first DOF entered on the SUPORT card. 
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The modal panicipation factors can be used to easily calculate what is commonly 
referred to as modal mass. .Consider equation (10) for the base loads (the shaker 
, forces required to produce dV 1 .  Using the modal transformation in equation (12) 
, the loads pp in equation (10) can be written as 
where 
- 0 
Using equation (18). the complex amplitude of pi is Pi where 
r 
- Using equation (17): 
where 
is the j14 mode modal mars matrix. It is a square matrix of sire r and from 
equations (21) and (22) it is seen that its use is in determining the jdC mode 
contribution to the base forces (required shaker forces). For systems.with small 
damping the forces P, at a resonance LJ; would be approximately ): so that 
equation ( 2 2 )  would give an approximation to the total forces. It is 
interestinq to note that if the sum of all modal mass matrices is denoted as 
I I   II 
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OF POOR Q U A L ~ ~  
If there are no masses at any of the V set of D.0.F then 
That is, the sum of the modal masses is the rigid body mass matrix (data block MR 
from module RBMG4) when all masses are at the r set of DOF. Thus, modal masses 
can be c3lculated in a real eigenvalue analysis and can be used to estimate how 
many modes will have to be used in the subsequent base excitation dynamic analysis 
to make sure a high percentage of the complete system mass is included (since 
modal truncation, in effect, truncates mass). This would be useful in transient 
analysis where the sin le,mode response at resonance is not a valid approximation. 
The modal mass matrix & qh' can easily be determined  fro^ the modal participa- 
rr tion factors +: From equations (17) and (23) it is seen that 
UMAP ALTER DESCRIPTION 
, 
The DMAP Alter package for calculatincj the modal participation factors and modal 
masses is described in detail in Appendix A. The calculations are done, of 
course, in the real eigenvalue analysis NASTRAN Rigid Format and in particular in i 
either COSMIC Rigid Format 3 or MSC Rigid Formats 3 or 25. The description in 
Appendix A is an alter package for MSC Rigid Format 25 or COSMIC Rigid Format 3. I 
However, calculation of the modal masses in the COSMIC verslon is not convenient 
at this time due to a limitation in the COSMIC version of module DIAGONAL. I 
As recommended in the MSC documentation, Reference 2, base motion problems are 
solved by putting all DOF wh h are to have a specified motion on SUPORT cards 
and also connecting fictitious large masses to these DOF. If the large masses 
are very large in comparison to the complete structure mass then, when a force is 
applied to these DOF, their acceleration will be determined to be very nearly the 
force divided by the large mass. Making the force equal to the large mass times 
the desired acceleration at these DOF will then result in the NASTRAN solution for 
these accelerations to be the desired base accelerations. 
Thus, the first portion of the DMAP Alter automates the inclusion of the large 
(seismic) mass s at the POF identified on SUPORT bulk data cards. The large mass ti is taken as 10 times the diagonal of the rigid body mass matrix (data 
t  
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block MR calculated i n  module RBMG4). The bulk data  deck for  the r ea l  eigenvalue 
analysis with the DMAP Alter program should include SUPORT cards for  the 
nonredundant DOF a t  which base motion i s  desired. A s  mentioned previously, the 
actual  base DOF t h a t  a re  connected t o  the  shaksr are  t o  be r ig id ly  constrained t o  
' some nonredundant s e t  of DOF t h a t  a re  then included on SUPORT cards. (and not 
s ingle point constrained) t o  ident i fy  them as  the  base motion DOF. 
The second pa r t  of the DMAP Alter calculates the matrix F,,which contains the 
modal par t ic ipa t ion  factors .  These are printed out a s  matrix data block FNR. 
The th i rd .pa r t  of the DMAP a l t e r  calculates the diagonal terms of the modal mass 
matrix wv, . These can only be calculated i n  the MSC version since they require 
3 feature i n  the DIAGONAL module (namely ra is ing  a l l  elements of a matrix t o  a 
power) not avai lable i n  fhe COSMIC DIAGONAL module. The matrix which contains 
the diagonal terms of n\:, is  data block MJRR and row j of t h i s  matrix contains 
the diagonal terms fo r  mode j . This matrix i s  a l so  printed out i n  terms of 
percent of the corresponding mass i n  the r i g i d  body mass matrix a s  matrix data 
block MJRRP. Addition of each column should give a value of 100 i f  a l l  modes are  
used and i f  there are  no masses (other than the f i c t i t i o u s  large mass) a t  the ;- 
s e t  of DOF. 
SAMPLE PROBLEM 
Figure 2 shows a sample problem using the DMAP Alter fo r  a beam which i s  t o  be 
given a base motion a t  gr id  point 11. The aluminum beam i s  2.54m (100 inches) 
long with a mass 05 9.lkg (beam weighs7ia 201b)4 Sectior propert ies  fo r  the beam 2 
are: .0013m (2.0in ) area and 8.33X10 m (2.0in ) moment of ine r t i a .  The bOF which 
are t o  be given base motion should be the higher numbered DOF i n  the problem t o  
avoid numerical problems with the  large f i c t i t i o u s  masses added t o  these DOF. 
The f a c t  tha t  the sample problem i n i t i a l l y  has a nonredundant in ter face  with the 
shaker ( a t  gr id  point 11) i s  of no consequence. A s  mentioned e a r l i e r ,  i f  the 
interface where the s t ruc ture  i s  t o  be connected t o  the shaker i s  redundant, the 
interface points  can be r ig id ly  connected t o  some one point t h a t  i s  then cal led 
the base motion point.  
Appendix B contains selected pages from the NASTRAN run for  t h i s  sample problem 
including the  bulk data deck l i s t ing .  The input data i s  seen t o  resemble any 
rea l  cigenvalue run fo r  the beam cantilevered modes except tha t  some of the DOF 
a t  the canti lever  point (gr id  point 11) a re  ident i f ied  on a SUPORT bulk data card 
inskead of constrained. For the sample problem these were taken t o  be DOF 1, 3 
', and 5 signifying t h a t  these w i l l  be the  DOF t h a t  would be given a base motion in  
sllbsequent dynamic analyses. The remaining DOF a t  gr id  point  11 are  constrained. 
As mentioned previously, the DMAP Alter automates the  inclusion of the  large 
f i c t i t i o u s  masses a t  the DOF ident i f ied  i n  the r se t .  The values of these masses 
are  contained i n  matrix data block MAAB output i n  the D p P  Alter and included in  
Appendix B. A s  seen from MAAB, the large masses a re  10 times the  r ig id  body 
masses output from the gr id  point weight generator (taking in to  account the  l a t t e r  
i s  i n  weight uni ts  and MAAB i s  i n  mass u n i t s ) .  
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The eigenvalues for the sample problem are included in Appendix B. The first 
three are rigid body modes due to the three DOF on the SUFORT card. The remaining 
modes are those that would have been found if the SUPORT DOF had been constrained 
instead. This is due to the fact that large masses are connected to the SUPORT 
DOF in order that the elastic modes will be the same as if these DOF were con- 
-
strained. Several of the modes are shown on Figure 3. 
The modal participation factors are shown in Appendix B as the matrix data block 
FNR. These are also shown in Table 1. Each column in the table is a column of F 
and there are 3 columns; one each for the SUPORT DOF. Each row in the table n r 
shows the terns in F, (which are the rows +i ) which are the participation 
factors for the mode corresponding to that row of the table. 
The second column of Table 1 gives the participation factors for base motion in 
DOF 3 at grid point 11; namely lateral shaker motion. From Table 1 it is seen 
that mode 1, with a frequency of 10.9hz, has a participation factor of 1.56 while 
mode 5 does not contribute at all. This is due to the fact that mode 5, as seen 
from Figure 3 is an uncoupled longitudinal mode of the beam and could have been so 
identified by visual inspection of the mode shapes for this simple beam problem. 
For more complicated structures the participation factors are more helpfill. in 
identifying significant modes for various base excitations than the visual 
inspection of the eigenvector data. 
The use of the participation factors in estimating grid point accelerations that 
would be found in a steady state sinusoidal shaker simulation is demonstrated on 
Figure 4. The figure shows comparison 02 data from an actual frequency response 
run using Rigid Format 8 along with the estimated accelerations based on the 
modal participation factors in table 1. 
The solid line is thL? acceleration at the beam tip as a function of the shaker 
frequency, , with 3n input acceleration in the Z lateral direction of 1.5g0s at 
grid point 11. The simple calculation using the participation factors and a 
single mode response with equation (19) gives acceleration magnitudes indicated 
by the data points on Figure 4. The good agreement shows the value of knowing 
the participation factors when the modal analysis is run rather than waiting to 
determine the frequency response in a later run. The data point for the 490.6hz 
mode on Figure 4 is not a mode in resonance since the 490.6 mode is a longi- 
t-~dinal mode and the base response in the example is lateral. 
j 
The output in Appendix B also shows the diagonals of the modal mass matricesm,, 
as output matrix EJRR. Expressed as a percent zf he corresponding mare tern in 
the complete structure rigid body mass matrix, MwI the result is output matrix 
MJRRP. A8 mentioned previously, AS  there are no masser at the DOF (other than 
the fictitiaus large mars put there for use calculating the participation 
factors) and if all modes of the structure arr used, the columns of MuTRRP should 
add to 100, Table 2 chows the terms from MJRRP. As with the modal participation 
factors these also clearly indicate which modes are significant in tern6 of base 
motion in certain directions. For general base excitation problems, the data 
from MJRRP is useful in identifying significant modes to be included in the 
analysis. The column# of Table 2 do not add up to 100 percent for bare motion 
DOF 1 or 3 since the set did have mass. The beams' mass was distributed to all 
eleven grid points so that the end grid points (1 and 11) each have 5 percent of 
the total. 
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Knowledge of the modal participaticn factors for base motio!~ can be useful in 
determining the significant modes t o  be used in forced base motion problems. 
Obtaining the participation factors when thc nodal analysis is r\iW:, allows 
estimates to be made of the subsequent strtcture responses to tk,t- ;. .se motion 
prior to running the base motion dynamic analysis. The participation factors use 
for steady state base motion f..?qu~nc;r espnse aralyses was dfxnonstratcd; 
however they are equally as valid fcr tr2.1:sient anclysis. 
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Table 1 
Mode 
No. 
Frequency 
(Hz 1 
Modal Participation Factors 
for Bea,.~ Problem 
Modal Participation Factors F r o m  
for Base Acr:eler.stion a t  G.P. 11 In: 
DOF- 1 DOF-3 DOF-5 ode o. 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
2:' 
23 
Frequency 
(Hz) 
10.94 
67.82 
188.0 
364.5 
490.6 
595.9 
878.2 
1202. 
1460. 
1545. 
1861. 
2086. 
239~. 
n67. 
4061. 
4755. 
5332. 
5777. 
608l. 
6234. 
able 1 
odal articipation Factors 
for Bea .. l Proble  
odal Participation F ors From 
for Bas~ Ac~eleration at . .l! In: 
D 1 D -  D -  
O. 1. 5~u~ -113.590 
O. -.841l6 17 .800 
O. .4736 -6.124 
O. -.3J37 2.923 
1. 2706 O. O. 
O. .2161 .. 1. 590 
O. -.1593 .9801 
O. .137' -.7370 
-.4165 O. O~ 
O. .1154 '-.5618 
O. -.0806 .3669 
O. -.0453 .1987 
-.2414 O. O. 
-.lb32 O. O. 
.1171 O. O. 
-.0854 O. O. 
• 0513 O • O. 
-.0414 O. O. 
• 0240 O • O. 
-.0079 O. O. 
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Table 2 
!:ode 
No. 
Totals 
Modal Masses 
for Beam Problem 
Diagonals of Modal Mass Matrices* 
for Base Acceleration a t  G.P.ll In:  
DOF- 1 DOF- 3 DOF- 5 
- *Expressed is percent of total  rigid body mass of structure. 
n  F-  
4 O. 
5 O. 
6 O. 
7 O. 
8 80.724 
9 O. 
10 0 
11 O. 
12 8.6749 
13 O. 
14 O. 
15 O. 
16 2.9142 
17 1. 3315 
18 . 6854 
19 .3647 
20 • 1878 
21 .0858 
22 • 0288 
23 • 0031 
95.0002 
l
 s
 
ric
 r  .P. l  
F-
61. 073 
18.854 
6.4685 
3.3013 
O. 
1.9882 
1. 3149 
.9087 
O. 
.6166 
.3585 
.1171 
O. 
O • 
O. 
O. 
O • 
O. 
O. 
O • 
95.0008 
resse  a i  .
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F-  
97.030 
2.4995 
.3228 
.0856 
O. 
.0321 
.0149 
.0078 
O. 
.0044 
.0022 
.0007 
O. 
O. 
O. 
O. 
O. 
O . 
O. 
O. 
---
100.000 
Note: 
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t4xk 3 
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Elode 2 
Rigid Body z Translation 
- 6  
3rd Bending, 188.0hz 
Figure 3 
Beam Mode Shapes 
~: 
, 
, 
I 
:." 
ORIGINAL PAGE II 
OF pO R QUALtTV 
ttxle 1 
Rigid Ib:iy x Translation 
~5 
2nd Bending, 67. 82hz 
M:xie 7 
4th ending, 364. 5hz 
fJndefol:IOOd 
----- Deformed 
i ur   
ea  ltt:I e hapes 
127 
~t:x'le 2 
Rigid Ib:iy z Translation 
MJde 4 
1st Bending, lO.94hz 
-."".-=-=-- - - - - - - -
lwtxJe 6 
3 d i  l88 0  
rtJde 8 
1st Iongi tudinal, 490. 6hz 
= _ w 
.11 
:! 
?l~· ,. , 
.. 
-,- «;', 
'I":'· '" 
.t:. \~ 
ORIGINAL PAGE IS 
OF POOR QUALm 
r 
1 , 
/ Output Fran D i r e c t  Frdiqw~cy Mponse Analysis 
1 (Rigid Format 8) 1 I 
I i 1 I ! 
I single w *mxima&n using ~ ~ d a l  1 Participation  actors ; i 
Figure 4 
Acceleration at G.P. 1 of E%an due to 
1.5g Sinusoidal Base Acceleration at G.P. 11 
100. 
10.[ 
I 
Ul 
. 
E: 
§ 
-.-1 
+J 
rt1 )..j 
~ 
~ 
:e 1. 
.1. __ _ 
1. 
ORIGINAL PAGE IS 
O  POOR QUALITY 
~ 
\ 
I 
.... 
utput Fran irect ~cy Respmse nalysis 
(Rigid For at 8) t 
I 
Single f.bde Approximation Using MJdal 
Participation Factors: 
1 
I 
10. 100. 
Frequency (hz) 
igure 4 
cceleration at .P. 1 of Beam due to 
1. 5g Sinusoidal Base cceleration at G. P. 11 
12H 
! 
1000. 
, 
ORIGINAL PAW a 
APPENDIX A OF POOR QUALITY 
DMAP Alter for Determining Base Excitation Modal Participation Factors 
(Real Eigenvalue Analysis Rigid Formats) 
ALTEI? al 
PARAU 
PARAMR 
PARAMR 
DIAGONAL 
ADD 
ADD 
VEC 
MERGE, 
MATGPR 
ADD 
EQUIV 
ADD 
EQU I V  
ALTER a 
PARTN 2 
G K m ,  
ADD 
MPYAD 
ADD 
MPYAD 
SOLVE 
MATPRN 
DIAGONAL 
MPYAD 
MATPRN 
TRNSP 
SOLVE 
ADD 
TRNSP 
MATPRN 
END ALTER 
, 
Ii" 
~ , 
t 
.. 
  
I  AGE IS 
Of POOR QUALIlY 
H  lt  et i cit ion odal r cip ion t  
 i nal si i at ) 
1 R 1 2 M 
3  
4  
5  
6  
7  
8  
9 
10  
11  
12 I  
13  
14  
15  
16  
17 KAM, 
18  
19  
20  
21  
22 E 
23 HATPRN 
24  
25  
26 HATPRN 
27  
28 E 
29  
30 SP 
31  
32  
IIC,N,NOP/V,N,T=-1 $ 
IIC,N,DIV/V,N,GRAVO/C,N,1. 0/V,Y,WTMASS=-1.0 $ 
//C,N,COMPLEX/V,N,OUTR/V,N,GRAVO/C,N,O.O/V,N,GRAV $ 
MR/MRD/C,N,SQUARE $ 
MRD,/WRD/V,N,GRAV $ 
MRD,/MBASE/C,N,(1.E8,0.) $ 
USET/CP/C,N,A/C,N,L/C,N,R $ 
",MBASE,CP,/MAAB/C,N,-1 $ 
GPL,USET,SIL,MAAB/IC,N,A/C,N,A $ 
MAAB ,MAA/MAAT $ 
MAAT , MA.~/T $ 
MR,MBASE/NEWMR $ 
NEWMR,MR/T $ 
PHIA"CP/PHIL,PHIR,,/C,N,1/C,N,2/C,N,2/C,N,2 $ 
,PHIL,MI,LAMA"",CASECC/MGNN"KGNN,PHILN/C,N,-l/C,N,-OI 
C,Y,LFREQ=.000001/C,Y,HFREQ=1.E20/C,N,-1/C,N,-1/C,N,-11 
V,N,NOCUP/V,N,FMODE $ 
MGNN,/WGNN/V ,N,GRAV $ 
HLL,DM,MLR/ML3/C,N,0/C,N,l/C,N,0/C,N,2 $ 
ML3,/WL3/V,N,GRAV $ 
PHILN,WL3,/FNRO/C,N,1/C,N,1/C,N,0/C,N,2 $ 
WGNN,FNRO/FNR/C,N,1 $ 
FNR""I I $ 
FNR/MJRRO/C,N,WHOLE/C,N,2.0 $ 
WGNN, MJRRO , /MJRR $ 
MJRR"" $ 
MJRR/MJRRT $ 
WRD,MJRRT/MJRRDT/C,N,1 $ 
MJRRDT,/MJRRPT/C,N,(lOO.,O.) $ 
MJRRPT/MJRRP $ 
MJRRP""II $ 
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I OF POOR QUALITY Explanation of DMAP Alter Statements 
I. Generation of Large Masses for SUPORT Points for Base Motion Analyses 
1 .  DMAP statements 2 through 14 are inserted after module RBMG4 
has run. For COSMIC Rigid Format 3 (April 1982 version) the 
Alter is at a 69 and for MSC Rigid Format 25 (Dec. 1981, 1- 
version 61B) a is 140. 1 
2-4. PARAM modules set the values of several parameters to be used. 
Parameter GRAV is the inverse of the regular WTMASS parameter. 
5. DIAGOF extracts the diagonal of the rigid body mass matrix, 
MR ( Htr in equation (11) ) and calls the result matrix data 
block MRD. 
6. Matrix data block WRD is MRD multiplied by parameter 
GRAV=l/WTMASS so that WRD is generally in weight units if a 
PAMM WTMASS card is used in the bulk data. 
8 7. Matrix data block MBASE is 10 times MRD. These give the 
large fictitious masses which are put or the r W F  for base 
motion problems. 
8-9. Module MERGE, using partitioning vector CP generated in module 
VEC, expands the large fictitious mass matrix, WASE, up to 
full "a" set size. Output matrix MAAF3 has the large fictitious 
masses for the r W F  but in a matrix of "a" size. 
10. The large masses are printed out and can be seen to only exist 
at the r DOF. 
11-12. The large masses are added to the normal mass matrix MAA and 
the result equivalenced back to MAA so that when MAA is called 
for in later modules the sum of the normal MAA ar,d the large 
masses MAAB will be used. 
13-14. The real eigenvalue analysis module, READ, uses the rigid body 
mass matrix, MR, when there are SUPORT DOF. Since the large 
masses were added at the r DOF, the sum of the MR (from the 
finite element model) and the large masses (in MBASE) is to be 
used for MR in module READ. 
11. Generation of Modal Participation Factors 
15. Following module READ and the output of the eigenvalues and 
eigenvalue analysis summary, the statements 16 through 23 are 
inserted for calculation of the modal participation factors. For , 
COSMIC Rigid Format 3 (April 1982) the alter is at a =77 and for 
MSC Rigid Format 25 (Dec. 1981 version 613) a is 14g. 2 
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16-17. Module PARTN extracts the eigenvectors for the k DOF and module 
GKAM extracts from this the elastic ( 0 7 0  ) eigenvectors. The 
result is called PHILN and is matrix fl, used in equation 
(12). Matrix data block MGNN is the matrix of generalized 
masses, mnn, in equation (14). 
18. Convert MGNN to weight units if a PARAM WTMASS bulk data card 
is present. 
19-20. Calculate ( H ~ L R ~  yHlr)and call the result matrix data block 
ML3. Note 'that natrix data block DM is matrix bj,. Matrix 
data blocs WL3 is ML3 in weight units if P A M  WTMASS is 
present in culk data. 
F -- m,,:, &:b h , L  bit h,- 1 21-23. Calculate ,,
and print out f , the matrix of modal participation factors. 
nr 
111. Statements 24 through 31 calculate and print the modal masses. These 
cannot currently be calculated in COSMIC NASTRAN since the COSMIC version 
of module DIAGONAL does no1 have a feature which allows calculation of a 
matrix which contains the terms of some input matrix raised to some 
specified power. 
24. Module DIAGONAL czlculates a matrix, MJRRO, whose terms are the 
squares of the terms in the modal participation factor matrix, 
FNR . 
25-26. By multiplying MJRRO by the generalized mass (or weight) matrix 
the diagonal terms of the modal mass %trices are obtained. 
Matrix M$p is so arranged that its j row is the diagonal 
of the J modal mass matrix, m' , in equation (27). This 
matrix is printed out. tr 
27-31. The modal mass terms are divided by the corresponding rigid 
bodv mass terms for the complete structure and multiplied by 
10C. The resulting matrix, MJRRP, is printed out and gives the 
diagonals of the modal masses (in the rows of M J R R P )  in percent 
of the rigid body mass. If there are no masses (other than the 
large fictitious masses) at the r DOF then the columns of MJRRP 
should add to 100 if all modes are used. 
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N A S T R A N  E X E C U T I V E  C O N T R O L  D E C K  E C H O  
I D  TEST.DMAPBASE 
APP D I S r '  
SOL 2 5 . 0  
T I M E  2 
D I A G  8 . 1 4  
ALTER 1 4 0  
PARAM / /C.N.NOP/V.N.T=-1 S 
PARAMR / /C .N .D IV /V .N .GRAVO/C.N,  1 . 0 / V V Y . W T M A S S ~ - 1 . 0  $ 
PARAMR //C,N.COMPLEX/V.N.OUTR/V,N.GRAVO/C,N~O.O/V.N,GRAV S 
D I A G O N I L  MR/MRD/C,N.SOUARE S 
ADD MRD./WRD/V.N.GRAV S 
ADD MRD./MBASE/C.N.(~.E~.~.) s 
VEC USET/CP/C.N.A/C.N,L/C.N,R s 
MERGE. ... MBASE.CP./MAAB/C.N.-1 S 
MATGPR GPL.USET,SIL.MAAB//C.N.R/C.N,R S 
ADD MAAB.MAA/MAAT S 
E Q U I V  MAAT,MAA/T S 
ADD MR.MBASE/NEWMR S 
I-' E O U I V  NEWMR.MR/T S 
h) ALTER 146 
PARTN PHIA..CP/PHIL.PHIR../C,NN1/C.N.2/C,N,2/C,~.2 s 
GKAM. .PHIL.MI.LAMA,..,.CASECC/MGNN..KGNN.PHILN/C.N.-l/C.N.3/ 
C,Y.LFREQ~.000001/C.Y.HFREQ~1.E20/C.N.-l/C.N.-1~C,N.-l/ 
V.N.NOCUP/V.N.FMDDE S 
ADD MGNN./WGNN/V.N.GRAV S 
MPYb.0 MLC,OM.MLR/ML~/C.N.O/C.N.~/C~N~O/C.N.~ S 
ADD MLB./WLB/V.N.GRAV S 
MPVAD PHILN,WL3./FNRO/C.N.l /C.N.f/C.N.O/C.N.2 s 
SOLVE WGNN.FNRO/FNR/C,N.~ S 
MATPRN FNR ..., // S 
DIAGONAL FNR/MJRRO/C.N,WHOLE/C.N.~.O S 
MPYAD WGNN.MJRRO./MJRR S 
MATPRN MJRR....  S 
TRNSP MJRR/MJRRT S 
SOLVE WRD.MJR&?/MJRRDT/C,N,l S 
ADD M J R R D T . / M J R R P T / C . N . ( I ~ . . O . )  s 
TRNSP MJSRPT/MJRRP S 
MATPRN MJRRP... . / /  S 
ENDALTER 
CEND 
~....- .... .".. .. .....,.. . 
I-' 
W 
tv 
  S T  A !'II 
10 TEST.D  
A P DIS.-' 
SOL 2 .  
TIME 2 
DIAG 8.  
AL ER 140 
E X E CUT I   
PARAM // . .NDP/V.N.T--1 S 
ON T R 0 L EC K 
PARAMR // . . IV/V.N.GRAVO/C.N.1.0/V.Y.WTM --1.0 S 
PARAMR //C.N,COMPLEX/V.N.DUTR/V.N.GRA / .N.O.O/V.N.GRAV S 
DI GON~L / /C.N.SQUARE S 
ADD ./ Ro/V.N.GRAV $ 
ADD o./ ASE/C.N.(1. 8.0.) S 
VEC T/ P/C. . /C. .L/ . .  S 
M . • •• S .CP./M AB/C.N.-1 S 
MATGPR G . SET.SIL.MAAB//C.N.R/C.N.R S 
ADD M . /  $ 
EQUIV M . /  S 
ADD M . S /  $ 
EQUIV NE /  S 
ALTER 146 
PARTN PHIA •. C /P I .P I  .• / . . / . . / . .2/ .N.2 S 
GKAM. .PHIL.MI.LAM  ••..• CASE C/ G N .. KGNN.PHIL /C.N.-1/C.N.O/ 
ADD 
MPYj.D 
ADD 
MPYAD 
SOLVE 
MATPRN 
DIAGONAL 
MPYAD 
MATPRN 
TRNSP 
SOLVE 
AD  
TRNSP 
MATPRN 
ENDAL TER 
CEND 
C.Y.LFRE &.OOOOO1/C,Y.HFREQ=1.E20/C.N.-1/C. .- ,C.N.-11 
V, . P/V.N.FMDDE S 
M ./ GNN/V.N,GRAV S 
M L.D . LR/ L3/C. .0/C.N.1/C.N.0/C.N.2 S 
M 3./ L3/V.N.GRAV S 
PHI . L3./FNRO/C.N.1/C.N.1/C.N.0/C.N.2 S 
W , /F R/C.N.1 S 
FNR •.  .// S 
FN /M.J O/ . . OLE/C. .2.0 S 
WG . .JRRO./MJ R S 
M.JRR.... S 
M.J / .J  S 
WRD.MJR~T/ .JRRDT/C.N. 1 S 
MvRRoT./M.JRRPT/C.N.(100 .• 0.) S 
MvR T/ v  S 
M.JRRP ••. . 1/ S 
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TEST OF DMAP PROGRAM TO GEN.MODAL PAQT FACTORS FOR BASE ACCEL.  
C A N T I L E V E R E D  BEAM 
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1 
L O N G I T U D I N A L  AND LATERAL MODES 
C A S E  C O N T R O L  D E C K  E C H O  
CARD 
COUNT 
1 
2 
3 
4 
5 
6 
7 
8 
9 
T I T L E  = TEST OF OMAP PROGRAM TO GEN.MODAL PART FACTOR5 FOR BASE ACCEL 
S U B T I T L E  = CANTILEVERED BEAM 
L A B E L  = L O N G I T U D I N A L  AND LATERAL MODES 
ECHO = UNSORT 
METHOD = 1 
OUTPUT 
VECTOR = A L L  
SPCF = A L L  
B E G I N  BULK 
,...... 
v.> 
v.> 
TEST OF DMAP PROGRAM TO GEN.MODAL PART FACTORS FOR BASE ACCEL. 
CANTILEVERED BEAM 
LONGITUDINAL AND LATERAL MODES 
CARD 
COUNT 
AS E ON T R 0 L 
FEBRUARY 15.1983 
EC  E C  0 
1 TITLE = TEST OF OMAP PROGRAM TO GEN. AL PART FACTORS FOR BASE ACCEL 
2 SU LE: CANTILEVERED BEAM 
3 LABEL : LONGITUDINAL ANO LATERAL MODES 
4 ECHO : UNSORT 
5 ETHOD 1 
6 OUTPUT 
7 V CTOR ALL 
8 S~CF : ALL 
9 BEGIN BULK 
NASTRAN 12/ 1/81 PAGE 
00 
":a 
,,(5 
0-OZ :G~ 
~: 
>G) 
r-". ~ii 
2 
I" -Cr . - - "  .-... __-..--.. . .-  ' a ?  ' . - 
. . ,., .,. *b J , c. . ,. ,.,. ., , 
TEST OF DWAP PROGRAM- TO GEN.MO0AL PART.FACTORS FOR BASE ACCEL. 
CANTILEVERED BEAM 
FEBRUARY 15. 1 9 8 3  NASTRAN 12/ 1 / 8 1  PAGE 
L O N G I T U D I N A L  AND LATERAL MODES 
I N P U T  B U L K  D A T A  D E C K  E C H O  
. 1 . .  2 ,  
GRDSET 
G R I D  1 
G R I D  2 
G R I D  3 
G R I D  4 
G R I D  5 
G R I D  6 
G R I D  7 
G k i D  8 
G R I D  9 
G R r D  10 
G R I D  11 
BAROR 
CBAB 1 
CBAR 2 
CBAR 3 
CBAR 4 
CBAR 5 
CBAR 6 
CBAR 7 
CBAR 8 
CBAR 9 
CBAR 10 
PEAR 1 
MAT1 1 
SUPORT 1 1  
ASET1 13 
E I G R  1 
+E2 MAX 
PhRAM GRDPNT 
PARAM WTMASS 
ENDDATA 
1 1 
1 2 
1 3 
1 4 
1 - 
1 6 
1 7 
I 8 
1 9 
1 10 
1 2 . 0  
10.+6 
135 
1 THRU 
G I V  
I N P U T  BULK DATA CARD COUNT = 3 2  
TOTAL COUNT= 32 
  ONh A .  . O    3    3 
  
I I AL    
  T   l I( O T  C I(    0 
  3 4 5 6 7 8 9 10 
 ~46 
I   100. O. O. 
I  90. O. o. 
I   80. O. O. 
I   70. O. O. 
I   60. O. O. 
I   50. O. O. 
I   40. O. O. 
JH   30. O. O. 
I   20. O. O. 
r  10. O. O. 
I  1 O. O. O. 
I1  O. O. 1. 
J.'   2 
 3 
   4 
   5 
  :; 6 
I-'    7 
w    8 
.c::-    9 
   10 00 
 11 "1'1::0 
B   2.0 2.0 ~~ I  Q.3 0.1  1 :u1! I  11 
  I  23 23 1. -4 +E2 .0." 
 C»> 
A   11 >G') 
 .002591 !:rII 
 :;!ii 
      
 -  
TEST OF DMAP PROGRAM TO GEN.MOOAC PART.FACTORS FOR BASE ACCEL. 
CANTILEVERED BEAM 
FEBRUARY NASTRAN 12/ 1/81 
LONGITUDINAL AND LATERAL MoOCs 
O U T P U T '  F R O M  G R I D  P O I N T  W E I G H T  G E N E R A T O R  
REFERENCE P O I N T  = 11 
M 0 
0 . ~ 0 0 0 0 0 E + 0 0  0 . 0 0 0 0 0 0 E + 0 0  
0 . 0 0 0 0 0 0 E + 0 0  0 . 0 0 0 0 0 0 E + 0 0  
2.C)O<XX)E+Ol 0 . 0 0 0 0 0 0 E + 0 0  
0 . 0 0 0 0 0 0 E + 0 0  O.oocQOoE+00 
. 1 . 0 0 0 0 0 0 € + 0 3  0 . 0 0 3 0 0 0 E + 0 0  
0 . 0 0 0 0 0 0 € + 0 0  0 . 0 0 0 0 0 0 E + 0 0  
s 
0 . o o o o o o E + 0 0  0.-€+00 1 . 0 0 0 0 0 0 € + 0 0  ' 
D I R E C T I O N  
MASS A X I S  SYSTEM (5 )  MASS X-C. G. Y-C.G. 2 - C . G .  
X 2 . 0 0 0 0 0 0 E + 0 1  0 . 0 0 0 0 0 0 E + 0 0  0 . 0 0 0 0 0 0 E + 0 0  0 . 0 0 0 0 0 0 E + 0 0  
Y 2 .0000COE+01 5 . 0 0 0 0 0 0 E + 0 1  0 . 0 0 0 0 0 0 E + 0 0  0 . o o o o o o E + 0 0  
Z 2 . 0 0 0 0 0 0 E + 0  1 5 . 0 0 0 0 0 0 E + 0 ?  0.00000C)E+00 0 . 0 0 0 0 0 0 E + 0 0  
Its) 
0 . 0 0 0 0 0 0 E + 0 0  0 . 0 0 0 0 0 0 € + 0 0  0 . 0 0 0 0 0 0 € + 0 0  - 
0 . 0 0 0 0 0 0 € + 0 0  1 . 7 0 0 0 0 0 E + 0 4  0 . 0 0 0 0 0 0 E + 0 0  ' 
0 . 0 0 0 0 0 0 € + 0 0  0 . 0 0 0 0 0 0 € + 0 0  ! . 7 0 0 0 0 0 E + 0 4  ' 
I f O )  
0 . 0 0 0 0 0 0 E + 0 0  t 
1 .700000E+OJ I 
1.7000COE+04 
0 
1 . 0 0 0 0 0 0 E * 0 0  0 . 0 0 C 3 G O E + 0 0  0 . 0 0 0 0 0 0 € + 0 0  
- 0 . 0 0 0 0 0 C E + 0 0  1 .0 '30000€+00 0 . 0 0 0 0 0 0 E + 0 0  
0 . 0 0 0 0 m E + m  OO.OOOOOOE+OO 1 . 0 0 0 0 0 0 E + 0 0  - 
PAGE 
,.... 
\.,) 
V1 
  P GRA   £ . L .    l. 
D A  
ITUDINAL  AL OD(S 
 15. 1983 AN /  
T ' O   ID I   I     E T 0  
2.000000£+01 
O.OOOOOOE+oo 
O.OOOOOOE+oo 
O.OOOOOOE+oo 
O.OOOOOOE+oo 
0.000000£+00 
0.000000£+00 
2.000000E+01 
0.000000£+00 
0.000000£+00 
0.000000£+00 
1 .000000£+03 
 I T • 1 
 
000000£.0  £·
O OOOOOOE.oo O OOOOOOE.oo
000000£.01 O OOOOOOE+oo
O OOOOOOE+oo OOO OOE+oo 
-1.0 E 03 O OOOOOOE+oo
O OOOOOOE+oo £
O.OOOOOOE+oo 
0.000000£+00 
-1.000000E+03 
O.OOOOOOE+oo 
6.7oooo1E+04 
0.000000£+00 
.. 
.. 
1 .000000£ +00 
0.000000£+00 
000000£  
S 
0.000000£·00 
1 . OOOOOOE +00 
O.oonoooE+oo 
0.000000£+00 .. 
O.OOOOOOE+oo .. 
t . £ 00 .. 
0.000000£+00 .. 
1 . OOOOOOE .03 .. 
O.OOOOOOE+oo .. 
o . OOOOOOE +00 .. 
o . OOOOOOE +00 .. 
6.7oooo1E+04 .. 
I N 
  TE  S  
X 
Y 
 
.. 
.. 
.. 
 
£
00£
1 
£
O.OOCOOO£+oo 
0£·  
O.OOOOOOE·oo
£''00 
01:
00000£ 00
-C. - .G. 
O OOOOOOE+oo
 
1 
O.OOOOOOE+oo 
£  
O.OOOOOOE+oo 
I( S) 
O OOOOOOE+oo
.  
£ 0 
I(Q) 
£ 04 
Q 
O.oo '.)()oe oo 
00 ooE 00 
.O OE+oo 
o . OOOOOOE  .. 
O. OOOOOOE  .. 
'. +04 .. 
. 00 4 .. 
O. OOOOOOE  .. 
o . OOOOOO   .. 
1 . OOOOOO  00 .. 
Z . . 
O.OOOOOOE+oo 
.000000£  
O.OOOOOOE+oo 
.Jf!.,~~-._ ... 'llt.6--" :"."~ ..... ".--,,,~;.~,. -_It., .... ..-
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W 
0-. 
TEST OF DMAP PROGRAM TO GEN MODAL PART.FACTORS FOR BASE ACCEL. CANTI~EVERED BEAM 
LONGITUDINAL AND LATERAL MODES 
MAA8 
POINT VALU" POINT VALUE POINT 
COLUMNS 1 ( 1- T 1) THRIJ 20 ( 10-T3) ARE NULL. 
COLUMN 21 ( f -Tf). 
~ 1 T ~ 5.18200£+06 
COLUMN 22 ( l1-T3). 
11 T3 5.182ooE+06 
COLUMN 23 ( 11-R2) . 
11 R2 1.73597E+10 
r- EBRUARV 22. 1983 NASTRAN 12/ 1/81 
VALUE POINT VALUE POINT 
PAGE 
00 
""::0 8~ 
::ul! 
.0" c::.:-
,. C) 
rl'l 
~ii 
10 
VALUE 
TEST OF DMAP PROGRAM TO GEN.MO0AL PART.FACTORS FOR BASE ACCEL. FEBRUARY 1 5 .  1 9 8 3  NASTRAN 1 2 /  1 / 8 1  PAGE 1 1  
CANTILEVERED BEAM 
LONGITUDINAL AND LATERAL MODES 
MODE 
NO.  
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 0  
1 1  
1 2  
1 3  
14  
9 5  
1 6  
1 7  
1 8  
1 9  
2 0  
2 1 
2 2  
2 3 
EXTRACTION 
ORDER 
1 1  
2 2 
2 3 
2 1 
2 0  
1 9  
1 8  
1 0  
1 7  
1 6  
1 5  
9 
1 4  
1 3  
1 2  
8 
7 
6 
5 
4 
3 
2 
< 
EIGENVALUE 
R E A L  € 1  
RADIANS 
G E N V A L U E S  
CYCLES GENERALIZED 
MdSS 
5 . 1 8 2 0 M ) E + 0 6  
S . ' E 2 0 0 0 € + 0 6  
1 . 7 3 5 9 7 0 € + 0 6  
1 . 3 0 5 5 8 6 E - 0 2  
1 . 3 6 9 4 8 9 E - 0 2  
1 . 4 9 4 4 2 7 E - 0 2  
1 . 7 3 8 6 9 4 E - 0 2  
2 . 5 9 1 0 0 0 E - 0 2  
2 . 2 0 5 6 1 6 E - 0 2  
2 . 6 8 6 5 9 9 E - 0 2  
2 . 5 0 4 6 8 1 E - 0 2  
2 . 5 9 1 M X ) E - 0 2  
2 . 3 9 8  174E-tr2 
2 . 6 5 8 8 3 9 E - 0 2  
2 . 9 5 0 5 7 4 E - 0 2  
2 . 5 9 1 0 0 0 E - 0 2  
2 . 5 9 1 r n E - 0 2  
2 . 5 S ' ! W o E - O 2  
2 . 5 9 l O O O E - 0 2  
2 . 5 9 1 C O O E - 0 2  
2 . 5 9  1 0 0 0 E - 0 2  
2 . 5 9 1 0 0 0 E - 0 2  
2 . 5 9 1 0 0 0 E - 0 2  
GENERALIZED 
S T I F F N E S S  
0 . 0  
0 . 0  
0.0 
6 . 1 7 2 5 3 0 € + 0 1  
2 . 4 8 6 5 7 3 € + 0 3  
2 0 8 4 9 7 7 E + 0 4  
9 . 1 2 1 9 4 3 € + 0 4  
2 . 4 6 2 3 3 2 E + C 5  
3 . 9 9 2 ! 8 9 € + 0 5  
8 . 1 7 9 6 & 4 E + 0 5  
$ . 4 2 8 6 9 2 € + 9 6  
2 . 1 7 9 8 7 0 € + 3 6  
2 . 2 5 9 2 3 7 E 4 0 6  
3 9 0 8 4 4 8 E + 0 6  
5 . 0 6 7 4 1 5 € + 0 6  
5 . 8 5 7 8 6 5 € + 0 6  
1 . 0 9 2 0 1 9 E + O 7  
1 . 6 8 7 1 3 1 € + 0 7  
2 . 3 1 2 8 6 9 E + 0 7  
2 . 9 0 7 9 8 1 E + 0 7  
3 . 4  1 4 2  14E+07 
3 . 7 8 2 0 1 3 € + 0 7  
3 . 9 7 5 3 7 6 € + 0 7  
   GRAM  . D  f fO   .  
 A  
I I   L  
EA  E I          
 TION I NV LUE   
.  
 1 0.0 0.0 0.0 
 0.0 0.0 0.0 
 0.0 0.0 0.0 
 1 4.727787E+03 6. 875890E+Ol 1.094332E+Ol 
  1.815695E+05 4.261097E+02 6.7817461E+01 
  1.395168E+06 1.181172E+03 1.879894E+02 
  5.246433E+06 2. 290509E+03 3.645459E+02 
  9.503404E+06 ~.082759E+03 4.906363E+02 
  1.401962E+07 3.744278E+03 5.959203£+02 
  3.0446~4E+07 5.517811E+03 8.781869E+02 
1  5.704086£+07 7. 552540E+03 1.2t12024E+03 
  8.413236E+07 9. 172369E+03 1.459828E+03 
  9. 420654E+07 9.706006E+03 t.5447~~E+03 
  1.36714SE+08 1. 16:)250E+04 1.860919~~O3 
'5  1.717434E+08 1.310S09E+04 2.085740£+03 
  2. 260851E+08 1.503613E+04 2. 393074E+03 
  4.214662E+08 2.052S64E+04 3.267394£+03 
  6.5' 1505E+08 2.551765E+04 4.061260E+Oa 
....   8.926549E+08 ::!.98773:-E+04 4. 155125E+03 
\.oJ  1. 122339E+09 3. 3501":.3E+04 S.3;J1902E+03 
...... 1  1.31772(,E+09 3.63OO42E+04 5.777391E+03 
 t . ·'59(>73E+09 3. 820567E+04 6.080621E+03 
1.534302E+09 3.917017E+04 6.234125E"'03 
~ *;.l:-... ..t~ ...... ~_!l ... " .. ~ ': ~ . ___ .... ''l!C .... ~ .. J tott.... _ . ~ .. 
   ~1   
I  I  
A  IfF  
'j  182000£  .0 
5. • 8 oooE .0 
. E   
 17 E Ol 
 .   E
   
( . £  
ooo   
-  0 ~89E+
-   1 61:1 ;;:  
1. 92E 0  
ooo -02 . 870E \)  
 174  Cl   +  
8  ~
415E  
ooo  E  
. 1ooo . . 0  
S~·I)()()E-02 . E  
1ooo -02 
S  .  
591ooo  .414214E+
ooo E
ooo  9 E  
1 
00 
11:0 
~e 
0 2 :o~ 
.0." 
c> 
»G') 
rl'll 
~iI 
,,"··,~ .... >!-·J~, ..... ~t~~ ... 
TEST OF OMAP PROGRAM TO GEN.IIODAL PART.FACTORS FOR BASE ACCEL 
CANTILEVERED BEAM 
FEBRUARY 15 .  1 9 8 3  NASTRAh 1 2 /  1 / 8 1  PAGE 13 
LONGITUDINAL AN0 LATERAL MODES 
MATRIX FNR ( G I W  NAME 1 0 1  1 I S  A OB PREC 3 COLUMN X 2 0  ROW b.ZCTANG MATRIX 
COL'JLMI 1 ROWS 5 THRU 2 0  -------------------------------------------------- 
Raw 
5 )  1 . 2 7 0 6 D + 0 0  0 . 0 0 0 0 0 + 0 0  0 . 0 0 0 0 0 + 0 0  0.00000+0(; - 4 . l E 5 3 0 - 0 1  0 . 0 0 0 0 0 + 0 0  O . ~ O + O O  0.00000+00 - 2 . 4 1 4 2 D - 0 1  - 1 . 6 3 1 9 0 - 0 1  
1 5 )  1 . 1 7 0 8 0 - 0 1  -8 .54-D-02 6 1 2 8 0 0 - 0 2  - 4 . 1 4 2 l D - 0 2  2 . 4 0 O e D - 0 2  - 7 . 8 7 0 2 0 - 0 3  
COLUMN 2 POWS 1 THRU 1 2  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
ROW 
1 )  1 . 5 5 6 9 0 + 0 0  - 8 . 4 4 6 3 0 - 0 1  4.7360C;-01 - 3 . 1 3 6 7 0 - 0 1  0 . 0 0 0 0 0 + 0 3  2 . 1 6 1 3 0 - 0 9  - 1 . 5 9 2 6 0 - 0 1  1 . 3 7 1 2 0 - 0 1  0 . 0 0 0 0 0 + 0 0  1 . 1 5 4 2 0 - 0 1  
1 1 )  - 8 . 0 6 1 0 0 - 0 2  - 4 . 5 3 3 9 0 - 0 2  
COLUMN 3 ROdS 1 THRU 1 2  
2 0 w  
1 )  - 1 . 1 3 5 9 0 + 0 2  1 .78000-L01  - 5 . 1 2 3 8 0 + 0 0  2 . 9 2 3 1 D + 0 0  9.00000+00 - 1 . 5 9 0 0 0 + 0 0  9 . 8 ~ W 3 - 0 1  - 7 . 3 7 0 3 0 - 0 1  0 . 0 0 0 0 0 + 0 0  - 5 . 6 1 8 0 0 - 0 1  
1 1 )  3 . 6 6 8 9 0 - 0 1  1 . 9 8 6 9 0 - 0 1  
THE N U W E R  OF WN-ZERO TERMS I N  THE DENSEST COLUMN = 1 0  
THE DENSITV OF T H I S  MATRIX I S  50.00 PERCENT. 
to' 
W 
00 
   A   .M O   . 
 
  A~   
I  D   
 lU   INO  1   D       I.:CT  . 
III    20 --------------------------------------------------: MN')III 
 
 
0
 .54080-02 
D  .0 0 +00 1 530-01  .?OOCO+oo 00D 00 0   
 10-02 080  -03 
 
lli
) 
 
 
~Olll 
) 
1101ll   12 --------------------------------------------------
 30-01 
100-02 90-02 
736~-  - 1 O OOOOO+~ 5 30-0' 5   
 04  
90+02 
 
  
004 ~ 1~380+ 310.  ~ OOOOO OO  00~Q-Ol  
 MB   NON-ZE  N    •  
 O I Y   I   SO.OO 
 
 
00 
""::a ~e 
0 2 :u1! 
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TEST OF DMAIJ PROGRAM TO GEN.MO0AL PART.FACTORS FOR BASE ACCEL. 
CANTILEVEREI) BEAM 
FEBRU3QV I S .  1 9 8 3  NASTRAN 12/ 1 / 8 1  PAGE 1 4  
LONGITUDINaI. AND LATERAL MODES 
MATRIX MJRH (GIYO NAME 1 0 1  ) I S  A 00 PREC 3 COLUMN X 2 0  ROW RECTANG MATRIX 
COLUMN 1 ROWS 5 TnRU 2 0  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
ROW 
5 )  1.614!i0+01 0 .0000O+OO 0.00000+00 0 . 0 3 0 0 D + 0 0  1 . 7 3 5 0 O + W  0 . 0 0 0 0 0 + 0 0  0 . 0 0 0 0 0 + 0 0  0.00000+00 5 . 6 2 8 4 0 - 0 1  2 6 6 2 9 0 - 0 1  
1 5 )  1 . 3 7 0 0 0 - 0 1  7 . 2 9 4 5 0 - 0 2  3.755213-02 1 . 7 1 5 7 D . 0 2  5 . 7 6 3 8 0 - 0 3  6 . 1 9 4 0 0 - 0 4  
COLUMN 2 ROWS 1 THRU 1 9  - - - - - - . - - - - - - - - - - - - - - - - - - - -  - - - - ------------------  
ROY 
COLUMN 3 ROWS 1 THRU 1 2  - -------------------------------------------------  
ROW 
THE NUMBER OF NON-ZERO TERMS I N  THE DENSEST COLUMN = 1 0  
THE DENSITY OF T H I S  MATRIX I S  50.00 PERCENT 
,;-~~~ ""~ottff'fI'It' ~""_".. ... ~ ..... ' • ~ I t~~" " f: ... 
TEST OF oMAl' PROGRAM TO GEN.MO AL PART.FACT RS FOR BASE A EL. 
CA TIL RED BEAM 
FEB~UjQV 15. 1983 NASTRAN 12/ 1/81 PAGE 14 
.... 
IN 
\0 
L ITU I AL AND L TERAL DES 
TRIX "'RJI (GI'IIO NAME 101 IS DB PREC 3 COLUMN )t 20 ROW RECTANG I . 
COLUMN 
ROW 
5) 
15) 
OLUMN 
ROW 
1) 
In 
COLUMN 
RO  
" ttl
ROWS 
1 . !jO+Ol 
1.370SI Ol
2 ROWS 
1.22150+01 
7. '1;970-02 
3 ROWS 
6.50100+04 
1.48520+00 
5 THRU 
0. 0 00 
7.2
1 THRU 
3.77070+00 
2.34090-02 
1 THRU 
1.67460+03 
4.49570-01 
20 
0.00000+00 
3. 0-
I" 
1.29310+00 
12 
2.16300+02 
O.OVOOO oo 1.73500+00 0.00000+00 0.00000  0.00000+00 
1. 0, 5. 6.
6.50260-01 O.OOCOO+oo 3.97650-01 2.62980-01 1.81740-01 
5.73380+01 0.00000+00 2.15210+01 9.95930+00 5.25110+00 
THE R F  TERMS IN THE EST OLUMN • 10 
THE O NSITV F IS RIX IS 0.  PERCENT . 
.' "._~_*f'''''' ... _ ...... ~ ... " ... , , ,. 
5.82840-  
0.00000+00 
0.00000+00 
2 66290-01 
1.23310-01 
2.92130+00 
00 
""'::0 
-oi;; 
8 2 :tJ~ 
O"'l 
C ~4 
» (' 
r' rw1 
~~ 
.., ..... ~ 
TEST OF OMAP PROGRAM TO GEN MODAL PART.FACT0RS FOR BASE ACCEL 
CANTILEVECIED BEAM 
FEBPUARV 1 5 .  1 9 8 3  NASTRAY 12 /  1 / 8 1  P&GE 1 5  
LONGITUDICIAL AND LATERAL MODES 
MATRIX M<lRRP ( G I N 0  NAME 1 0 1  I S  A DB PREC 3 COLUMN X 2 0  ROW RECTANG MATRIX 
COLUMN 1 ROWS 5 THRU 2 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
ROW 
5 )  8 . 0 7 2 a D + 0 1  0.OCOOD+00 0 0 0 0 0 D + 0 0  0.00000+00 8 6 7 4 9 0 + 0 0  0 . 0 0 0 0 D + 0 3  0.0000D+C)O 0 . 0 0 0 0 0 + 0 0  2 9 1 4 2 0 + 0 0  1 3 3 1 5 0 + 0 0  
1 5 )  6 . 8 5 4 4 D - 0 1  3 . 6 4 7 3 0 - 0 1  1 8 7 7 6 0 - 0 1  8 . 5 7 8 6 0 - 0 2  2 8 8 1 9 0 - 0 2  3 . 0 9 7 0 D - 0 3  
COLUMN 2 ROWS 1 THRU 1 2  
ROW 
1 )  6  1 0 7 3 D + 0 1  1 . 8 8 5 4 D + 0 1  6 4 6 8 5 D + 0 0  3.3013i)+OCJ 0 0 0 0 0 D + 0 0  1 . 9 8 8 2 0 + 0 0  1 3 1 4 9 D 4 0 0  9 0 8 7 1 D - 0 1  0 0 0 0 0 D + 0 0  6 . 1 6 5 5 D - 0 1  
1 1 )  3 5 8 4 9 0 - 0 1  1 . 1 7 0 5 D - 0 1  
COLUMN 3 R3WS 1 THRU 1 2  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
QOW 
1 )  9 7 0 3 0 0 + 0 1  2 . 4 9 9 5 0 + 0 0  3 2 2 8 4 U - 0 1  8 5 5 8 0 0 - 0 2  0 OOO@TJ+O~ 3 2 1 2 1 0 - 0 2  : 4 8 6 5 0 - 0 2  7 8 3 7 5 0 - 0 3  0 0 0 0 0 D + 0 0  4 3 6 0 1 0 - 0 3  
1 1 )  2 . 2 1 6 8 0 - 0 3  6 . 7 1 0 0 0 - 0 4  
THE NUMBER OF NON-ZERO TERHS I N  THE DENSEST COLUMN = 1 0  
THE DENSITY 3 F  T H I S  MATRIX I S  5 0  00 PERCENT 
TEST OF OHAP PROGRAM TO GEN MODAL PART. TO S FOR BASE ACCEL 
CANTI UEO BEAM 
FEBRUARY 15, 1983 NASTRAN 12/ 1/81 PAGE 15 
..... 
.t:-
O 
LONGITUOHIAL AND LATERAL MODES 
MATRIX M~lRRP (GINO NAME 101 IS A DB PREC 3 COLUMN X 20 ROW RECTANG MATRIX 
COLUMN 
ROW 
5) 
15 ) 
COLUMN 
ROW 
1) 
1  ) 
COLUMN 
ROW 
1 ) 
1  ) 
ROWS 
8.072.10+01 
6.85440-01 
2 ROWS 
6 10730+01 
3 58490-01 
3 ROWS 
9 7030 +01 
2.21680-0  
5 THRU 
0.00000+00 
3.64730-01 
1 THRU 
1.88540+01 
1.17050-01 
1 THRU 
2.49950+00 
6.71000-04 
20 
o 00000+00 
1 87760-01 
12 
6 46850+00 
12 
3 2284l)-OI 
0.0000 +0  8 67490+00 0.00000+00 0.0 0 00 0.00000+00 
8.57860-02 2 88190-02 3.09700-03 
3. 0+00 0 00000+0  1.98820+00 1 31490.0  9 08710-01 
8 55800-02 00000u+00 3 21210-02 48650-02 7 83750-03 
THE NUMBER OF NON-ZERO TER~S IN THE OENSEST COLUMN 10 
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SUMMARY 
Two f i n i t e  element procedures a re  described for predicting the dynamic response 
of general 3-D f lu id- f i l led  e l a s t i c  piping systems. The f i r s t  approach, a low 
frequency procedure, models each s t r a igh t  pipe or elbow a s  a sequence of beans. ?he 
contained f lu id  is  modeled as  a separate coincident sequence of axia l  rnanbers (rods)  
which are t ied to  the pipe i n  the l a t e r a l  direct ion.  llie model includes the pipe 
hoop s t r a i n  correction t o  the f lu id  sound speed and the f l e x i b i l i t y  fac tor  correction 
to the elbow f l ex ib i l i t y .  The second modeling approach, an intermediate frequency 
procedure, follows generally the or ig ina l  Zienkiewicz-Newton sctieine for  coupled 
fluid-structure problems except tha t  the velocity potent ial  is used as  the  
fundamental f lu id  unknown t o  symlnetrize the caef f ic ient  matrices. From comparisons 
of the beam iaodel predictions t o  both experilnental data arid the 3-D model, the beam 
model is validated fo r  frequencies up t o  about two-thirds of the lowest f lu id - f i l l ed  
lobar pipe rnode. Accurate elbow f l e x i b i l i t y  fac tors  a re  seen t o  be cruc ia l  for  
e f fec t ive  beam modeling of piping systems. 
. . INTRODUCTION 
C 'he vibrations tha t  occur i n  f lu id- f i l led  piping systems are  of in t e res t  i n  a 
variety of indus t r i a l ,  a i r c r a f t ,  and shipboard applicat ions.  The in teres t ing  dynamic 
behavior includes both water hamner ( a  t rans ient  phenanenon) and the steady-state 
(time-harmonic) vibrations cdused b y  unbalanced rotatirig machinery such a s  pumps, for  
example. 
Over 30 years ago, Callaway, Tyzzer, and Hardy (Ref. 1) recognized i n  t he i r  
experimental wcrk the importance of the coupling between the vibrat ions of the l iquid  
and the pipe wali,  even for nominally s t r a igh t  pipes. Since then, a number of 
invest igators  have proposed various techniques of rnathenatical ~nrldeling for desigtl 
ar.d analysis purposes. 
Most of these techniques have been res t r ic ted  t o  s t r a igh t  pipes. Some receni 
work, for example, was reported by El-Raheb (Ref. 2,3), who analyzed the  acoust ic  
propagation in a per fec t ,  f i n i t e  length,  f lu id- f i l led  , thin e l a s t i c  cyl indr ica l  
she l l .  El-Raheb obtained eigenfunction expansions for Koi t e r ' s  consistent  she l l  
equations and the Helmholtz equation governing the f lu id  f i e ld  . 
There have also bee9 sane f i n i t e  elenent analyses of 2-D f lu id  cav i t i e s  of 
general shape (Ref. 4.5). These approaches, however. avoid the f luid-structure 
' coupling by requiring as input the impedance of the pipe wall. 
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There has  been r e l a t i v e l y  1 t t l e  f l u i  - s t r u c t u r e  i n t e r a c t i o n  work invo lv ing  
g e n e r a l  3-D p i p i n g  s y s t a n s  c o n ~ a i n i n ~  j o i n t s  such  a s  elbows and tees. 'he f i r s t  such  
a n a l y s e s  weqe krobably  performed by h v i d s o n ,  Stni th,  and Slrnsury (Re f .  6.7). 
TIley recogni , ied  t h a t  a' s i m p l i f i e d  beau model shou ld  s u f f i c e  f o r  t h e  r e l a t i v e l y  low 
f r e q u e n c r e s  which a r e  o f t e n  o f  i n t e r e s t .  Low f r equency  dynamic behav io r  is chardc-  
t e r i z e d  by p i p e s  whicti respond o n l y  i n  t h e i r  bean ( r a t h e r  t h a n  l o b a r )  modes b.,; by 
f l u i d  wavelengths which a r e  l a r $ e  caapared  t o  t h e  p i p e  d i a ~ n e t e r .  Thus, f o r  such 
s i t u a t i o n s ,  ttie f l u i d  wave p ropaga t ion  t h r o  yt~ t h e  p i p e s  is e s s e r i t i a l l y  p l ana r .  This  
p rocedure ,  a l t hough  f u l l y  g e n e r a l  i n  c o n c e p t ,  was i ~ n p l e ~ a e n t e d  i n  a s p e c i a l  purpose  
cunputer  program l i ~ o i t e d  a s  t o  t h e  g e n e r a l i t y  and s i z e  o f  p rob lans  which cou ld  be 
handled.  
'he same assumpt ions  formed t h e  b a s i s  o f  a f i n i t e  eleraent p rocedure  developed by 
Howlett (Ref. 8 )  f o r  a i r c r a f t  h y d r a u l i c  systems.  This  procedure modeled t h e  f l u i d  
i n s i d e  t h e  p ipe  a s  a  bean having  zero  bending s t i f f n e s s .  Elbows and tees u e r e  n o t  
modeled e x p l i c i t l y .  I n s t e a d ,  c a a p a t i b i l i t y  a t  a  j o i n t  (elbow o r  tee) was en fo rced  a s  
an a d d i t i o n a l  c o n s t r a i n t  r e q u i r i n g  t h e  c o n s e r v a t i o n  o f  f l u i d  raass p a s s i n g  th rough  t h e  
l o i n t  . Pr  !bwlett a n a l y s e s ,  however, a p p a r e n t l y  m i t t e d  two e s s e n t i a l  i n g r e d i e n t s  : 
( 1 wle c o r r e c t i o n  t o  t h e  f l u i d  sound speed  t o  accoun t  f o r  t h e  e l a s t i c i t y  o f  t h e  p ipe  
w a l l s ,  and (?I t h e  f l e x i b i l i t y  f a c t o r  c o r r e c t i o n  f o r  t h e  elbows t o  accoun t  f o r  t h e  
f a c t  t h a t  curved p i p e s  a r e  c o n s i d e r a b l y  more f l e x i b l e  t han  s t r a i g h t  p i p e s  o f  t h e  same 
c r o s s  s e c t i o n  (Hef. 9 ) .  
More r e c e n t l y ,  t h e  t r a n s f e r  ma t r ix  appro act^ was used by El-Haheb (Hef. 10)  
t o  c a l c u l a t e  t h e  bearn-type d y n a a i c  r e sponse  o f  3-D m u l t i p l a n e  p i p i n g  systerns c o n s i s t -  
i n g  o f  s t r a i g h t  s e c t i o n s  and elbows. Une o f  El-Raheb's c o n c l u s i o n s  was t h a t  t h e  one- 
d imens ional  a c o u s t i c  a s s u a p t i o n  is v a l i d  f o r  f r e q u e n c i e s  up t o  abou t  one-half  t h e  
f requency  o f  t h e  l owes t  a c o u s t i c  mode having  two waves around t h e  c i r c u n f e r e n c e  
(n=2)  . 
Schwir ian  and Karabin (Hef . 11 ) developed ano the r  f i n i t e  e lement  p rocedure  which 
was s i m i l a r  t o  Howle t t ' s  (Ref. 8)  excep t  t h a t  t h e  f l u i d  i n s i d e  an elbow was 
appa ren t1  y modeled wi th  a  s i n g l e  s t r a i g h t  a x i a l  loaaber ("spar t t  e leraent)  wi th  
f i c t i t i o u s  p r o p e r t i e s  a s s igned  t o  s i m u l a t e  p r o p e r l y  t h e  f l u i d  mass and c a n p r e s s i -  
b i l i t y .  'Illis rr~odel a l s o  i nc luded  t h e  p i p e  hoop s t r a i n  c o r r e c t i o n  t o  t h e  f l u i d  sound 
speed and t h e  f l e x i b i i i t y  f a c t o r  c o r r e c t i o n  t o  t h e  elbow f l e x i b i l i t y .  No experiraen- 
t a l  v a l i d a t i o n  o f  t h e  model was i nc luded  i n  t h e  paper .  
Che a d d i t i o n a l  modeling procedure  was formula ted  by H a t f i e l d  and Wiggert  (Ref. 
12) .  They used a t r a n s f e r  f u n c t i o n  approach  i n v o l v i n g  s e p a r a t e  a n a l y s e s  o f  l i q u i d  
and s o l i d  canponents ,  fol lowed by s y n t h e s i s  o f  t h e  canponent  s o l u t i o n s .  l l ~ e  schalle 
was v a l i d a t e d  f o r  p l a n a r  p i p i n g  s y s t e m s  by comparison w i t h  exper i rnenta l  d a t a .  
In g e n e r a l ,  beam tnodels o f  f l u i d - f i l l e d  e l a s t i c  p i p i n g  sys tems arc? very  a t t r a c -  
t i v e  because  o f  t h e i r  s i m p l i c i t y .  F i n i t e  e lement  approaches  have  t h e  added f e a t u r e  
of  a l l owing  e s s e n t i a l l y  a r b i t r a r y  s p e c i f i c a t i o n  o f  g e a a e t r y ,  boundary c o n d i t i o n s  , 
l o a d i n g s ,  and o u t p u t  r e q u e s t s .  In  a d d i t i o n ,  f i n i t e  e lement  models o f  p i p i n g  sys t ems  
can e a s i l y  be caobined with rnodels o f  t h e  s u p p o r t  s t r u c t u r e .  
III t h i s  p a p e r ,  we w i l l  d eve lop  f u r t h e r  t h e  f i n i t e  e lement  approach f o r  low f r e -  
quency p r e d i c t i c n  by combining i d e a s  from t h e  p a p e r s  j u s t  mentioned.  Our model i s  
matherna t ica l ly  e q u i v a l e n t  t o  t h e  kvidson-Sraith-Sarnsur y model (Hef . 6, '0, a non- 
f i n i t e  e l a o e n t  approach.  Our roodeling scheae  is s i m i l a r  t o  t h o s e  o f  Howlet t  (Ref. 8) 
and Schwirian and Karabin (Re f .  11) excep t  c h a t  we model elbows e x p l i c i t l y  by a  po- 
l y g o n a l  s e t  o f  beam e l a o e n t s  f o r  t h e  p i p e  and a x i a l  laembers f o r  t h e  f l u i d .  We w i l l  
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here as een relatively Ifttle-rlula-struct interaction ork in l i  
e eral 3-D iping systems containing j i ts such as elbo s and t T  first such 
analyses re pr a l  erforln   Davids  mith, and al sury ( f. ,1 .
nley r cognl~ied that ,; si lified bear.o del should suffice for the r latively lo  
frequenc.l.es ich r~ ften f i ter t. o  frequency dyna ic e a ior 1  c
t i ~ d y ipes i n respond nly in their ean (rather than lobar) odes a • J y 
fl id av eleng ths hi ch are larg  cOIn red to the ipe ialneter. IlUS, for such 
ituations, th  fluid a e r tion ~h the ipes is ntial y l is 
r , lthough fully eral in t, as ilol-'lemented in a s ial r ose 
t r r r  limited s to the lity a d size robleros i  ld e 
Th  sa e assu ptions for ed the sis f a finite element rocedure e eloped y 
l tt ( ef. ) for ircraft raulic s 8ll . his r ce re eled the fluid 
inside the ipe as a e&o a ing zero ending stiffn . lbo s and t es w e t 
l  tl . I stea , cOlopati ty t a j i t (elbow r tee) as enforced as 
an a itiona: traint re iring the c servation f fluid mass ssing through the 
~ int. jI->~ Ho tt a l ses, r, a re tly OOli t  t o ssential i r : 
( 1) ,-ue rrection to the fl id sound speed to ccount for the l tici ty f the i e 
l , a d C~) the fle i ility factor rrection for the elbo s to c t for the 
fact that curved ipes are c si era ly ore flexible than straight ipes f the salOe 
cross section (Ref. ). 
llire rece tl , the transfer atriX a h as sed  l R (R 10) 
to c lc late the bec:lI~  ynaoic response f 3  lou! tiplane iping systerns 
ing f straight sections and el One f ~-Raheb  c clusions as that the 
i ensional acoustic assl.lo n is lid for frequencies p to about lf the 
frequency f the lo est acoustic ode av ing ~ aves around the circl.lll ce 
(n=2) • 
cll irian and rabin ( . 1 ) e eloped a ther finite ele ent rocedure ich 
as si ilar to ( ef. 8) except that the fluid inside an elbo  as 
a l  l  i th a single straight ax ial loern r ("s " element) i til 
ficti iQUS r rties assigned to simUlate r erly the fluid ass and com r
it  TIlis model also included the ipe oop strain c rrection to the fluid sound 
speed and the fle aty factor c rrection to the elbo  fle i lit . o e m
tal lldation f the el as i wed in the 
One a itional eling r cedure as fonnulated y tfield and i ert ( ef. 
). ey s  a transfer f tion roach i lving se rate lyses f liquid 
a d s lid 0 ts, f llo ed  synthesiS f the t s l i n e sc elle 
 lidated for lanar iping systems y co arison ith e rimental t . 
In ral, ea  models f fl  lastic iping systems a e ery ttr
tive ecause f their si i it . i ite ele ent approaches ave the added feature 
allowing sse tially rbitrary s ification geOloet , ary ti , 
loadings, and tput r  In ition, finite ele ent els f iping systems 
can sily e com d ith models f the support struct r . 
In this r,  ll elop f rther the finite le ent r ac  for lo  fr
e c  i ticn  c i ing ideas fro  the ers  In . ur lo el is 
t matically e i le t to the Uav idson-Sloith-Samsury del ( . 6, 'f), a 
finite eleoent a r ac . ur lO ling scheroe is si ilar to those f lett ( ) 
and ch irian and rabin ( f. 11) except t. t  del elbo s icitly y a 
lygonal set f ea  eleoents for the ipe and ial m ers for the fluid.  ll 
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a l ~ o  show the imprtance of assigning the  correct  f l e x i b i l i t y  fac tors  t o  the elbows- 
( I n  general,  lnost c l a s s i ca l  [deans of calculating f l e x i b i l i t y  fac tors  a re  not adequate 
for elbows with s t r a igh t  pip': extetisions a t  the ends (Ref. 1 , l  The toodeling 
approach w i l l  be validated i n  two ways. F i r s t ,  for a simple planar system, ~CUwari- 
sons w i l l  be made w i t h  both experi~ne~ltal  data and a general 3-D f i n i t e  ele~oent model 
which mo9els the pipe as  a she l l  and ttie contained fluid with 3-D f l u i d  f i n i t e  
elements. Second, for  a cotoylex []on-planar systern, canparisons xi11 be made between 
a beam solution and a general 3 - D  f i n i t e  element solution. Since the l a t t e r  includes 
t h e  essent ia l  physics of the fully-coupled problem. it provides a good t e s t  f o r  the 
approx b a t e  tnodels . 
:. 
'he 3-D f i n i i e  element solut ions t o  be presented use the generally c l a s s i ca l  
procedures which 2volved from the work of Zienkiewicz and Newton (Ref. 15). In  our 
analyses, we make use of the recent improvement (Ref. 16) which shows how t o  obtain 
symet r i c  matrix equations. 
L O W  FREQUENC Y BEAM MODEL 
For low frequency d ynaaic excittition of f luid-f i l l e d  e l a s t i c  piping s y s t e m s ,  the 
pipes respond only i n  t he i r  beam (rather  than lobar)  modes, and the wave p r o ~ a g a t i o r  
in the f l u i d  coluon is essent ia l ly  planar. It is assuried e i the r  tha t  the f lu id  is 
i n i t i a l l y  a t  r e s t .  or that  t h e  averade flow speed is  so srnall compared t o  the sound 
speed tha t  the acoustic response is unaffected. 'Ihe f luid-structure coupling i s  
assumed t o  occur only a t  pipe bends arid ottier jo in ts .  Thus, the f lu id  is  allowed t o  
s l ide  without f r ic t ion  i n  s t r a igh t  sect ions of pipe. 'he c i rcular  pipe cross section 
is assumed t o  remain c i rcular .  Tile equation s a t i s f i e d  b y  e i ther  the f lu id  pressure 
or the axial  caoponent of f l u i d  dlsplacer~ent i s  the scalar  wave equation; thus the 
f luid can be m>deled by an axia l  s t ruc turdl  rnenber ( rod) . 
Finite  elaoent ~nodels a re  prepared using t h e  following yroced ure: Beam elements 
a re  used t o  model both the s t r a igh t  sections and the elbows. If s t r a igh t  bean 
e l a e n t s  a re  used, a m i n i m u m  of three elenents is recomaended (on the basis of sane 
nunerical tes t ing)  for YO-degree bends, regardless of ttie spacing of grid points  i n  
adjacent s t r a igh t  sections. I n  s t r a igh t  sect ions,  the grid point spacing is dictated 
by the  need fo r  accurate normal modes of  vibratiorl i n  the frequency range of 
in teres t .  
Since a pipe bend is more f lex ib le  than an equivalent length of s t r a igh t  pipe, 
the mments of ine r t i a  for the beam elanents i n  each elbow should be divided by the 
appropriate f l e x i b i l i t y  fac tor .  For piping systerns w i t h  s t r a igh t  sect ions not 
s igni f icant ly  longer than the arc lengths of the elbows, the  elbow s t i f f n e s s  plays an 
important role  i n  the dynamic response and r o u s t  be accurately modeled. Thus the 
f l e x i b i l i t y  factors  assigned to  each elbow should apply to  the elbow as  it is 
configured i n  the piping systern. I n  pa r t i cu la r ,  the f l e x i b i l i t y  fac tors  f o r  YO- 
degree elbows w i t h  s t r a igh t  pipe extensions are sens i t ive  t o  the  length of those 
extensions (Ref. 13,14 1. A s  shown b y  (luezon and Everstine (Ref. 14 1, idealized 
approaches such as those used i n  the ELBOW canputer prodran (Ref. 17) are  general ly 
not adequate for  predicting the f l e x i b i l i t y  fac tors  of 90-degree elbows w i t h  s t r a i g h t  
pipe ex tensions. 
For the acoustic f lu id  inside the pipe, a duplicate  s e t  of grid points is 
defined to  coincide w i t h  the pipe grid points. lhe f l u i d  is modeled w i t h  e l a s t i c  rod 
- elernents (soraetirnes called s p a r s ) ,  whicti are equivalent to  beam elernents with zero 
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f l e x u r a l  and t o r s i o n a l  s t i f f n e s s .  These  e l e m e n t s  a r e  a s s i g n e d  t h e  a c t u a l  mass  
d e n s i t y  p f o r  the f l u i d  ant' a  Yobng's rnodulus E d i v e n  by 
a 
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In E q u a t i o n  ( I ) ,  c ,  t h e  e f f e c t i v e  m u n d  s p e e d  i n  a  f l u i d  c o l u n n  c o n t a i n e d  i n  an 
e l a s t i c  c i r c u l a r  t h i n - w a l l e d  p i p e ,  is o b t a i n e d  frorn 
where B i s  t h e  f l u i d  b u l k  modulus o f  e l a s t i c i t y ,  P is  t h e  f l u i d  mass  d e n s i t y ,  D i s  
t h e  mean d i a n e c e r  o f  t h e  p i p e ,  E is t h e  Young's ~ n o d u l u s  o f  t h e  p i p e  m a t e r i a l ,  and t 
s i s  t i l e  p i p e  w a l l  t h i c h ~ e s s .  S i n c e  t h e  numera tor  i n  E q u a t i o n  ( 2 )  is t h e  a c t u a l  s p e e d  
of s u n d  i n  t h e  f l u i d ,  t h e  d e n a n i n a t o r  (which  is a l w a y s  g r e a t e r  t h z n  u n i t y )  is t h e  
c o r r e c t i v e  f a c t o r  which a c c o u n t s  f o r  t h e  e l a s t i c i t y  o f  the p i p e .  T h i s  c o r r e c t i o n  is  
well known (Ref .  I d ) ;  a c c o r d i n g  t o  Krause,  Cioldani th ,  and Saclanan (Ref. 191, t h i s  
r e l a t i o n  was first d e r i v e d  by Joukowsky (Ref. 20)  o v e r  dO y e a r s  a g o .  E q u a t i o n s  ( 1 )  
and (2) can be c a n b i n e d  t o  y i e l d  
?he f l u i d ,  which is modeled w i t h  a x i a l  members,  musL have  o n l y  o n e  i n d e p e n d e n t  
d e d r e e  o f  freedoin (DOF) a t  ;\act] g r i d  p o i n t .  The t h r e e  r o t a t i o n a l  UOF a r e  r e s t r a i n e d  
a t  a l l  f lu ic i  p o i n t s .  Both t r a n s v e r s e  t r a n s l a t i o n a l  DOF a t  e a c h  f l u i d  p o i n t  a r e  con- 
st r a i n e d  ( u s i n g  rnul t i p o i n t  c o n s t r a i n t s  o r  r i g i d  l i n k s )  t o  iflove w i t h  t h e  c o r r e s p o n d i n g  
s t r u c t u r a l  p o i n t .  l l ~ e  o n l y  r e n a i n i n g  DOF, t h e  a x i a l  DOF, is free t o  s l i d e  r e l a t i v e  
t o  t h e  beam. These c o n s t r a i n t s  are a p p l i c a b l e  i n  b o t h  t h e  s t r a i g t l t  s e c t i o n s  and tile 
elbows.  It is t h e r e f o r e  c o n v e n i e n t  t o  d e f i n e  f o r  e a c h  elbow a  s e p a r a t e  c y l i n d r i c a l  
c o o r d i n a t e  systern whose a x i s  is p e r p e n d i c u l a r  t o  t h e  p l d n e  of t h e  e lbow and i n t e r -  
sects t h e  c e n t e r  o f  c u r v a t u r e .  For e lbows ,  t h e  i n d e p e n d e n t  DOF is t h u s  t h e  az i rnu t t i a l  
t r a n s l a t i o n .  For  e a c h  s t r a i g h t  s e c t i o n ,  it is c o n v e n i e n t  t o  d e f i n e  a  s e p a r a t e  
C a r t e s i a n  sys tem w i t h  o n e  a x i s  c o i n c i d e n t  w i t h  t h e  p i p e  a x i s .  It is  emphasized t h a t  
t h e  s i n g l e  i n d e p e n d e n t  f l u i d  unknown i s  t h e  a x i a l  d i s p l a c e n e n t ,  n o t  t h e  p r e s s u r e .  
The f l u i d  p r e s s u r e  can be r e c o v e r e d  from t h e  f i n i t e  e l e m e n t  program i n  t h e  u s u a l  way 
by  r e q u e s t i n g  t h a t  stresses i n  t h e  f l u i d  e l e m e n t s  be c a l c u l a t e d  and p r i n t e d .  
The mode l ing  of  f l u i d - f i l l e d  tees is h a n d l e d  d i f f e r e n t l y  frm t h a t  o f  e lbows .  
S i n c e  f l u i d  e n t e r i n g  o n e  l e g  of a tee c a n  f l o w  o u t  b o t h  o f  t h e  o t h e r  two b r a n c h e s ,  
t h e  p rocedure  rnust e n s u r e  t h a t  t h e  t o t a l  f l u i d  mass  f l o w i n g  i n t o  o n e  b r a n c h  o f  t h e  
j o i n t  e q u a l s  t h e  t o t a l  rnass f l o w i n g  o u t  ttie o t h e r  two b r a n c h e s  (Ref. 8). ( T h i s  ccn-  
d i t i o n  is a u t m a t i c a l l y  s a t i s f i e d  f o r  a n  e lbow,  a  tw-branch j o i n t . )  In  t h e  f i n i t e  
e l e m e n t  model ,  we d e f i n e  a t  t h e  i n t e r s e c t i o n  o f  t h e  tee b r a n c h e s  o n e  s t r u c t u r d l  g r i d  
p o i n t  and t h r e e  f l u i d  g r i d  p i n t s ,  a s  shown i n  F i d u r e  1. A s  w i t h  o t h e r  f l u i d  g r i d  
p o i n t s  i n  t h e  s y s t e m ,  e a c h  o f  t h e s e  t h r e e  p o i n t s  i s  p e r m i t t e d  t o  rnove o n l y  i n  t h e  
a x i a l  d i r e c t i o n  f o r  t h e  b r a n c h  i n  which it lies.  I n  a d d i t i o n ,  t h e  t h r e e  a x i a l  DOF 
 f S      l  
  il id il"  u ' m J:: o
  IS 
  I Y 
• 
1   i  so   i    
i  alled  m
c = IiJP I 11 + BD/E t' s 
(1) 
(2) 
   id  p   i     
  lOet     '  lnod ul us il    
   icknes . ~e   I::quat  )  l 
ou    ,  o   a )   
 r    ity li   
l    GoldslO km ) s 
  
) om i    
E = iii (1 + I:W/J:: t) 
s 
(3) 
TIl  , l t.    pen,~ t
6  m )  ~'ach  t    IJ  i  
 l id U   id  -
rain  m lti      m i .   
 TIle  coai        
  .     b  h
.     r     
 m x is   ,m   
  ~ ter     im ll l 
 i t      
       
  id   l lacem   
   an  te    
   id  
Il     i -filled  tly rvrn  
            .  
  m    l    i     
  l m   h   e$ .  o -
i  tomati  ie    o--branch t.   te 
   t  tio    n  a  
 i   oint     g   ~r id  
  .      m    
        l 
144 
1 STRUCTURAL GRID POINT 
3 FLUID GRID POINTS 
Figure 1 - Low Frequency Model of Piping Tee 
tre not independent (because of conservation of mass) and m u s t  s a t i s f y  the re la t ion  
he re  ui and 5. are  +he axial canponents of s t ruc tura l  and f luid displacements, re- 
.pectively, an3 A. is the f lu id  cross-sectional area fo r  branch i of the tee .  
'hus, a t e e  introduces two independent f luid DOF in to  the model. 
A s  w i t h  elbows, f l e x i b i l i t y  fac tors  should be used w i t h  the bean elements which 
lode1 the tee.  Unfortunately, even l e s s  is known about tee  f l e x i b i l i t i e s  than about 
!lbow f l e x i b i l i t i e s .  ' h e  procedure tha t  we f ind convenient fo r  co~nputiny t ee  f lexi-  
o i l i t i e s  is t o  yerforrn a separate f i n i t e  elaaent analysis  for a tee  modeled a s  a 
1 1  nlis analysis can be eas i ly  made since a t ee  data generation program (Ref. 
11) has been interfaced w i t h  NASTHAN by Quezon (Ref. 22) so t h a t ,  given a few basic 
. arameters, an analysis  can be perfonfled w i t h i n  a few hours. No tees  are  included in 
,he examples i n  t h i s  report.  
; Damping i n  the piping system can be d i r e c t l y  incorporated i n  the f i n i t e  element 
'ode1 by entering the dartiping los s  fac tor  as a material damping constant,  which 
i e su l t s  in  complex material moduli. 
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Because of the versa t i l i ty  of f i n i t e  element computer codes, various boundary 
oonditions on the fluid coluan are p s s i b l e .  A t  a free surface (where the pressure 
vanishes), the f luid W)F ( the  axial displace~aent) is l e f t  f r ee ,  a natural boundary 
condition. A t  a fixed boundary, the rnknown is restrained. If the pipe modeled is 
part of a very long system , i n  which case a non-reflecting fluid k *  undary is needed, 
the plane f l u i d  waves can be absorbed by attaching t o  the f l u i d  DOF a dashpot whose 
constant ( r a t i o  of axial force t o  velocity) is PcA, where p is the fluid mass 
density, c is the effective sound speed as given by Equation (21, and A is the cross- 
sectional area of the fluid colunn. For a pipe that  opens into a large volwne of 
fluid (e.g., the sea) ,  the appropriate boundary condition is that  of a piston i n  an 
in f in i t e  baffle (Ref. 231, in which case the scalar  added mass 
i s  applied, where p is the fluid mass density and 'a '  is the radius of the oyening. 
For a pipe wi th  a closed end, the axial f l u i d  disylaceoent a t  the end i s  t ied t o  the 
axial  structural  disylace~nent using a multipoint constraint equation or rigid l i n k .  
The beam model j u s t  described can be applied using most general purpose f i n i t e  
element structural  analysis codes without ~oodification. Tile analysis is performed i n  
a single pass w i t h  the fluid-structure coupling included i n  the loodel. The resulting 
model has seven independent degrees of freedola a t  each grid point location, s i x  for  
the pipe and one for the axial canponent of fluid disylaceioent. For matrix bandwidth 
reasons, each fluid grid point should be sequenced adjacent to  its corresponding 
structural  point. llie major l i~o i ta t ion  of the !node1 is frequency: t h i s  is a low 
frequency model. More w i l l  be said about t h i s  limitation l a t e r .  
INTERMEDIATE FREQUENCY 3-D MODEL 
For the dynamic response prediction of piping systems a t  frequencies for which 
beam models are not valid, general three-dimensional f i n i t e  element models are  
required. In  general, t h i s  approach models the pipe wi th  shell  elements and the con- 
tained fluid wi th  3-D acoustic f i n i t e  eleroents. Thus the pipe need not respond only 
as a beam (for which the cross sections are r i g id ) ,  and non-planar fluid response is 
allowed. Such a loodel generally requires thousands of degrees of freed-, even for 
simple piping sys t ems .  l l ~ u s ,  although j-D models may find only limited use (given 
current canputin$ power), it is worthwhile t o  describe the model's formulation and 
demonstrate i ts application. A 3-D model is part icularly useful for validating 
approxicpate models such as beam models since the l imitat ions of the approximate model 
can then be determined. l l ~ e  purpoze of t h i s  section is  t o  describe the general 3-D 
f i n i t e  elaoent lnodelin~~ of non-ylanar fluid-filled e l a s t i c  piping systems. We are 
not aware of any previous f i n i t e  element analyses of the size t o  be considered here 
for the fully-coupled fluid-str ucture problem. 
kst general f i n i t e  element work involving an e l a s t i c  structure coupled t o  
an acoustic f l u i d  ( fo r  which the f luid pressure s a t i s f i e s  the wave equation) can be 
traced t o  the work of Zienkiewicz and Newton (Ref. 15 1. In the i r  work and i n  many 
subsequent papers by others, the fundaaental fluid rnknown was taken t o  be the 
pressure. A few investigators (e.g., Hamdi, Ousset , and Verchery (Ref. 24)) selected 
the fluid disylacanent as ttie unknorm. 
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Everstine (Ref. 25-27 ) showed how general purpose structural  analysis aodes 
I 
. could be used,  without modification, to  solve the c-on f ie ld  equations arising i n  
, . mathematical physics (including the wave and Helmholtz equations of acoustics). He 
i 
! + also showed how the codes could be used t o  solve mixed f ie ld  problms suoh as coupled 
1 structural-acoustic problems. 
'. 
More recently, he showed (Ref. 16) t ha t ,  i f  the coupled fluid-structure problem 
were formulated with velocity potential rather than pressure as the fundmental f luid 
unknown, the nonsyulmetric matrices of the pressure formulation would be symetr ic .  
I .  
For sane situations, including steady-state problems involving dmped systsms ( which 
i; ' are of interest  here),  s ignificant  computational advantages resul t .  
! If both fluid and structure are modeled wi th  f i n i t e  elements, the followin(l 
matrix equation ar ises  (Ref. 16.28): 
I' 
where 4, the fundanental urknown i n  the f luid,  is the time integral  of pressure 
C 
, and hence proportional t o  the velocity potential.  rile unbown q is a vector with a 
_s ingle  rnknoun a t  each f l u i d  mesh point. In  Equation (61, u is the vector of d i s -  
:placement components i n  the structure,  M and U are the mass matrices for the strut- 
-+, 
; ture and fluid,  K and H are the s t i f fness  matrices for the structure and fluid, A is 
. 
!-the area matrix h i c h  converts fluid pressure a t  interface points t o  s t ructural  
loads, B and C are the damping matrices for the structure and f l u i d ,  and f and f2  
. - are the structural  and fluid applied loads. If the pressure gradient (or equiva- 
~. lently,  f l u i d  motion) is specified a t  a fluid boundary, f takes the form 
h e r e  A is the area matrix for the boundary surface. I n  Equation (61, the required 
nlnateri81 constantstt for the f luid elements are  
where lie, Ee,  and p are ,  respectively, the "shear modulus ," ItYoungts modulus," 
and "mass densityn 8ssigned to the f luid f i n i t e  elanents (Ref. 16.28) . 
In the fluid-filled piping systems of in teres t  hers, damping is introduced 
by specifying an overall system loss factor. I n  that  case, the matrices K and H i n  
. Equation ( 6 )  are complex, and B = C = 0. The loss factor TI, i f  uoifor~n, is given by 
I  
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A l l  matrices i n  Equation (6) except A are  automatically formed b y  the f i n i t e  
element program once the elements are  defined. The area matrix A has nonzeros only 
a t  rows and coluans corresponding t o  interface degrees of freedom. For p:.ping 
systems uhioh involve only cylinders and t o r i ,  the area contribution a t  each point i s  
eas i ly  calculated analytical ly,  so that  A can be generated by an automatic data 
generation preprocessor. 
This f i n i t e  element scheme can be implemented on any general purpose struct1,ral 
code which allows the user t o  enter matrix elenents d i rec t ly  fraa the input str:am. 
We used NASTRAN for  the analyses described i n  this paper. 
EXAMPLE 1: A PLANAH PIPING SYSTEM 
The fonnulations described i n  the preceding sections w i l l  be illus'.rated f i r s t  
on a simple planar piping system for which experi~oental data are available (Ref. 6 ) .  
l h i s  system, shown i n  Figure 2, consists of two s t ra ight  sections of stanaard 4-inch 
cbpper-nickel pipe connected by an elbow. The system is  f i l l e d  cac2letely wich l u -  
bricating o i l .  Table 1 surmnarizes the pertinent properties of the system. 
FREE END; 
FREE SURFACE FOR OIL \ 
PIPE FIXED; 
OIL DRIVEN BY PISTON 
J f+ 4" A I 
1 
-- - 
A r-w-I NOT TO SCALE 
Figure 2 - Planar Piping System 
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TABLE 1 - CHARACTERISTICS OF PLANAR PIPING SYSTEM OF POOR QUALITY 
Pipe (4-inch 70-30 Cu-Ni )  
outs ide diameter (0. D. 1 
minirnun wall thickness  
norn inal  wall thickness 
Yo ungt s lood u l u s  
Poissont s r a t i o  
weight aensi ty  
Elbow 
bend radius (R) 
bend angle 
4.5 i n  
0.203 i n  
0.232 i n  
22,000,000 psi 
0.294 
0.323 l b / i n  3 
4 i n  
90 degrees 
I q u i d  (2190 T E P  o i l '  
actual bulk modulus 282,000 ps i  
i e f f ec t ive  bulk loodulus i n  pipe 228,000 psi 
weidht densi ty  0.0315 lb / in  
%. As seen i n  Figure 2, one end of the pipe was f ixed,  and the f lu id  was driven by 
? a  piston designed t o  exc i t e  only the  f l u i d .  The other end of the system wds f r e e .  
\lea:%uraoents (Ref. 6 )  included the f lu id  pressure a t  the  pis ton and the frlplane com- 
,,orients of s t ruc tu ra l  veloci ty  a t  t h e  f r e e  end. 
Both beam and 3-D faodels were prepared for  t h i s  piping s y s t e m  using the f i n i t e  
?le~nent approaches described i n  t he  preceding sec t ion .  The beam model consisted of 
;en beam elanents i n  each s t r a i g h t  sec t ion  and eight  e lanents  i n  the  elbow. For t h i s  
2-D problem, each f lu id  and s t r u c t u r d l  g - i d  point l ~ a d ,  respect ively,  one dnd t;kiree 
legrees of freedan (DOF). The beam model thus had 112 bOF. The elbow f l e x i b i l i t y  
Pactor used f o r  the beam ana lys i s  was 8. 14, which was cornputed by the tLUW colnyuter 
program (Ref. 17) . For inylane loanent loads on elbows with long s t r a i g h t  sec t ioas  , 
:LBCXJ ha:: been shown t o  be s a t i s f a c t o r y ,  although it does overestilnate t'ae f l e x i b i l -  
~ t y  fac tors  s l i gh t ly  (Ref. 14).  
The mesh used f a r  the j-D model i s  shown i n  Figure j. The s t r u c t u r a l  element 
~ s e d  is a low-order four-node quadr i l a t e r a l  yl ?LC (NASTRAIJ 'S  QUAD21 . Because of 
jymr~etry, only ha l f  o f  the circumferer~ce (180 degrees; was modeled. The model had 
..en elanents i n  the c i rcunferent ia l  d i r ec t ion ,  19 elaoents  lo ry i tud ina l ly  i n  each 
; t r a igh t  sec t ion ,  and n i n e  elements i n  t he  elbow. The dry pipe thus had dbout 2800 
. )OF. A s  shown i n  Figure 3, the f l u id  f i n i t e  elanent rnesh had two elaoents  ( a  con- 
; tan t  s t r a i n  wedge and an eidht-node isoparalnetric hexahedron) in  the r ad i a l  direc-  
.ioc between the center of the pipe and the s h e l l .  With the f lu id  added, the s l ze  of' 
;ne j-D modei increased t o  about 3900 LNF. 
'he  assutned uniform loss  fac tor  used f o r  a l l  ca lcu la t ions  f o r  t h i s  piping system 
das 0.0262, independent of frequency. This value was selected on the basis  of pre- 
lious experimental e x p e r i e ~ c e  with s imi la r  systelns. 
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OF POOR QUALIW 
(b) Fluid Fini te  Element Mesh i n  Cross Section 
(a )  Dry Pipe 
Figure j - Fin i t e  iilerne~lt I.lodel of Planar Piping Systero 
The re su l t s  of the analyses of t h i s  system are shown i n  Figilres 4 and 5 over the 
frequency range 10 Hz t o  10,000 Hz. Mobility responses ictie r a t i o  uf veioaity re- 
sponse t o  driving force) are shown for both analy t ica l  models and the Davidson-Bnith 
experimental data (Ref. 6). 
' he  two analy t ica l  so lu t io r~s  shown i n  Figures 4 dod 5 are i n  reasonably good 
agreement even for frequencies above the f i r s t  lobar ( n z 2 )  frequency, where the modal 
densi ty i s  high. rile n=2 lobar frequency for a long pipe can be estimated from the  I I 
ORIGINAL PAGE • 
OF PO R QUALITY 
(b) Fluid Finite Element Mesh In Cross Seotion 
(a) D!"Y Pipe 
Fi~ure j - Finitei:J.erl1ent Hodel of Plcllli:ir Piping ~yste[1I 
The results of the analyses of this s~'stem are shown in Fi~l'res 4 and 5 over thE 
frequency range 10 Hz to 10.000 Hz. Mobiilty responses {the ratio of nloc1ty re-
sponse to driving force) are shown for both anal ytical models and the Da\' Idson-&lith 
experimental data (Ref. 6). 
The two analytical solutions shown in Figures 4 dnd :, are in reasonably good 
agreement even for frequencies above the first lobar (n=2) frequency, loA'lere the modcd 
density is high. 'Dle n=2 lobar frequency for a long pipe can be estimated from the 
150 
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OF POOR QUALITY 
Figure 4 - Mobility of Planar Piping System: Transverse Response clC Free End 
c lass ica l  formllla (Ref. 29) for the plane s t ra in  vibrations of a r ing. FOI- a dry 
r ing,  the lowest n=2 frequency is 
where E , p , and V are ,  respectively, the Young's raodulus, mass density, and 
Fbissonts r f t i o  for the pipe materiel, t i s  the wall thickness, and r is tire mean 
radius. Thus, f r m  Equation ( l o ) ,  for U-inch Cu-Ni p i p ,  the lowest n=2 ' obar laode 
occurs a t  about 1066 Hz for dry pipe. 
, 
ORIGINAL rAGE tS 
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10 r---------------------------------
1 
10-4 
- Beaa Model 
••••• 3-D Model 
Ixperiaent (Ret. 6) 
10 100 1000 
Figure 4 - Mobility of Planar Piping System: Transverse Response <.It Free llid 
clas ical fonollla (Ref. 29) fo:- the p~ane strain v ibrations of a ring. Fo," a dr y 
ring, the lowest n=2 frequen\.'y is 
10000 
where £ ,P. and V are, respectively, the Young's rD ulus, mas  density, and 
Poisso 's rluo for th~ pipe mat hl, t is the wal  thicknes , <A d r is the mean 
radius. Thus, fran Equation (10), for ~-i Cu- i pipe, the lowest n=2 lobar rDode 
oc urs at about 106  Hz for dry pip~. 
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The corresponding f l u i d - f i l l e d  frequency can be es t imated  i f  p in Equation ( 10) . 
S i s  replaced by t h e  e f f e c t i v e  densi ty  p f o r  t h e  s t r u c t u r e - f l u i d  cornbination; 
e f f  
where p i s  t h e  f l u i d  mass d e n s i t y .  W i t : .  + ,his  c o r r e c t i o n ,  t h e  lowest  n=2 lobar t're- 
quency for o i l - f i l l e d  4-inch Cu-Ni p!p.  about 888 Hz. 
1 i 
• 
.. 
-" ,t
0 
I }, 
...
" s:
....
.. 
.. 
., 
....
...
....
D 
0 
z 
10 ~....-....---------------------------------------------....----
.  
10-2 
10-3 
10-4 
10-5 
11) 
_ eo odel 
 odel 
!Xpertaent t  
100 
FrequencJ. Hz 
1000 
ure:.i : i::I  
10000 
  e ti 1
  eff   l uid ~~obination;
(11) 
   it ';. is  2 i:l  fr
  h i ~  >  • 
152 
i 
ORIGINAL PAGE a EXAMPLE 2: A NON-PLANAR PIPING SYSTEM -. 
OF POOR QUAL~TY 
Although t h e  r e s u l t s  f o r  t h e  p l a n a r  s y s t e m  show good a g r e e b e n t  between t h e  bean  
r e s u l t s  and b o t h  t h e  3-D r e s u l t s  and t h e  e x p e r i m e n t a l  d a t a ,  t h i s  p l a n a r  s y s t e ~ a  d o e s  
n o t  p r o v i d e  an  a d e q u a t e  t e s t  o f  a bean roodel. One d i f f i c u l t y  which a r i s e s  w i t h  
non-p lanar  s y s t e m s  is t h a t  tire f l e x i b i l i t y  f a c t o r  k is h a r d  t o  c a l c u l a t e .  A l t h o u g h  
i d e a l i z e d  a p p r o a c h e s  f o r  c a l c u l a t i n g  k do  n o t  d i s t i n g u i s h  between i n p l a n e  and 
ou t -o f -p lane  c a s e s ,  it h a s  been s t~own (Ref. 14) t h a t ,  f o r  YO-degree e l b o w s  w i t h  
s t r a i g h t  p i p e  e x t e n s i o n s ,  t h e  ou t -o f -p lane  f l e x i b i l i t y  f a c t o r  d i f f e r s  c o n s i d e r a b l y  
from t h e  i n p l a n e  f a c t o r .  I n  a d d i t i o n ,  1ai;ny p i p i n g  systeos o f  p r a c t i c d l  i n t e r e s t  h a v e  
s t r a i g h t  s e c t i o n s  which a r e  n o t  so l o n g  ( r e l a t i v e  t o  t h e  e lbow a r c  l e n g t h )  as i n  t h e  
p l a n a r  sys tem o f  Example 1. We would e x p e c t  t h e  e l b o w  f l c x i b i l i t i e s  t o  become more 
i m p o r t a n t  t o  t h e  o v e r a l l  d y n a n i c  r e s p o n s e  f o r  s y s t e m s  w i t h  s h o r t e r  s t r a i g h t  s e c t i o n s .  
! 
,,. - Here we c o n s i d e r  a  colnplex 3-D p i p i n g  sys tem a l s o  b u i l t  w i t h  4-inch Cu-Ni p i p e .  
: As shown i n  F i g u r e  6, t h e  sys tem c o n s i s t s  of f o u r  s t r a i g h t  s e c t i o n s  and t h r e e  e l b o a  
! ( two  90-degree e l b o w s  and o n e  45-degree e l b o w ) .  llie p i p e  is f i l l e d  c o m p l e t e l y  w i t h  
F i g u r e  6 - F i n i t e  Elerr?nt Model o f  Non-Planar P i p i n g  System (Two Views) 
I , 
It 
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f r e s h  water. F l u i d  f r e e  suri 'aces a r e  assumed a t  bo th  e n d s  o f  t h e  system. (Experi-  
men ta l ly ,  such c o n d i t i o n s  cou ld  be s i m u l a t e d  approximate ly  by capping  t h e  ends  wi th  
f l e x i b l e  rubber  menbranes .~  The l o a d i n g  f o r  t h i s  system is a time-harmonic f o r c e  
a p p l i e d  to t h e  s t r u c t u r e  i n  t h e  a x i a l  d i r e c t i o n  a t  p o i n t  1. The e n t i r e  system is 
assumed t o  be f r e e l y  suspended.  No expe r imen ta l  d a t a  a r e  a v a i l a b l e  f o r  t h i s  system. 
Both beam and 3-D f i n i t e  e l a o e n t  a o d e l s  were prepared  f o r  t h i s  p i p i n g  system. 
?he beam model, which c o n s i s t e d  of 21 beam e l e m e n t s ,  had 154 DOF. Ttie j-D model 
( F i g u r e  6 )  had a b o u t  7500 DOF ( d r y )  and 9900 DOF ( f l u i d - f i l l e d ) .  me assuaed l o s s  
f a c t o r  used f o r  both  a n a l y s e s  was 0.02, independent  o f  f requency.  
The response  p r e d i c t i o n s  f o r  t h i s  sys tem are stmwn i n  F i g u r e s  7 and 8. S ince  
t h e  same p i p e  s i z e  is  used as i n  t h e  p l a n a r  sys tem,  t h e  lowes t  n=2 d r y  l o b a r  mode 
occur s  a t  t h e  sane  frequency,  1066 Hz. Th i s  p ipe ,  however, is f i l l e d  wi th  water 
r a t h e r  t han  o i l ,  s o  t h e  lowes t  f l u i d - f i l l e d  n=2 l o b a r  f r equency  is s l i g h t l y  lower ; 
867 Hz. 
F i d u r e  7 - A c c e l e r a t i o n  Response o f  Non-Pianar P ip ing  System: 
Drive Poin t  Aooelerance 
fresh water. Fluid fre  suriaces are as umed at both ends of the system. (Experi-
mental y. such conditions could be simulated approximately by capping the ends with 
flexible rub er membranes.) The loading for this system is a time-harmonic force 
applied to the structure in the axial direction at point 1. The entire system is 
as umed to be fre ly suspended. No experimental data are available for this system. 
Both beam and 3- finite element m els were prepared for this piping system. 
lhe beam model. Which consisted of 21 beam elements. had 154 OOF. nle j- model 
(Figure 6) had about 750  DOF (dry) and 9 0  DOF (fluid-fill The as lJlled los  
factor used for both analyses was 0.02. independent of frequency. 
The response predictions for this system are shown in Figures 1 and 8. Since 
the same pipe size is used as in the planar system. the lowest n=2 dry lobar mode 
oc urs at the same frequency. 106  Hz. This pipe, however, is fil ed with water 
rather than oil. so the lowest fluid-fill n=2 lobar frequency is slightly lower: 
861 Hz. 
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F i g u r e  8 - A c c e l e r a t i o n  Response o f  Non-Planar P ip ing  System: 
Trans fe r  Poin t  Accelerance 
The f l e x i b i l i t y  f a c t o r s  f o r  t h e  90-degree elbows i n  t h e  beam model were esti- 
mated from t h e  t a b l e s  pub l i shed  by Quezon and E v e r s t i n e  (Ref. 14) f o r  90-degree 
elbows wi th  v a r i o u s  l e n g t h s  of p i p e  e x t e n s i o n .  The f l e x i b i l i t y  f a c t o r s  f o r  t h e  
45-degree elbow i n  t h i s  system were es t ima ted  from s i m i l a r  t a b l e s  nc ' he ing  compiled 
f o r  45-degree elbows. (These  t a b l e s  w i l l  be pub l i shed  soon.) The f ' S i l i t y  
f a c t o r s  used i n  t h i s  beam a n a l y s i s  a r e  l i s t e d  i n  t h e  second and t h i r c  ~ l u n n s  o f  
Table 2. 
As seen  i n  F igu res  7 and 8, t h e  t w  a n a l y s e s  (bean  and j - D )  a r e  i n  v e r y  c l o s e  
agreement up t o  about  550 Hz, which is abou t  632 o f  i;he lowes t  n=2 f l u i d - f i l l e d  l o b a r  
mode (867 Hz) of' t h e  p i p e .  T!~is adreernent i n d i c a t e s  t h a t  t h e  bean model is a v a l i d  
model f o r  low f r e q u e n c i e s .  
SENSITIVITY OF RESPONSE TO FLEXIBILITY FACTORS 
1 
Here we use  t h e  beam model o f  t h e  non-planar  p i p i n g  system t o  d e t e w i n e  t h e  
: effects o f  e r r o r s  i n  t h e  f l e x i b i l i t y  f a c t o r s  used i n  t h e  a n a l y s i s .  A s  we i n d i c a t e d  
( 
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Figure 8 - ccelerat.ion esponse of - la ar Piping Syste : 
Transfer Point ccele:-ance 
10000 
The flexibility factors for the 90-degree elbows in the bea  odel ere esti-
ated from the tables pU lished by uezon and Everstine ( f. 14) for 90-d r  
elbows ith various lengths of pipe extension. The fl xibi~ity factors for the 
45-degree elbow in this system ere estimated from si ilar tables nc; . heing caaplled 
for 4 - r  elbo s. (These tables ill be published so .) he f '~ility 
factors used 1n this beam analysis are listed in the second and thir~ >lumns of 
Table 2. 
As seen in Figures 1 and 8. the t  analyses (beaD and j-O) are in very close 
agree ent up to about 550 z, hich is about 63S of th  lowest n:2 flui -fill  lobar 
ode (867 z) of the pipe. TIlis a~reement indicates that the be alit Inodel is a valid 
odel for low frequencies. 
SENSITIVITY OF RESPONSE T  FLE IBILITY FACT RS 
ere we use the bea  odel of the no - la ar piping system to determine the 
effects of errors in the flexibility factors used in the analys1~. s we indicated 
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TABLE 2 - FLEXIBILITY FACTORS FOR NON-PLANAR PIPING SYSTM 
in  the preceding sec t ion ,  the f l e x i b i l i t y  f a c t c r s  used were based on tab les  fo r  90- 
degree elbows published by Puezon and Everstine (Ref. 14) and other ( a s  yet)  unpub- 
l ished tab les  for  4Sdegree elbows with various lengths of s t r a i g h t  pipe extensions. 
Because the  low frequency beam r e s u l t s  using these  f ac to r s  agree well w i t h  the 3-l) 
model r e su l t s  in  Figures 7 and 8, these  f l e x i b i l i t y  f ac to r s  a r e  considered reasonably 
accurate.  
ELBOW 
1 (YO-deg. SH) 
2 (90-deg. SR) 
3 (45-deg. LH) 
For comparison purposes, analyses were a l s o  rnade using tuo other s e t s  of f l ex i -  
b i l i t y  factors .  The f i r s t  s e t  was t h a t  calculated by the ELBOW cunputer program 
(Ref. 17). ELBCM is probably typ ica l  of the ideal ized approdches used b y  piping de- 
signers.  ELSOW'S f l e x i b i l i t y  f a c t o r s  a r e  i n  close agreement (Ref. 17) with the  
current  ASME code (Ref. j O j ,  which, f o r  zero in t e rna l  s t a t i c  pressure,  uses the 
re la t ion  
2 OR~GINAL PAGE 13 
k = 1-65 r / t R  OF POOR QUALITY (12) 
FLEMBILITY FACTORS 
where k is the f l e x i b i l i t y  f a c t o r ,  r is the mean radius,  t is the  wall thickness ,  and 
R is the bend radius.  The ELBOW program f l e x i b i l i t y  f ac to r s  a r e  l i s t e d  i n  colunn 4 
of Table 2. 
?he second addi t ional  s e t  o f  f l e x i b i l i t y  f ac to r s  used f o r  an ana lys is  was 
obtained merely by s e t t i n g  k = 1.0 for a l l  fac tors .  This analysis  would show the 
consequences of ignoring the  f l e x i b i l i t y  f ac to r  e f f e c t  en t i r e ly .  
BASED ON REF. 14 
The response predictions for  a l l  th ree  s e t s  of f l e x i b i l i t y  f ac to r s  a r e  shown i n  
Figure 9 ,  in whiclr the d r ive  p i n t  accelerdnces ( t h e  r a t i o  of deceleration t o  force)  
a r e  plotted over the frequency range 100 Hz t o  1000 Hz ( t h e  low frequency redime!. 
Figure 9 c l ea r ly  indicates  the importance of using accurdta f l e x i b i l i t y  f ac to r s  i n  
t he  analysis.  
ELB Ckl 
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We have described two d i f f e r e n t  f i n i t e  elaoent modeling procedures for predict-  
ing the  dynarnic response of general 3-D f lu id - f i l l ed  e l a s t i c  piping systerns. lhe 
beam model, a ' ~w frequency procedure, was, for the non-planar system considered, 
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1 1  
- Flexibi l i ty  Factors BMd On Ref. 14 
- - - Flexibi l i ty  Faatom by IbKW (Rot. 17) 
. . . . . F l e d b i l i t y  Factor Bffmt I(aor0d (k8l.O) 
F i g u r e  9 - S e n s i t i v i t y  o f  Non-Planar P i p i n g  System Response t o  F l e x i b i l i t y  F a c t o r  
Y 
a 
I( 
2 
v a l i d  f o r  f r e q u e n c i e s  up to  a b o u t  63% o f  t h e  l o w e s t  f l u i d - f i l l e d  l o b a r  ( n = 2 )  p i p e  
mode. For  f r e q u e n c i e s  between t h a t  and 100% o f  t h e  n=2 mode, t h e  g e n e r a l  f i n i t e  
e l e m e n t  mode l ing  p r o c e d u r e  d e s c r i b e d  c o u l d  be used .  For still h i g h e r  f r e q u e n c i e s ,  
where t h e  modal d e n s i t y  is h i g h ,  t h e  f i n i t e  e l e m e n t  a p p r o a c h  r e m a i n s  t h e o r e t i c a l l y  
v a l i d ,  b u t  t h e  a n a l y s t  is p r o b a b l y  wiser t o  u s e  s t a t i s t i c a l  e n e r g y  a n a l y s i s  (S. E.A.) 
t e c h n i q u e s  ( R e f .  31 i n s t e a d .  The S.E.A. t e c h n i q u e s  a r e  p a r t i c u l a r l y  w e l l  s u i t e d  t o  
t h e  h i g h  modal d e n s i t y  r e g i m e .  
(See Table 2) 
a 1 a . a A 
It was shown t h a t  t h e  a c c u r a c y  of  beam a n a l y s e s  o f  p i p i n g  s y s t e m s  d e p e n d s  
s t r o n g l y  on t h e  a c c u r a c y  o f  t h e  f l e x i b i l i t y  f a c t o r s  used .  Such f a c t o r s  are n o t  
r e q u i r e d  i n  t h e  j - D  f i n i t e  e l e m e n t  ~ o d e l  s i n c e  t h e y  a r e  i m p l i c i t  i n  a s h e l l  model o f  
t h e  p i p e .  
F i n a l l y ,  t h e  beam a n a l y s e s  p r e s e n t e d  h e r e  used s t r a i g h t  beams t o  model t h e  b e n d s  
( e l b o w s ) .  It would c l e a r l y  be p r e f e r a b l e  t o  u s e  i n s t e a d  c u r v e d  beam e l e m e n t s ,  i f  
a v a i l a b l e  . 
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neXibility Facto ... Baaed on .et. 1 t 
neXibi1ity Faoto ... by ELBO  (le . 1 ) 
FleXi lity Faotor stteet Isn e  (k.1 0  
(See Table 2) 
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Figure 9 - Sensitivity of Non- Piping S),stem Response to Flexibility Factor 
valid for frequencies up to about 6jS of the lowest fluid-fille lobar (n=2) pipe 
mode. For frequencies betwe n that and 10 ~ of the n=2 mode, the general finite 
element modeling procedure described could be used. For stil  higher frequencies, 
where the modal density is high, the finite element approach remains theoretical y 
valid, but the analyst is probably wiser to use statistical energy analysis (S.E.A  
techniques (Ref. jl) instead. The S.E. techniques are particularly wel  suited to 
the high modal density regime. 
It was shown that the accuracy of bearD analyses of piping systems depends 
strongly on the accuracy of the flexibility factors used. Such factors are not 
required in the j- finite element model since they are implici t in a shel  model of 
the pipe. 
Final y, the beam analyses presented here used straight beams to model the bends 
(elbows). It would clearly be preferable to use instead curved beam elements, if 
available.
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PROPAGATING PLANE HARMON I t  WAVES THROUGH FINITE LENGTH PLATES 
OF VARIABLE THICKNESS USING FINITE ELEMENT TECHNIQUES 
J .  H. Clark, A. J. Kal  inowski, C. A. Wagner 
NAVAL UNDERWATER SYSTEMS CENTER 
NEW LONDON, CONNECTICUT 06320 
ORIGINAL PAGE S 
OF POOR QUALITY SUMMARY 
Closed form so lu t ions  e x i s t  i n  the 1 i t e r a t u r e  f o r  propagat ing plane har- 
~nonic  waves through i n f i n i t e l y  long  un i fo rmly  t h i c k  p l a tes  which a re  immersed 
i n  f l u i d s .  These so lu t ions  f a i l  t o  account f o r  the edge e f f e c t s  present i n  
f i n i t e  l eng th  p l a t e s  and address on ly  p l a t e s  o f  un i form thickness. Th is  paper 
presents an ana lys is  us ing f i n i  t e  element techniques which addresses the  prop- 
agat ion o f  a un i form i n c i d e n t  pressure wave through a f i n i t e  diameter axisymme- 
t r i c  tapered p l a t e  imnersed i n  a f l u i d .  The approach u t i l i z e d  i n  developing a 
f i n i t e  element s o l u t i o n  t o  t h i s  problem i s  based upon a technique f o r  axisymme- 
t r i c  f l u i d  s t r u c t u r e  i n t e r a c t i o n  problems presented i n  the  Tenth NASTRAN Con- 
; ference ( r e f .  I ) .  
The problem addressed i n  t h i s  paper i s  t h a t  o f  a 10 i nch  diamet.er axisym- 
me t r i c  f i x e d  p l a t e  t o t a l l y  immersed i n  a f l u i d .  The p l a t e  increases i n  t h i ck -  
ness from approximately 0.01 inches t h i c k  a t  the center  t o  0.421 inches t h i c k  
a t  a rad ius  o f  5 inches. Against each face o f  t he  t-pered p l a t e  a c y l i n d r i c a l  
f l u i d  volume has been represented extending f i v e  wavelengths o f f  the p l a t e  i n  
the a x i a l  d i recton.  The outer  boundary o f  the f l u i d  and p l a t e  regions have 
been represented as a r i g i d  encasement c y l i n d e r  as was near ly  the  case i n  the 
physical  problem. 
The pr imary o b j e c t i v e  o f  the ana lys is  i s  t o  determine the form o f  the 
t ransmi t ted  pressure d i s t r i b u t i o n  on the downstream s ide  o f  the  p la te .  A 
secondary purpose i s  t o  demonstrate the f e a s i b i l i t y  of employing the  r e f .  1 
f l  u i d - s t r uc tu re  i n t e r a c t i o n  technique on a 1 arge D.O.F. problem, and i n  f a c t  
running t h i s  l a r g e  problem uncovered a bas ic  e r r o r  i n  the NASTRAN coding f o r  32 
b i t  machines (e.g., VAX o r  IBM 360, 370, o r  3033) when employing MPC o r  DMIG 
cards. These e r ro r s  could impact any r i g i d  format. 
The f i n i t e  element model used cons is ts  o f  7455 nodes comprising 7191 ax i -  
symmetric r i n g  elements. Both the f l u i d  and the p l a t e  s t r u c t u r e  have been 
represented us ing axisymmetric CTRAPAX and CTRIAAX elements. The fl u i d  ( sea- 
water) elements and s t r u c t u r e  ( p l a t e )  elements a re  l inked together  a1 ong t h e i r  
boundary by u t i l i z i n g  a dup l i ca te  se t  o f  nodes and a d i r e c t  ma t r i x  i n s e r t i o n  
c a p a b i l i t y  w i t h i n  NASTRAN. This  enables the incorpora t ion  o f  the s t i f f n e s s  and 
mass coup l ing  terms i n  the  s t i f f n e s s  and mass matr ices respec t i ve ly .  
The p l a t e  i s  loaded w i t h  a un i form harmonic pressure wave ( f  = 100,000 Hz) 
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  ALI  SUMMARY 
ed r  l ti  i t in  literature r gating l e r-
l:1onic  r ugh it ly l ng ifor ly t ick s i h re i d 
in  ol ti  il o ccount r   f ts ent in 
ite l gth t s nd s ly t s f iform e i  r 
ents n aly is ing i ite l t i  i h   
ation f  iform i i nt sure  rough  ite i t r xi
tric t red l te i m d in  f .  pproach tilized in veloping  
i ite l nt olution to t is r blem is sed on  t chni  f r xi
tric fluid tructure i t raction r l  ented in t e th TRAN 
f r ce ( 1 . 
e roblem r sed in t is per is t t f  10 i ch i er xi y
tric fi ed l te t tal y i ed in  f  l te i s in t i
s from pproxi tely i s t ick t t e t r to . i s t ick 
t  di s f  i t ach f ce f t e ~p l te  li rical 
fluid l  s en sented xtending five t s ff t e l te in 
t e xial i e t r ndary f t e fluid nd l te r gions ave 
en r r sented s  rigid ncasement li r s s arly t e se in t e 
ical r l
e ri ary j ctive f t e nalysis is to termine t e f rm f t e 
transmitted r ssure istribution on the tream side f the l . 
secondary r se is to tr te t e f asibility f ploying t e r f.  
fluid-struct r  i t raction t chnique n  large .F. r . nd in f ct 
r nning t is l rge roblem overed  sic rror in t e TRAN oding f r 2 
it i s (  •• AX r I M . . r ) n ploying  r I  
c e errors ould i ct ny rigid f . 
e fi ite ele ent odel sed c i ts f 7455 es co rising 7191 axi-
sy tric ring el th the fluid and the l te structure ave een 
r pr sented sing axisy tric TRAPA  and TRIAAX el e fluid (sea-
t r) ele nts and structure ( l te) ele nts are linked t ther along t eir 
ndary by tilizing a li te set f es and a ir ct trix i sertion 
capability ithin . is enabl s the i rporation f the stiff s and 
ss coupling ter s in the stiff ss and ss tri s r spectively. 
e l te is l aded ith a niform ar onic r ssure ve (f  1 , z) 
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which propagates a x i a l l y  through the inc ident  side f l u i d ,  i n t o  the plate, and 
then ou t  i n t o  the transmi t t e d  side f l u i d .  
Presented resu l ts  consist  o f  p lo t s  o f  pressure along both the inc ident  and 
transmitted surfaces o f  the tapered plate. I n  addit ion, pressure and phase 
contours throughout the modeled f l u i d s  are presented, 
SYMBOLS 
Values are given i r ~  both S I  and U.S. Customary Units. The mea:'urements 
and calculat ions were made i n  U.S. Customary Units. 
A A  = associated area (eq. (1)) 
c = value o f  term entered on diagonal o f  damping matr ix  
cf = sound wave ve loc i t y  i n  f l u i d  
f = frequency o f  propagating wave 
kf = bulk modulus o f  the acoustic f l u i d  
n, = normal t o  a surface i n  rad ia l  d i rec t i on  
n, normal t o  a surface i n  ax ia l  d i r e c t i o n  
U, = displacement i n  ax ia l  d i rec t i on  
~f = mass density o f  acoustic f l u i d  
INTRODUCTION 
Sternberg, e t  a1 . , ( r e f .  2 )  have experimcntally demonstrated the frequency 
independent charac ter is t i cs  o f  acoustic f i  1 t e r  p lates w i th  regards t o  beamform- 
i ng character is t ics.  Mathematical approaches have been undertaken t o  ana ly t i -  
c a l l y  account f o r  t h i s  phenomena wi th  varyis-9 d e ~ r e e s  o f  success. The objec- 
t i v e  o f  t h i s  p ro jec t  was t o  u t i l i z e  the f ind  t e  element method t o  model the 
transmission o f  a plane harmonic wave through a f i l t e r  p la te  o f  var iable th ick-  
ness imnersed i n  sea water. This f i l t e r  p l a t e  e f fec t ,  i f  used i n  conjunction 
w i th  an acoustic lens, develops beams which are independent of frequency and o f  
constant width. A typ ica l  conf igurat ion i s  shown i n  Figure 1 and has been 
exper {mental 1 y tested. 
The anslysis presented accounts f o r  the r i g i d  containment cyl inder, the 
tapered c i r c u l a r  steel f i l t e r  plate, the transmission side f l u i d  ins ide the 
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containment cy l inder  and the inc ident  s ide f l u i d  which theo re t i ca l l y  extends t o  
i n f i n i  ty. The rubber acoustic lens discussed b r i e f l y  above has been excluded 
from t h i s  analysis i n  order t o  i s o l a t e  the e f f e c t s  o f  the f i l t e r  plate. 
Since the actual s t ructure i s  axisymmetri.: the f i n i t e  element model u t i -  
l i z e d  i s  a lso axisymmetric. The f i l t e r  p l a t e  has been analyzed by using the 
d i  spl acement method w i th in  NASTRAN . The f l  u i  d has been inadel ed i n  accordance 
wi th  an axisymnetric pressure analogy ( re f .  1).  The d r i v i n g  force consists o f  
a plane harmonic wave a t  100 kHz a t  normal incidence t o  the steel  plate. Pres- 
sure and phase d i s t r i bu t i ons  throughout the inc ident  and transmitted f l u i d  
volumes are t o  be computed, To enhance the presentat ion of the rather  exten- 
sive pressure and phase data, pressure and phase contours throughout the 
in terna l  and external f l u i d  have been presented. I n  addi t ion,  p l o t s  o f  pres- 
sure along the inc ident  and transmitted surfaces o f  the f i l  t e r  p la te  are 
presented. 
Model Devcl opmen t 
As deta i led  i n  re f .  1 the development o f  a f i n i t e  element model f o r  any 
axi  symnetric f l u i d  st ructure i n te rac t i on  problem requires several steps. For 
la rge degree o f  freedom problems model sizing, element sizing, and element 
selectJon are reasonably straightforward, however, they must be addressed cau- 
t i o u s l y  i n  order t o  avoid both technical misjudgments and excessive computer 
cost. 
I. Siz in  . The pa r t i cu la r  piece of hardware modeled i s  wel l  defined. As TP shown i n  gure 2 the encasement cy l inder  i s  5" (12.7 cm) i n  length  and 0.5" (1,27 cm) thick. The f i l t e r  p la te  i s  10' (25.4 cm) i n  diameter and tapers from 
.08" (0.203 cm) a t  the center t o  0.421" (1.06 cm) a t  a 4" (10.16 cm) radius. 
The locat ion  o f  the d r i v ing  surface i s  2.5" (6.35 cm) away from the f i l t e r  
p la te  surface and a t  the end o f  the containment cy l inder .  The area between the 
f i l t e r  p la te  and d r i v ing  surface i s  f l u i d  f i l l e d .  On the downstredm side the 
modeled f l u i d  extends t o  the end o f  the containment cy l inder .  The f l u i d  w i t h i n  
the containment c y l  inder extends 4 wave1 engths o f f  the plate. 
The important aspect r e l a t i n g  t o  element s i z ing  f o r  steady s ta te  f l u i d  
st ructure i n te rac t i on  problems i s  t h a t  the d i  s ;ri but ion  o f  nodes throughout the 
model be such t h a t  plane harmonic waves a t  .he frequency o f  i n t e r e s t  can ade- 
quately be described. As developed i n  re f .  3 adequate representat ion o f  the 
pressure waves i s  ensured by us:og ten nodes per wavelength o r  i n  t h i s  case 
where f = 100 kHz the node spacing becomes 0.06" (0.152 cm). This i s  based 
IIpon a wave propagation ve loc i t y  i n  seawater o f  60000 in/sec (152400 cmlsec) . 
With node spacings t h i s  small and a model geometry as described above, the num- 
ber o f  degrees o f  freedom approaches the 1 i m i t s  o f  COSMIC NASTRAN on the VAX 
11/780. 
Since an axisymmefric pr-essure analogy so lu t ion  has been invoked f o r  the 
f l u i d  elements, the select ion o f  mating element type i s  l im i ted .  Several axi-  
symnetric elements e x i s t  w i th in  COSMIC NASTRAN, however, previous success w i th  
CTRAPAX acd CTRIAAX elements determined select ion. These elements have been 
used t o  represent both the f l u i d  and f i l t e r  plate. As w i l l  be discussed i n  the 
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next  sect ion, the conta i  nment c y l  i nder and d r i v i n g  surfaces are represented as 
boundary o r  1 oad condi t i  ons. The f i n i  t e  e l  ement model developed according t o  
the above discussion i s  shown i n  F igure  3. 
11. Soundar Condit ion. The bouqdary cond i t i on  addressed nex t  i s  the  
coupl ing o d u ~ r n ~ ~ t s  (modeled w i t h i n  an a x i  symmetric pressure 
analogy) t o  the s t r uc tu re  elements (modeled w i t h i n  the displacement method). 
Th is  coupl i ng when us ing ax i  symmetric elements requ i res  dupl i c a t e  nodes a1 ong 
any J u i d  s t r uc tu re  boundary. These dup l i ca te  nodes are then u t i l i z e d  i n  
formulat ing the o f f  diagonal coupl i n g  terms w i t h i n  bo th  the  mass and s t i f f n e s s  
matr ices f o r  each o f  the elements involved. The d e t a i l s  o f  the coup l i cg  pro- 
ocedure a re  g iven i n  r e f .  1 and a re  n o t  repeated here. 
W The mass terms are given as, - A' p t n and - A pf k ,  , f 'f r 
and s t i f f n e s s  terms are g iven as, All nr a ~ i d  ~4 nz 
The physical  nature o f  the f i l t e r  p l a t e  hardware enables representat ion o f  
the  c y l i n d r i c a l  containment c y l  ~ n d e r  as a r i g i d  ou te r  f l u i d  boundary condi t ion,  
and i s  expressed as 
where p i s  the f l u i d  pressure. 
Th is  boundary cond i t i on  i s  implemented w i t h i n  the pressure anology by 
f ree ing  a1 1 cons t ra i n t s  along the containment c y l  i n d e r l f l u i d  i n te r f ace  ( i  .e., 
no surface tractioti:) . 
The externa l  f l u i d  boundary i s  terminated w i t h  f l u i d  dampers i n  suti) a way 
t h a t  the  f l u i d  appears t o  extend t o  mathematical i n f i n i t y .  Since NASTRAN does 
n o t  conta in  any ax i  symmetric dashpot elements, t h i s  e f f e c t  was developed us ing 
a d i r e c t  md t r i x  i n s e r t i o n  technique s i m i l a r  t o  t h a t  requ i red  along the  f l u i d 1  
s t ruc tu re  boundary. To each node along the f l u i d  boundary the magnitude o f  the 
lumped damping term t o  be i nse r ted  i n  the  dampinp ma t r i x  i s  g iven as 
b AA kf 
c ' -- 
f 
As r i i t h  the s t i f f n e s s  and mass terms descr ibed prev ious ly ,  the l o c a t i o n  o f  the 
damping term w i t h i n  the damping m a t r i ~  i s  developed i n  r e f .  1. 
111. L9adin . Plane harmonic pressure waves w i l l  be the  predominant load  
type seen by --! the il t e r  p la te .  The plane harmonic wave u t i l  i zed  i n  t h i s  prob- 
lem i s  a t  a frequency o f  100 kHz and has a magnitude o f  1 p s i  (6895 P 1. Ti t is  
wave emanates from the ou te r  f l u i d  boundary p a r a l l e l  t o  .;ke f l a t  metal surface 
and impinges on the f i l t e r  p l a t e  a t  normal incidence. The boundary cond i t ions  
and load ing  scheme are shown i n  F igure  3. 
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DISCUSSION 
I n i t i a l  attempts t o  execute NASTRAN and develop solut ions f o r  the pressure 
f i e l d  resu l t ing from the tapered f i l t e r  p la te  were unsuccessful. Several out  
o f  the ordinary problems were encountered whi 1 e making these i n i  ti a1 checkout 
computer runs. The f i r s t  o f  these relates t o  the use o f  the DMIG card or  MPC 
card o t i o n  wi th larger problems on a 32 b i t  machine ( i n  t h i s  case the VAX 
111780P. 
Af ter  considerable time and expense, it was discovered t h t t  the problem 
arises when a model has a large n~mbe$~o f  nodes such t ha t  the combined row and 
col  m n  internal  node number exceeds 2 ( the 32 b i  t word can no 1 onger repre- 
sent an unsigned integer of t h i s  size). As a resu l t  when NASTRAN attempts t o  
order the l i s t  o f  row qnd column I D ' S  i n  a monitonically increasing order, the 
large internal  node numbers actual ly  appear as smaller negative numbers because 
the sort ing routine processes the 32nd b i t  as a plus o r  minus sign. As a 
resu l t  the DMIG card coupling terms were a r b i t r a r i l y  associated wi th  a node 
e l  sewhere i n  the matr ix thus voiding the coup1 ing  ef fect .  Coding changes were 
suggested by RPK Corporation and ul t imately corrected t h i s  error. The coding 
change a1 te rs  the internal  node sort ing routine i n  such a way tha t  the 32nd b i t  
i s  read as par t  o f  the node number and not as a plus (+) or  minus ( - 1  sign. 
Subsequent runs denonstrated propar placement o f  the DMIG card coupling terms. 
The second, less serious p;. : ! :!n encountered relates t o  the mass d is t r ibu-  
t i o n  for elements which are very close t o  the centerline. 
NASTRAN calculates the lumped mass of an; axisymnetric element by f i r s t  determi n- 
ing  the centroid o f  the elements nodes. This radius i s  then used t o  determine 
the circumference o f  the r i ng  element. Knowing the length and height o f  the 
e l e n t  then enables a determination o f  the area and therefore mass o f  the 
en t i re  r i n g  element. This mass i s  a1 located equally t o  each o f  the four nodes 
c m p r i  s i  ng the elements connectivi ty . For 1 arge rad i  i t h i s  a1 1 ocation sc. ;erne 
i s  very accu; ate, ilow:ver, when the radius t o  ihe centroid o f  the element i s  
less than f i v e  times the node spacing s ign i f i can t  errors resu l t  (as much as 
40%). This er ror  has been corrected by using the elements outer and inner 
r a d i i  t o  calculate r i ng  areas re l a t i ve  t o  the centroidal radius. This divides 
each r i ng  element i n t o  an w t e r  annriua and an inner annulus. The mass o f  the 
outer an l t~ lus  i s  allocated t o  the two outer annulus nodes. The mass o f  the 
inner annulus i s  al located t o  the two inner nodes. The FORTRAN coding changes 
made t o  the TRAPAD and TRIAAD subroutine i n  NASTRAN are shown i n  Figures a and 
5. The l i nes  tha t  have changes are mainly i n  the l i nes  without the column 
73-80 card number designators. 
RESULTS 
The NASTRAN solut ion t o  a steady state f l u i d  structure i nteraction problem 
consists o f  the pressure 3nd phase d is t r ibu t ion  throughout the f l u id .  For very 
large problems t h i s  data is r~!nbersome t o  interpret ,  consequently two data pre- 
SION 
itial tt ts o t   nd v l p ol ti s r  sure 
i ld sulting f o t e t red r l te r  . everal t 
f t e r i ary r l  r  c t red le king t  i i ial ck t 
t r  t f t  l t s to t e e f t e IG rd r 
rd p n th r r l     Mt chi e in i     
/7 ) • 
r i r l  i  nd  i red zt  r le  
ri s   del s  r e umbe§20f s uch t  i ed  nd 
olu n rnal  r ds t   i r  n  lon r 
nt n i ed r i  i  sult   tt t  o 
r  t f  ~  l n s n  i l  sing  
r e rnal e rs ctual y r s ll r ativ  rs se 
 orti g ti e   d it   l s r i s i  
ult  I  rd li g r   r itrarily soci t     
lsewher  n  trix  i i g  li g i g   
t d  ti  d t ly t  i    i g 
 lt r   r al  rti  ti  n ch t  d it 
s d  rt f   r d t  l  ) r  ) . 
q ent  ~dOnstr t  r t f  I  rd li g 
 s ri  ,-... ; :m t r d     tri
i n l t  i  r  ry l  o  t
T A  l   l ed s ~' i yum tric l t  t t r i
g  ntroid f  l t   i  s n ed  ter i  
  f  i g l  ing  gth d i t f  
lemPnt n l   ter i tion f  r  d r f r   f  
tir  i g l i   s ll ted ual y o ch f  r s 
Olip ing  l  ctivit . r lar  ii i  llocation c, eme 
s r  ~at . j,o :!ver,   i   ,  ntroid f  l t h 
 n     ci  i if t rr  ult s ch  
1).  rr r s en t d  ing  l t  r d r 
di  o l l t  i g  l ti  o  ntroidal   
ch i g l t to  out  nn~i ~ d  r .   f  
 nlt"lus  l t     r l    f  
r l   l t d    r  T  i   
    l  r ti  n  r   n  ~  
.   t ~   r  i ly ~    t  l  
rd Fr s. 
UL  
  l ti n  t d  t t  i  t  t racti  l  
i t  f  r  ~ ~  tri ti  t  r r  
  i  t  JO"mber e  quently  t  
165 
" 
sentations have been developed. The f i r s t  consists o f  a p l o t  o f  the pressure 
along the upstream and downstream sides o f  the tapered metal plate. This data 
shown i n  Figures 6 anc 7 show several areas o f  higher pressure transmission 
through the tapered plate. The major peak t o  peak f luxuat ions along the p l a t e  
surface i n  the pressure p l o t s  cor re la te  w i th  the submerged p la te  f lexure  wave- 
lengths ex i s t i ng  i n  a constant-thickness submerged p l a t e  whose thickness i s  the 
average type thickness. 
A f i n e r  mesh d i s t r i b u t i o n  r a d i a l l y  along the center l ine  i s  needed i n  order 
t o  properly model the s t i f f n e s s  i n  the p l a t e  and thus p ick up the transmitted 
pressure. This i s  why the transmitted and inc ident  pressures are too la rge a t  
the centerl ine. Subsequent runs w i t h  a f l u i d  p l a t e  ( f i e l d  so lu t ion  i s  known) 
demonstrated t h a t  t h i s  e r r o r  near the center l ine  was loca l i zed  t o  two o r  three 
elements. 
A second and, i n  t h i s  case, more useful presentat ion o f  t h i s  data i s  a 
co lor  graphics format o f  pressure and phase contours. Pressure contours ;re 
shown i n  Figure 8. A not iceable e f f e c t  depicted by these pressure contours i s  
the red i rec t ion  o r  fncusing o f  the pressure towards the center1 ine. Equally 
important, the appearance o f  annular regions o f  increased energy transmission 
08.e evident. There are regions where more energy transmits through the p la te  
than i n  s im i la r  neighboring regions. The phase contour shown i n  Figure 9 i s  
evidence o f  the transmission o f  an actual plane wave from the d r i v i n g  boundary 
through the inc ident  side f l u i d .  The bands o f  constant and repeating phase 
angles v e r i f y  t h i s  plane wave. The d i scon t inu i t i es  i n  the phase contours i n  
the downstream f l u i d  cor re la te  w i th  ce r ta in  redi rected pressure contours ev i -  
deat i n  Figure 8. These acoustic charac ter is t i cs  o f  f i l t e r  plates, whi le 
experimental l y  ver i f ied ,  have not  been readi i y  predictabl  e. The technique 
u t i l  i zed here establ i shes a reasonable pred ic t ion  capabi 1 i t y  . The dove1 opment 
o f  a p red ic t i ve  capab i l i t y  f o r  both the red i rec t i on  o f  the pressure f i e l d  and 
the regions o f  higher energy transmission were object ives o f  t h i s  e f f o r t .  
1. Kalinowski, A, J,, and Nebelung, C, W,, "Solution o f  Axisymmetric F l u f i  
Structure In terac t ion  Problems w i t h  NASTRAN" (U), 10th NASTP4N User's 
Colloquium, NASA CONF Pub1 i c a t i o n  2249, 1982. 
2. Sternberg, R. L., and Anderson, W. A., "A Comparison o f  the Useful Aperture 
Diamete?, D i r e c t i v i t y  Index and Beam Width f o r  an Acoustic Lens and an 
Acoustic Lens- Acoustic F i l t e r  P la te  Combination", Naval Underwater Systems 
Center Technical Memorandum No. 771187. 
3. Kal inowski, A. J . , and Nebel ung, C. I., "Media-Structure In te rac t i on  
Computation Employing F, rquency Dependent Mesh Sizes w i th  the F i n i t e  
.- 
' , 
Element Method", Sh )ck and V ibra t ion  Bu l l e t i n ,  Vol . 51, 1981. 
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PROPAGATION OF FLEXURAL AND MEMBRANE WAVES 
I 
WITH FLUID LOADED NASTRAN PLATE AND SHELL ELEMENTS 
A. J .  Kal inowski and C. A. Wagner 
NAVAL UNDERWATER SYSTEMS CENTER 
NEW LONDON, CONNECTICUT 06320 
SUMMARY 
This paper i s  concerned w i th  modeling f l exu ra l  and membrane type waves 
ex i s t i ng  i n  various submi.rged ( o r  i n  vacuo) p l a t e  and/or she l l  f i n i t e  element 
model s t ha t  are exc i ted w i th  steady s ta te  type, harmonic loadings proportioned 
t o  e iwt .  Only t h i n  walled p la tes  and she l ls  are t rea ted  wherein ro ta ry  i n e r t i a  
and shear cor rec t ion  fac tors  are n o t  included. More spec i f i ca l l y ,  the issue o f  
determining the shel l  or p l a t e  mesh s ize needed t o  represent the spat ia l  dis- 
t r i b u t i o n  o f  the p l a t e  o r  she l l  response i s  o f  prime imporiance towards suc- 
cess fu l l y  representing the so lu t ion  t o  the problem a t  hand. To t h i s  end, a 
procedure i s  presented f o r  establ i shi ng guide 1 i nes f o r  determining the mesh 
size based on a simple t e s t  model t h a t  can be used f o r  a va r i e t y  o f  p la te  and 
shel l  conf igurat ions such as, (1) c y l  i n d r i c a l  she l l  s w i t h  water loading, ( 2 )  
c y l i n d r i c a l  she l ls  i n  vacuo, (3) p la tes  w i t h  water loading, and ( 4 )  plates i n  
vacuo. The procedure f o r  doing these four  cases i s  given, w i th  spec i f i c  numer- 
i c a l  examples present only f o r  the c y l i n d r i c a l  she l l  case. 
INTRODUCTION 
This paper addresses the top ic  o f  modeling f l exu ra l  waves and membrane 
waves present i n  various types o f  she l l  and p l a t e  type s t ruc tu ra l  configura- 
t ions. The issue a t  haad i s  ~ r r i v i n g  a t  a simple procedure f o r  determining a 
mesh s ize  adequate t o  represent the d e t a i l s  o f  the spat ia l  respcnse d i s t r i bu -  
t ions  necessary t o  achieve some desired l eve l  o f  accuracy. To be sure, i t  
would be too la rge  an undertaking t o  answer t h i s  question fo r  a1 1 possible 
p la te  and she l l  conf igurat ions t h a t  may ar ise ,  however, the selected c lass  o f  
t h i n  walled c y l i n d r i c a l  she l ls  and f l a t  p lates are o f ten  the major bu i l d ing  
blocks o f  a good deal o f  s,tructures. Therefore, the paper w i l l  focus on these 
two conf i g x a t i  ons , wi th  the major emphas' s on the c y l  i ndr i ca l  snel 1 empl oy i  ng 
CCONEAX elements w i th  axisymnetrical loading. Physical problems w i th  f i n i t e  
length dimensions e x h i b i t  so lu t ion  responses t h a t  o f ten  have the form of 
standing wave pat terns as a r e s u l t  o f  r e f l e c t i o n s  from the she l l  boundaries. 
Further, these solut ions do not  have a s ing le  c l e a r l y  def ined constant ampli- 
tude t rave l  i nq wave componen.t as one would have, i n  say, an i n f i n i t e l y  long 
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she l l  o r  plate. A constant amp1 i t ude  t rave l  i n g  wave (prop? a t i n g  i n  the x 
d i r e c t i o n  a t  frequency o) response, R, o f  the form R = Roely'~xht) i s  a desi r -  
able form t o  seek because the constant amplitude Ro and associated spat ia l  wave 
l e n g t h t Y  = 2.rr/y can then be used as a measure f o r  determining the a b i l i t y  o f  a 
p a r t i c u l a r  element t o  represent the desired wave propagation phenomenon. Devi- 
a t ions o f  the f i n i t e  element amplitude response from the exact response con- 
s tant  R and/or deviatons of the f i n i t e  element response phase angle period 
from th? exact spat ia l  per iod can be used t o  judge the mesh refinement neces- 
sary t o  achieve a desired leve l  o f  accuracy. The t h r u s t  o f  t h i s  paper i s  no t  
t o  g ive a hard and f a s t  r u l e  fo r  the number of  elements per wavelength neces- 
sary t o  achieve some desired leve l  o f  accuracy, bu t  ra the r  t o  provide a proce- 
dure f o r  a1 1 owing one t o  establ i s h  h i s  own 1 eve1 o f  accuracy. We take t h i s  
approach because ru les  of thumb are o f ten  dangerous, p a r t i c u l a r l y  i n  the area 
o f  wave propagation i n  p la te  and shel l  structures. There are cases, for  exam- 
ple, i n  a p la te  o r  c y l i n d r i c a l  she l l  where a c u t o f f  p o i n t  e x i s t s  such t h a t  the 
p a r t i c u l a r  problem parameters ( geometry, frequency, and physical constants) 
resul t i n  a s i t u a t i o n  where there i s  no t rave l  i n g  wave. I f  the problem param- 
eters happen to  be such t h a t  the t rave l i ng  wave r o o t  i s  c lose t o  the cut-off 
point ,  a f i n e r  mesh s ize  might be needed t o  proper ly  represent the propagating 
wave s i tua t ion .  
The symmetrical l y  loaded ( 8 independent loading) i n f i n i t e l y  long c y l  inder 
she l l  ( w i t h  o r  without f l u i d  external f l u i d  present) i s  selected as the model 
f o r  examining f lexura l  and nembrane t rave l  ing  waves (see Figure 1).  This same 
model can be used t o  t r e a t  a1 1 four  p l a t e  and she l l  cases ( w i t h  and without 
water) discussed above. The p l a t e  cases can be rea l i zed  by l e t t i n g  a -+ and 
the i n  vacuo cases achieved by se t t i ng  the density o f  the f l u i d  equal t o  zero. 
SYMBOLS 
i = radius o f  c y l i n d r i c a l  she l l  ( i n )  
C = f l u i d  soucd speed ( in /sec)  
c, = shear ve loc i t y  = d m  psi  
cp = i n  vacuo p l a t e  wave speed, n E / ( p S ( l - ~  ) )  ( i n l s e c )  
c, = propagating wave phase ve loc i ty ,  .ly 
c = i n  vacuo p l a t e  wave speed, ( i n l sec )  
f P 
D = p l d t e  modulus = ~ h s / [ l Z  ( 1  - vZ ) ]  of r i g i d i t y  ( I  b/ in )  
f = harmonic frequency (Hz) 
G = shear modulus o f  e las t i c1  t y  ( p s i )  
(1) 
- H o ( ; ) = Ha l te l  Bessel funct ions o f  the f i r s t  k i nd  ord:r O and 1 
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h = p l a t e  o r  s h e l l  th ickness ( i n )  
i = d=i' complex number 
KO( 1; K1() = mod i f ied  Bessel f unc t i ons  o f  o rder  9 and 1 
k  = w/c acoust ic  wave number ( i n -1 )  
kf P = U/C f P i n  vacuo p l a t e  wave number ( i n -1 )  
kp = u /cp  i n  vacuo p l a t e  wave number ( i n -1 )  
L = f i n i t e  element model l eng th  ( i n )  
M, = she l l  l i n e  moment ( l b / i n / i n )  
N, = a x i a l  l i n e  membrane f o r ce  ( l b / i n )  
p  = f l u i d  pressure ( p s i  1 
Q = t ransverse she1 1 l i n e  shear f o r ce  ( i b / i n )  
r = r a d i a l  c y l i n d r i c a l  coord inate ( i n )  
t = t ime v a r i a b l e  (sec) 
u  = a x i a l  mot ion o f  p l a t e  o r  s h e l l  ( i n )  
U, = amplitude o f  u  ( i n )  
w = r a d i a l  mot ion o f  p l a t e  o r  s h e l l  ( i n )  
Wo = amplitude o f  w ( i n )  
x  = p l a t e  coord inate d i r e c t i o n  normal t o  p l a t e  ( i n )  
z = a x i a l  c y l i n d r i c a l  coord ina te  v a r i a b l e  ( i n )  
A = wavelength o f  propagat ing wave Y 
Y = t r a v e l i n g  wave number f o r  z d i r e c t i o n  ( i n - 1 )  
Yr = r ea l  p a r t  o f  y 
yi = imaginary p a r t  o f  y 
P = mass dens i t y  of f l u i d  ( l b I sec2  in -4 )  
Ps = mass dens i t y  o f s t r uc tu re  ( lb /secz  in -4 )  
v = Poisson 's  r a t i o  o f  s t r u c t u r e  
h = plate or shell thickness (in) 
i = •• [:1' comp 1 ex number 
Ko(); KI () = modified Bes el functions of order 0 and 1 
k = w/c acoustic wave number (in-I) 
kfp =w/cfp in vacuo plate wave number 
kp =w/cp in vacuo plate wave number 
L = finite element model length (in) 
z = shell line moment (lb/in/in) 
Nz = axial line membrane force (lb/in) 
p = fluid pressure (psi)
(in-I) 
(in-I) 
Q = transverse shell line shear force (lb/in) 
r = radial cylindrical coordinate (in) 
t = time variable (sec) 
u = axial motion of plate or shell (in) 
U =a amplitude of u (in) 
w = radial otion of plate or shell (in) 
 =0 amplitude of w (in) 
x = plate coordinate direction normal to plate 
z = axial cylindrical coordinate variable ( in) 
Ay = wavelength of propagating wave 
(in) 
y = traveling wave number for z direction (i -I) 
Y = real part of y 
Yi = i dginary part of y 
o ~ mas  density of fluid (lb/sec2 in-4) 
Os = as  density of structure (l / ec2 in-4) 
\) = Poi s on IS rati 0 of structure 
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ANALYTICAL WAVELENGTH FORMULATION FOR 
PLATES AND CYLiNDRICAL SHELLS 
The a n a l y t i c a l  formulat ion employed f o r  determining the  exact  re1 a t i onsh ip  
f o r  f r e e l y  propagat ing waves i n  p l a t e  and c y l i n d r i c a l  s h e l l  s t r uc tu res  i s  
impor tant  f o r  i t s  own sake, however, t he  fo rmu la t ion  a1 so d i r e c t l y  leads t o  the 
procedure employed t o  se t  up the  NASTRAN wave1 ength accuracy demonstrati  on 
models. Consequently, some o f  t h e  impor tan t  d e t a i l s  o f  t he  development f o r  the  
f r e e l y  propagat ing wave c h a r a c t e r i s t i c s  equat ion a re  given. The procedure 
g iven w i l l  c l o s e l y  f o l l o w  t he  one g iven i n  r e f .  2, except t h a t  f r e e l y  propagat- 
i n g  ratht-:- than standing wave con f i gu ra t i ons  a re  considered by changing the 
a x i 6 l  ~ a r ; a t i o n  as a complex exponent ia l  v a r i a t i o n  i n  z r a t h e r  than a cosine 
va r i a t i on .  
O f  eventual i n t e r e s t  i s  bo th  the  f l e x u r a l  wave and a x i a l  (membrane) wave- 
leng ths  f o r  p l a tes  ( w i t h  and w i t hou t  water present )  and f o r  i n f i n i t e l y  l ong  
c y l i n d r i c a l  s h e l l s  ( w i t h  and w i t hou t  water present ) .  Th is  c o n s t i t u t e s  2 x 2 x 
2 = 8 d i f f e r e n t  s i t ua t i ons .  However, we can t r e a t  the  e i g h t  cases a t  the same 
t ime by f i r s t  t r e a t i n g  t he  most complex case o f  t he  submerged i n f i n i t e l y  c y l  i n -  
d r i c a l  she l l .  By tak i ng  appropr ia te  l i m i t s  o f  t h i s  case (i.e., water dens i ty  
+ O  o r  she l l  r ad i us  -+ m) we can recover the  o ther  cases o f  i n t e r e s t  w i thou t  
r e q u i r i n g  any new analyses. 
We s t a r t  w i t h  the governing s i m p l i f i e d  t h i n  wa l l  she l l  f i e l d  equat ions f o r  
t he  c y l i n d r i c a l  s h e l l  ( r e f .  1) and corresponding wave equat ion f o r  the  externa l  
f l u i d ,  namely 
v au h2 a'w = - P I  . (l-v2)/(Eh) -- a a z  + F + V F + F ' T
r=a 
sub jec t  t o  the usual boundary cond i t i on  r e l a t i o n  r e l a t i n g  the  pressure g rad ien t  
normal t o  t he  shel 1 and the s h e l l  acce le ra t ion ,  
r=a 
where u, w a re  the  a x i a l  , and r a d i a l  displacements o f  the shel 1 (see F igure  2a 
f o r  p o s i t i v e  sense); p i s  t he  pressure i n  t he  f l u i d ;  h the  s h e l l  th ickness; a 
the rad ius  o f  the  c y l i n d r i c a l  she l l ;  r, z a re  the r a d i a l  a x i a l  c y l i n d r i c a l  
coordinates; E, v are  Young's modulus m y ' s  r a t i o  o f  the  she l l  ; cp i s  
the  p l a t e  wave speed parameter ( 0 1  - 2  ) ; and c i s  t he  acoust ic  wave 
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speed o f  t he  f l u i d .  The s h e l l  equations (1) are  f o r  c l ass i ca l  t h i n  wa l l  p l a t e  
and s h e l l  theory and do n o t  have r o t a r y  i n e r t i a  and shear co r rec t i on  f ac to r s  
included. Consequently, t he  area o f  i n t e r e s t  focused on here in  w i l l  be i n  a 
frequency range o f  u such t h a t  the above two methods co r rec t i on  f ac to r s  a re  n o t  
necessary. Th is  p o i n t  w i l l  be expanded upon l a t e r  i n  the  paper. 
The 0 symmetrical she l l  mot ion represent ing propagating waves i n  the +z 
d i r e c t i o n  are assumed t o  take the  form 
v = O  (no hoop mot ion) ( 4 )  
where and Wo are the y e t  t o  be determined wave ampl i tudes, and y i s  t ! ~ e  
propagating wave number. For outward going waves, the form o f  the  pressure 
s o l u t i o n  i d e n t i c a l l y  s a t i s f y i n g  t he  wave equat ion (2) i s  given by r e f .  2, 
p(r ,z)  = Po ~ t ) ( r - m ) e  i y z ,- iwt  ( 5 )  
which can be e a s i l y  v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  o f  equation ( 1 i n t o  equa- 9 t i o n  (21, where Po i s  the y e t  unknown pressure ampl i tude, and H& ( ) i s  the 
Hanke1,function o f  the  f i r s t  k i n d  o f  order  zero. A s i m i l a r  expression f o r  p 
w i t h  ( (Hankel funct ions o f  the  second k ind)  a1 so s a t i s f i e s  the  wave equa- 
t i on ,  b u t  represents inward coming waves (when k2 > ~ 2 )  o r  resulSs i n  an ever 
increas ing exponential increas ing pressure f i e l d  w i t h  increas ing r when k2 ; y2, 
Ne i ther  of these s i t u a t i o n s  corresponds t o  the phys ica l  problem a t  hand, thus 
on ly  the  Hankel f unc t i on  o f  the f i r s t  k i n d  i s  re ta ined.  
The c h a r a c t e r i s t i c  equation r e s u l t i n g  i n  an i n t e r a c t i o n  equation r e l a t i t l g  
the  d r i v i n g  frequency w and admissible propagat ing wave numbers, Y, i s  obtained 
by s u b s t i t u t i n g  equations ( 4 )  and ( 5 )  i n t o  equat ion ( I ) ,  subject  t o  the bound- 
a ry  cond i t i on  ( 3 )  : a c t u a l l y  s u b s t i t u t i n g  equations ( 4 )  and (5) i n t o  cond i t i on  
( 3 )  leads t o  the r e l a t i o n  between the surface mot ion amplitude Wo and the pres- 
sure ampl i tude Po, namely 
Thus the r e s u l t i n g  two l i n e a r  equations i n  the No, Uo c o e f f i c i e n t s  i s  given by 
The n o n t r i v i a l  s o l u t i o n  i s  obtained by s e t t i n g  the determinant o f  the 
ampl i tude c o e f f i c i e n t s  equal t o  zero resu l  t i n y  i n  
h ($ - .')[A + n y4 - ( u / ~ ~ ) ~  - 
f o r  k2 > y2 
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  sulting t  r ti  n  W o o f  s i n y 
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f r 2   1 
183 
ORIGINAL PAGE W 
OF WOR QUALIP( 
o r  i n  another equivalent form o f  
4 
f o r  y2 > k2 
where the KO ( 1  and K1() are modi f ied Bessel funct ions and are re la ted  t o  the 
Hankel funct ions by the i d e n t i t y  
Noting t h a t  the i n  vacuo f l exu ra l  wave number, k formltla f o r  a p la te  i s  
given by 
1
fp ' 
and the i n  vacuo membrane compressional wave number, k,, , given by 
and f i n a l l y  the acoustic wave number by 
where c i s  the acoustic wave speed o f  the f l u i d  medium; the cha rac te r i s t i c  
equation f o r  the t rave l i ng  wave number, non-dimensionalized w i t h  respect t o  the 
acoustic wave number k, can a lgebra ica l l y  be rewr i t t en  as 
For (ir < 1 
--
. 
, -
" • 
r n t r i l t r  f 
( 
0)2 )[ 1 h2 C
p 
2 - y2 a7 + IT y" 
r    
I I L  II 
f pO R UAUTY 
  o )  l() r  ifi d el i   r  l t d   
l i    tit  
Kn (X) = ~ i n+ 1 H~} ( i X) (8) 
i    n   e l f ' ',l r      
  n   pres~ional p,   
k ::: J£... = -;:=w===., 
p c J E 
p (l-v2 )ps 
 ll   ti r  
k = ~ 
c 
(9) 
(10) 
(11 ) 
   ti     i   t ri ti  
ti    li   t   
ti  r  i ll    
( [ 
1 (k~'l_ (11k )' Jrf$;)H~(kak(t() I~ 
(kpl k)'-(Y/k)') {KaY - -?) (kfp/~)' (ka).J l-(ft tf:'( ka J l~ tY J 
(12a) 
or 
I] 
. 2 
For(f) > 1 
(12b) 
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The o r i g i n a l  dimensional form o f  the cha rac te r i s t i c  equation (7) depended on 
the e i g h t  parameters h, w, E, v, Ps, a, C, f o r  the r e s u l t i n g  wave number y ; 
however, the above equation (12) form only depends on the reduced number o f  5 
non-dimensional parameters, namely $ I k  , ka, alh, and v f o r  the resu l t -  
dng non-dimensional wave numbers ylk. The term ( k f d k )  i s  no t  an independent 
parameter since i t  can be expressed i n  terms o f  the other  ones through the 
re1 a t i o n  
Roots o f  Character is t ic  Equation and Mode Shapes 
The roo ts  o f  the frequency equation (12) cover several special  cases and 
requ i re  fu r the r  elaboration. The roots o f  i n t e r e s t  f o r  f r e e l y  propagating 
waves are those for  which y = y i s  a rea l  quant i ty,  wherein the she l l  response 
has arguments (see equation (415 of the t rave l i ng  wave form i ( y r z  - ~ t )  and
corresponds t o  a wave propagating i n  the +z d i rec t i on  and the corresponding 
wavelength i s 2 i  ven by 
Possibly roots"of the cha rac te r i s t i c  equation are complex (e.g., t h i s  could be 
the case when employing equation (12a) due t o  the complex form o f  the Hankel 
funct ions H,( ) = Jn( ) + i Y,( )). I n  these s i tuat ions,  the complex r o o t  can 
be w r i t t e n  i n  the form y = yr + iyi and subs t i t u t i on  o f  t h i s  quant i ty  i n t o  the 
st. ?ll r e  onse .equation (4),  shows t h a t  the ax ia l  z response i s  proport ional t o  
"P el ( y r + l y i  = elYra' eYiz . Thus the so lu t i on  amp1 i t u d e  would e i t h e r  reduce 
( y i  > 0 )  o r  grow i i ~ d e f i n i t e l y  ( y i  < 0) w i t h  z according t o  the sign o f  yi. The 
wavelength o f  the reducing ( o r  growing) f luxuat ions  i s  s t i l l  given by A, = 2 1 ~ 1 ~ ~  
The case o f  i n t e r e s t  i n  the remainder o f  t h i s  paper i s  the one f o r  which 
there are f ree ly  propagating waves o f  constant amp1 i tude. This s i t u a t i o n  w i l l  
r e s u l t  when (Y/k)2 > 1 wherein the modif ied Bessel funct ions and K have 
real  arguments and consequently equation (12b) usual ly  r e s u l t s  i n  rea f  roots 
f o r  y. The s i t ua t i on  ( ~ / k ) 2  > 1 imp1 i e s  the acoustic wavelength ha = 2 ~ 1 k  i s  
1 onger than the propagating wavelength, hr = 2 . yr. 
For c y l  i ndr ica l  she1 1 s, unl i ke the i n f  i n i  t e  p late,  the axi  a1 membrane 
force N , w i  11 a1 so resul  t i n  a rad i  a1 component o f  motion. Consequently, the 
ax ia l  and rad ia l  motions f o r  the membrane propagation o r  the f l exu ra l  wave 
propagation are coupled. I n  fac t ,  the same character i  s t i c  equation (12b) can 
be used t o  determine both the membrane and f lexura l  propagating wave numbers 
l ax ,  ~fl. Whether a given root ,  y , corresponds t o  the membrane o r  f l exu ra l  wave 
can be establ ished by examining the mode shape. More spec i f i ca l l y ,  the r a t i o  
o f  Uo/Wo can be solved from e i t h e r  o f  the two homogenous equations (6);  upon 
subs t i t u t i ng  the root,  y , i n t o  say the f i r s t  o f  equations (6 )  y i e l d s  
t 
'.-
-. 
~ 
.-
,. 
ollrcrN,c,l FA E rs 
F P R LIT  
l i l    t ri ti ti  7) d  
   , p, '  c    sul ti  Y  
,   ti    l      r  
l  ~/k  pips. /    
in   Y/~ r  fpl   t  
            
l ti  
(13) 
  ti n    
    ti  )  r l ci l  
i   .   t  l  ti  
   Y  Yf   l , i   l   
   ti   )  li   Yr wt) 
   ting    ti    i  
 ~i  
A = 2. (14) Yr 05. i l~  of  t ri ti  ti    .g.,  l   
  l i  ti  )       l 
 n( I n   Vn( »  s,   t       Y  Yr  Y  tit ti    tit    
t. ~ll sp ~ql!at   l   l  
'lYr 'YiJz  ' r.' ff i z •   l ti  plit    
Yi     ndefinitely hi    r i    i   Yi. 
t    i  r    till  Y r  rr/Yr 0 
    r         
  ~ gati    pli .  i ti  l 
lt    i    l  Ko  l  
l  ntl  ti  ) l  l   aT  
  ti  y/k)2   l   ti  A  rr/k  
l   ti  Ar   Yr. 
 ri l ell      l  
 z' ll ls n  i l   l  i l     ti    l 
ti   .   Characteris  ti  )  
   r t     ti   
Yax, Yfl·   Y       l 
  t l   i i    i ,  ti  
 / o   l      s ti   
tit ti      t  ti  )  
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- -  v;/a , v ( u / k ) e  (15) 
"O i (v-y2j ( j f r - ( $ f ) ( t a )  
Upon subs i t u t i ng  ' t h e  v/k r o o t  i n  quest ion i n t o  equat ion (15),  the  s i ze  o f  U o  
r e l a t i v e  t o  W, can be estab l ished,  wherein I Q,/bl >> 1.0 impl i e d  a dominant 
a x i a l  mot ion hence s i g n i f y i n g  a membrane propagat ing wave and I~~/b+,l << 1.0 
impl i e s  a dominant r a d i a l  mot ion hence s i g n i f y i n g  a f l e x u r a l  propagat ing wave. 
L i m i t i n g  Cases o f  General Cha rac te r i s t i c  Equation 
Several 1 i m i  t i n g  cases o f  the  general c h a r a c t e r i s t i c  equat ion (12b) no t  
on ly  prov ide use fu l  i n fo rmat ion  by t h e i r  own m e r i t  ( i  .e., the  t r a v e l i n g  wave 
c h a r a c t e r i s t i c  equat ion o f  a p l a t e  i n  f l u i d  o r  a i r ;  or, the  case o f  a c y l i n d e r  i n  
a i r )  b u t  a t  t he  same t ime p rov ide  i n s i g h t  w i t h  regard  t o  where (i.e., the  range 
of ( y l k ) )  t o  search f o r  the  roo t .  It i s  i n s t r u c t i v e  t o  s t a r t  w i t h  the s implest  
case of an i n f i n i t e  f l a t  p l a t e  i n  vacuo and b u i l d  up t o  t he  more general case 
o f  a submerged i n f i n i t e  cy l inder .  
a i n f i n i t e  p l a t e  i n  vacuo 
This  s i t u a t i o n  i s  r e a l i z e d  by t ak i nq  the  l i m i t  as the f l u i d  t o  s t r u c t u r e  
mass r a t i o  goes t o  zero,  PIP^ + 0, and as t he  non-dimensional frequency param- 
e t e r s  ka -+ a~. It i s  noted t h a t  ka + * can be r e a l i z e d  b having the  rad ius  
a -t a t  a f i n i t e  frequency w = k l c .  Thus equat ion (12b r reduces t o  
which by inspec t ion  has the  r o o t s  
Y =  k p  and y - kfp 
S u b s t i t u t i n g  y = k i n t o  equations (6) shows t h a t  P 
thus, W o  = 0 and Uo i s  any constant, and hence t h i s  mode corresponds t o  pure 
a x i a l  mot ion w i t h  no r a d i a l  motion, thus i n d i c a t i n g  t he  7 = k r o o t  i s  f o r  the 
membrane t r a v e l i n g  wave. S im i l a r l y ,  s u b s t i t u t i n g  y = kf  i n t g  equations (6) 
y i e l  ds P 
# 0 
A 
U o i  [ d / c  2 - kfp] + W o  (0 )  = 0 P 
Uoi [0]  + Wo [0] = 0 
" 
... 
i 
i' 
, 
t 
~ 
.' 
" - > 
o _  la ~ v(r/ k) e 2
Wo - i(~ -y') -((f )' -(~)}a) 
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(15) 
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i l i n  i if i    ti   14l/WbI «  
l   t ial i n  i if i   l ti   • 
  f r l ti n 
r l li   f  r l ti  ) t 
l   ful ti   i   it i .,  li   
ti  f   i   ; ~   f  
i ) t t      rd  i.e.,   
/ ))  r    .   ti      
    t  n   il      r l 
f   i der. 
•   n  
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  ti     
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(17) 
0 
__ J---- "70 .~y-.... 
, o    o  t,      
l    i l i  e)       
 li  e. ilarlj, tit ti  p tB 6) 
l
t
~
 w2/cp  ]  o •  
o i OJ  o • OJ   
186 
(18) 
! thus 1; = 0, and W, i s  any constant  and hence corresponds t o  pure f l e x u r a l  
mot ion w i t h  no a x i a l  motion. 
t i n f i n i t e  p l a t e  i n  f l u i d  
Th is  s i t u a t i o n  i s  s i m i l a r l y  obtained by passing t o  the  l i m i t  as a + i n  
equat ion (12b) and no t i ng  t h a t  ( b ( x ) / K l ( x ) )  - 1 as x +  -. Thus equat ion (12b) 
reduces t o  
where agai n separate membrane t r a v e l  i ng waves and f 1 exura l  t r a v e l  i ng waves r e s u l t  
by separate ly  equat ing the  [ I ,  and [ 1, terms t o  zero i n  qua t ion  (19). Thus 
by inspec t ion  as i n  the i n  vacdo p l a t e  case, 
Y - k 
F - +  
i s  again a r o o t  f o r  t he  membrane propagat ing wave and t he  r o o t  o f  
provides the f l exu ra l  wave roo t .  It i s  noted t h a t  equat ion (19a) i s  a lgebra i -  
c a l l y  equ iva len t  t o  equat ion (7.10) o f  r e f .  2. Upon inspec t ing  equat ion (19a), 
i t  i s  seen t h a t  the e f f e c t  o f  the water presence i s  t o  make the  y/k r o o t  a 
1 arger  value ( i  .e., the  f l e x u r a l  wavelength i s  sma l le r )  than what would have 
been the Ca:e i n  the absence o f  ex te rna l  water. Thus the  water has no e f f e c t  
on the  membrane wa<e roo t ,  however t he  f l e x u r a l  wave r o o t  i s  e f f e c t e d  and must 
be solved numerical Iy u i t h  some s o r t  o f  r o o t  searchir,d scheme. 
i n f i n i t e  i~ vacuo c y l i n d r i c a l  s h e l l  
The c h a r a c t e r i s t i c  equat ion i s  again obtained from the  general (12b) case, 
by passing t o  t he  1 i m i  t as ( p lpS)  -, 0, thus ob ta i n i ng  
which corresponds t o  a cubic equat ion in the  des i red  2 r o o t  and consequently 
can be solved f o r  exac t l y  w i t hou t  r e s o r t i n  t o  3 numerical r o o t  f i nde r .  Due t o  
the presence o f  the l a s t  term i n  equat ion ? 201, y = k p  i s  no longer  the exact  
r o o t  f o r  the membrane t r a v e l  i n g  wave, however, the  ( v y  /a)2 does n o t  usua l l y  
s h i f t  the membrane wave number r o o t  very f a r  from the  p l a t e  so lu t ion ,  y = kpaS 
can be seen a f t e r  so l v i ng  f o r  t he  exact  r o o t s  o f  equat ion (20).  Only p o s i t i v e  
values f o r  y 2  obtained from the  cubic s o l u t i o n  w i l l  correspond t o  f r e e l y  propa- 
ga t ing  waves. A1 though the exact  membrane and f l e x u r a l  r o o t s  a re  coupled 
through the  l a s t  term i n  equat ion (20) ,  an approximat ion o f  t h e  roo t ,  say f o r  
roughing ou t  the mesh s i ze  needed, can be obta ined from the  approximations 
,'~- -
'f 
. 
,. 
, 
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thus Lo = 0, and ~ is any constant and hence corresponds to pure flexural 
i    i l  • 
•    i  
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obtained a f t e r  dropping the normally small ( v  y/a)2 term, hence 
Y " k  
f o r  membrane wives, and 
f o r  f l exu ra l  waves. 
MODELING FLEXURAL AND MEMBRANE WAVES WITH NASTRAN 
A s i m p l i f i e d  model i s  needed fo r  the determinat ion o f  the necessary number 
o f  elements per wavelength required t o  accurately model the membrane and/or 
f l exu ra l  f r e e l y  propagating waves i n  NASTRAN type elements. The procedure used 
here i s  t o  cu t  a segment (say a t  l e a s t  one wavelength long)  ou t  of the i n f i -  
n i t e l y  long model. A t  one c u t  o f  the model ( c a l l  i t  the s t a r t i n g  end "A"), 
moments and forces ex i s t i ng  i n  the f r e e l y  propagating wave are appl ied exp l ic -  
i t l y ;  a t  the other end ( c a l l  i t the terminat ion end "B"), an appropriate 
absorbing boundary condi t ions i s  appl ied (dampers t h a t  r e l a t e  she l l  edge veloc- 
i t i e s  t o  edge moments and forces). The boundary absorbers i m p l i c i t l y  apply the 
appropriate amount o f  moment o r  force t h a t  would have been present interna1:y 
a t  t ha t  sect ion o f  the shel l .  I n  theory, i t  would be possib le t o  apply expl ic-  
i t  appropriately phased mements and forces a t  the terminat ion end as wel l ,  how- 
ever, t h i s  i s  not  done f o r  two reasons. F i r s t ,  there i s  a c e r t a i n  amount o f  
phase angle d r i f t  (an amount beyond the expected terminat ion phase o f  yL)  t h a t  
ex i s t s  as the wave propagates along the ax is  o f  the she11 ( o r  p la te )  and i t i s  
not  known a p r i o r i  what the phase d r i f t  i s  so t h a t  the terminat ion moments and 
forces can' t be appropr iate ly  adjusted; the appl i c a t i o n  o f  boundary absorbers, 
however, does not  requi re any phase d r i f t  adjustment. Secondly, the implemen- 
t a t i o n  o f  the absorbers gives fu tu re  i n s i g h t  on how t o  truncate f i n i t e  element 
 ells o r  p la tes  i n  such a manner t h a t  1 arge problems requ i r i ng  premature model 
terminat ion can be made. 
I n  Vacuo Cy l i nd r i ca l  Shel l  
determination o f  edge loading moments and forces 
The appropriate moments and forces a t  the s t a r t i n g  end A can be L ztermined 
from the he1 at ionships r e l a t i n g  the shel 1 motion u, w t o  the shel 1 edge loads 
N$, QA,  MZ and aae given by the she l l  theory r e l a t i o n s  ( re f .  1 )  
where the equation (21)  momelnts and forces are l i n e  loads ( i  .e., loads per u n i t  
c i rcumferent ia l  arc length)  obeying the she l l  s ign convention o f  Figdre 2a. 
Upon subs t i t u t i ng  equations ( 4 )  i n t o  equations (21), i t  fo l lows t h a t  
~" 
, 
, .. 
. \ 
- to , 
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 i lifi d del is eded  t  termination f t  sary r 
f l t  r l th uired to ccurately del t  r ne 
ral ely gating  in TRAN t  l  r  ed 
re is to t  eg ent ay t l st  l ngth l g) t t  i
i tely l ng l t  t f t  del al  t t  tarting nd ), 
nts nd f s xisting in t e f ely r gating  re pplied x li -
itl ; t t e t r nd (cal  it t e t r i tion nd ), n ppropri te 
bsorbing dary iti s is pplied ( rs t t r l te hel  dge l
iti s to dge nts nd f  ary sorbers i li itly pply t e 
ppr ri t  ount f ent r f r e t t ld ve en ent e nal~y
t t t ection f t e l In t it ld e ssfble to pply x lf
it ppr ri tely sed ents nd f s t t e t r i ation nd s -
t is is ot e f r t  r t r  is  rtain ount f 
se ngle rift (an ount yond t e x cted t r i ation e f ) t t 
xi ts s t e  t s long t e xis f t e ll (or l te) nd it is 
ot nown  riori t t e se rift is so t t t e ter i ation nts and 
f s '  e ppropriately dj t e i tion f dary r
r, s ot r quire any se rift dj t econ l t e i -
tation f t e bsor rs i s f t re i ight n ho  to tr te fi ite l nt 
. l ll  r l t s in such  nner t t large r l s requiring ~ature odel 
ter i ation can e . 
In uo li rical hel  
• etermination f edge 10 i J ents and f r es 
e appropri te ents and f s at the starting end  can be ~!t r i d 
from the K l ni s relating the shell tion ,  to the sh ll edge l ds 
N~, At Z and a'-e iven by e shel  t eory relatfons (r f 1) 
MA = 0 a2 w QA = oa 3 w. NA = Eh (au + W) 
z a?" aZT Z O-v2 } az va (21) 
re the equation (21) ents and f r s are li e l ds (f. ., l ds er nit 
circu f rential arc l ngth) beying the shel  sign convention f F1 ~re 
pon substituting equatfons (4) into ~quati ns ( ), it f l ows t at 
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where the r e l a t i o n  between Uo and % i s  governed by equat ion ( 1 5 )  f o r  c y l i n d r i -  
ca l  shel 1 s. For p l a t e s  !a -+ -1, Uo and do a re  i independent, where f o r  membrane 
waves Uo denotes the  wave ampl i tude w i t h  = 0 and f o r  f l e x u r a l  waves Wo i s  
the wave amp1 i t u d e  w i t h  Jo = 0. 
Equations (22) a re  n o t  i n  a form ready t o  use i n  NASTRAN CCONEAX elements 
f o r  th ree  reasons: f i r s t ,  NASTRAN i n p u t  i s  n o t  i n  the  usual l i n e  l oad  form as 
i s  the case w i t h  she l l  theory,  b u t  r a t h e r  a re  t o t a l  values wherein the  1 i , e  
loads must be m u l t i p l i e d  by 2ma; second, t he  f i n i t e  e l e m e n ~  type s i gn  conven- 
t i o n  ( l i k e  q u a n t i t i e s  a t  both  ends o f  the  member a re  p o s i t i v e  i n  the same 
sense) i s  d i f f e r e n t  from the  s h e l l  theory  convent ion (e.g., compare F igures 2a 
and 2b)  and; t h i r d ,  NASTRAN has an e+lwt hardwired i n t ~  t he  code, consequently 
an adjustment i n  t he  a n a l y t i c a l  s o l u t i o n  i s  necessary t o  compensate f o r  t h i s  
po in t .  S p e c i f i c a l l y ,  a wave t r a v e l i n g  i n  t he  +z d i r e c t i o n  a1 so can be repre- 
sented w i t h  an i ( - Y z  + o,t) type argument, thus by r ep lac i ng  y w i t h  - y  and w 
w i t h  -u i n  the  a n a l y t i c a l  s o l u t i o n s  w i l l  accompl i sh the  corresponding correc- 
t i o n .  Thus accounting f o r  a1 1 t h ree  compensations and a1 so incorpora t ing  
equat ion (15), the  NASTRAN l oad ing  f o r  the  c y l i n d r i c a l  s h e l l  a t  t he  s t a r t i n g  
c u t  A, evaluated a t  z = 0, i s  g iven by: 
NASTRAN 
c u t  -A 
l oad ing  
f o  iA 
c v l  i nder 
where Wo i s  any s u i t a b l e  displacement ampi i tude f a c t o r  t h a t  i s  se lected by the 
user, and y f s  the r o o t  d i r e c t l y  from the  appropr ia te  frequency equat ion 
( s i g n  changes i n  y a-nd have a1 ready been compensated f o r  i n  s e t t i n g  up equa- 
t i o n  ( 2 3 ) ) .  The e+ lw t  f a c t o r s  a re  o f  course omi t ted  when entered data i n t o  
,. NASTRAN since t h i s  f ac to r  i s  au toma t i ca l l y  accounted f o r  i n t e r n a l  t o  the  
program. 
determinat ion o f  shel 1 edge te rmina t ion  absorbers 
The membrane o r  f l e xu ra l  wave i n c i d e n t  upon t he  s h e l l  te rm ina t ion  w i l l  
r e f l e c t  from the  end un less t h e  appropr ia te  boundary c o n d i t i o n  i s  i nse r t ed  t o  
s imulate the e f f e c t  of having an i n f i n i t e l y  l ong  s h e l l .  Here the  appropr ia te  
boundary absorber i s  developed f o r  each o f  t he  t h ree  she l l  edge loads. Fol low- 
i ng  the same procedure used t o  setup equat ions (231, the  i n t e r n a i  moments and 
forces a t  the te rm ina t ion  end a re  g iven by 
   
f  ll  
MA=_ 20W ~i{yz-wt) QA=_i 3DW ei(yz-wt) Z y 0 y 0 
NA = E h ri U e i{ y Z -w t) + ~ wei { y Z -w t )1 z (l-VZ) L y 0 a 0 J 
(22) 
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  ;  t  t   l   r   
    ll , t r  l  i   l '
 t    n  ,   1 en~  i  
   t t      iti    
)  t   ll ~ r ti  .g.,   
 )    1wt r i d ntc  , tl
   l ti l l ti   ary    
i li     ti  ls   
t    yZ (J)t)    l ci g  i    
n w   l l l  l l   i  u
ti   ll   ls ti  
ti     i g   l ll t  rti  
t , t     ;
-A = 2 +iwt MZ 2na y 0 Wo e 
+iwt 
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t-  
i  
OiA 
y n
(23) 
o   l      l   
 i   t tl     ti  
i n   nd w  lr ad   t    tti   
  + i t   f    r    
NASTRAN since this factor is automatically accounted for internal to the 
 • 
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t       r  iti     
  i g  l  g   
r   l      ll  
   d  t  t  )  i t   
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The equations (24) can be w r i t t e n  i n  terms o f  ve l oc i t y ,  by no t i ng  = +iwu 
= i w w ,  dw/dx = 6 = ( - i y ) ( iww)  thus equat ions (24) become 
where the  above forces a re  the  forces on the  s h e l l  edge B. Dampers at tached t o  
t he  end o f  the shel 1  would have an i n t e r n a l  f o r c e  o r  moment equal and oppos i te  
t o  the  value a t  the she l l  edge, thus the fo rces  and moments i n t e r n a l  t o  the 
damper * r e  given by 
where the  damper values a re  g iven by 
2na D 2na D y  I NASTRAN co = q- Co =-  C~ $ = a ah ~ f c y  CCONEAX DAMPERS 
-. - 
where the propagation phase v e l o c i t y ,  cy , i s  de f ined  by 
where Y i s  the r oo t  o f  the  c h a r a c t e r i s t i c  equation. I n  the  case o f  a  p la te ,  
the  same dampers can be used, exr?pt  t he  2n a would be rep laced by the  w id th  o f  
the p l a t e  (perpendicular t o  the  d i r e c t i o n  o f  propagat ion) and appropr ia te ly  
subdivided between the element te rm ina t ion  n?des ( two t z rm ina t i on  nodes f o r  
actua l  p l a t e  elements and one te rmina t ion  node f o r  beam elements w i t h  a  plane 
s t r a i n  co r rec t i on  on the Young's modul us). 
Submerged Cyl i n d r i c a l  She1 1 
determinat ion o f  edge l oad ing  moments and forces 
The appropr ia te  moments and fo rces  employed t o  d r i v e  the she l l  edg? e~npSoy 
the same equation (23) formulas, except t h a t  t he  prapagat ing wave number r oo t ,  y 
must be determined from equat ions ( 12b ) i n  t h i s  case. 
determinat ion o f  shel 1  edge te rmina t ion  dar,pers 
Again equations (27) can be bsed, except t h a t  y 9s determined from eque- 
t i o n s  ( 2 7 )  i s  employed. 
. 
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The appropr iate f l u i d  load ing can be obtained by s u b s t i t u t i n g  equat ion 
(5a) i n t o  (5) (and conver t ing  i n t o  the  - i y z  + o t  form by l e t t i n g  y = -y and 
o = -a) t o  ob ta in  
Employing the  1 arge argument Bessel f unc t i on  approximations ( re f .  5) o f  
the equation (29) can be . ? w r i t t e n  fo r ,  lr @--- kr ( > 10.0, i n  the  form 
where equation (31) can be used as the  enforced pressure a t  the  face z = 0. 
Equation (31)  can a l so  be used t o  d r i v e  p l a t e  models by f i r s t  making a 
change i n  va r iab le  r = x + a (where x i s  t h e  outward distance measured from the  
middle surface o f  the s h e l l )  and then appropr ia te ly  passing t o  the 1 i m i t  as a+m 
t o  ob ta in  
determination o f  f l u i d  load ing on face z = L 
On t h i s  face we choose t o  absorb the  i n c i d e n t  pressure wave w i t h  an 
absorber type boundary conai t i o n  r a t h e r  than load  i t  e x p l i c i t l y  w i t h  equation 
(29) evaluated a t  z  = L. Th is  approach i s  cons is tent  w i t h  the  manner i n  which 
the she l l  was terminated. The r e l a t i o n s h i p  between pressure and app l ied  fo rces  
i n  a f i n i t e  element fo rmula t ion  i s  t h a t  t he  normal grad ient  o f  the pressure i s  
propor t iona l  t o  the f i n i t e  element model force.  Therefore, the  grad ient  o f  
pressure ormal t o  the  cut ,  z  = L i s  needed and given by ( w i t h  equation ( 5 ) i ( + y z w t )  
arguments! 
and s ince f o r  steady s ta te  problems, 
i t  fo l lows 
• termination f fl id l ding n f    D 
fGl l i~G~: . < 
 peO  LII  
 ppr ri te fluid l ding an e tained y substituting quation 
(Sa) i to (5) (and nverting i to t e -i  wt f rm y l tting  - nd 
w -w) to tain 
( ) -p We w2 H~) (r .Jk:t._y2 \) -iyz + iwt p r,z = } e 
"fk2:y2--' H, (a .Jk2_y2 ') 
(29) 
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,'If 
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t  ation ( 9) n  . ewri tten f I  .JY2:" ,2' I , n tl1  r  
W I. -(r/a-l)(a.,Jy2:F 
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~yl_F' ..rrra 
-iyz +iwt 
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ation ( 1) n lso e ed to ri  l te ls y st king  
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i s  the boundary c o n d i t i o n  t o  employ along the  v c r t i c ~ l  f l u i d  c u t  z = L. For  
d i r e c t  acoust ic  f l u i d  elements ( r e f .  61, the f i n i t e  element nodal f o r ce  i s  
r e l a t e d  t o  the  n3rmal g rad ien t  by t he  r e l a t i o n  
where [N] i s  the  e'!ement shape funct ion.  For lumped f o r c e  app l i ca t ions ,  equa- 
t i o n  (36) i s  represented as, (where n' i s  the  u n i t  normal t o  t he  f l u i d  and b A  
i s  an appropr ia te  amount o f  area surrounding the  node a t  t he  p o i n t  o f  the  F, 
a ~ ~ l  i c a t i o n j  
and upon s u b s t i t u t i n g  equat ion (35) i n t c  (37) one ob ta ins  
and represents the nodal fo rce  on the  f l u i d  as be ing p ropo r t i ona l  t o  t he  pres- 
scre t ime r a t e  o f  change. Thus t he  i n t e r n a l  f o r c e  i n  a damper a t tached t o  the  
node would be equal and oppos i te  i n  value and g iven by 
where the  dampzr value would be 
cdp , & d i r e c t  pressure method damper 
w (no analogy) f o r  z  = L face 
I n  the case o f  NASTRAN, the acoust ic  f l u i d  i s  modeled by way o f  an analogy 
which reduces the e l a s t i c i t y  equations t o  the  Helmholtz equat ion by way o f  
i n t r oduc ing  dummy constants  i n t o  t he  ma te r i a l  m a t r i x  and a1 low ing  t he  displace- 
ment va r iab le ,  u, occupy the  pressure va r i ab l e  (see r e f .  3  f o r  d e t a i l s ) .  The 
anal ogy has been adcpted herein,  consequently, an add i t i ona l  f a c t o r  o f  P c2 
appears i n  equat ion (37 ) , and consequently t he  frequency dependent NASTRAN 
a x i a l  damper needs t o  be mod i f ied  by t h i s  same f a c t o r  and t hus l y  equat ion (39) 
i s  r e  l a  ed b (.replacing w -+-w +-y conver ts  t o  NASTRAN convention; t h i s  r e s u l t s  i n  
the  rake Sampers~nce s ~ g n s  cancelJ 
PC = 
NASTRAN ( r e f .  3 )  analogy damper 
f o r  z = L f a c c  w i t h y  d i r e c t l  from + (40) appropr ia te  cha rac te r i  s  IC equation. 
I t  is .noted,  t h a t  so long  as Y i s  a  r ea l  quan t i t y  (e.g., c 5 a r a c t e r i s t i c  r o o t  
equat ion f o r  Y i s  obta ined from equat ion (12b)) ,  t he  te rm ina t ion  c o n d i t i o n  i n  
the  z d i r e c t i o n  i s  a  pure damper. However, where y i s  complex (e.g., r o o t  from 
equat ion (12a))  s u b s t i t u t i o n  o f  Y i n t o  t h ~  equat ion (40) damper w i l l  r e s u l t  i n  
a  complex damper. The rea l  p a r t  can be t r ea ted  as above, b u t  the complex p a r t  
w i l l  end up l ook i ng  l i k e  a  res is tance  ( sp r i ng )  when combined w i t h  the + i w  
appearing as a  mu1 t i p 1  i e r  i n  the assembled damping m a t r i x  i n  NASTRAN. Thus, 
the  imaginar: p a r t  o f  the damper ( i f  i t  i s  present)  can be app l ied  as a  nodal 
sp r i ng  whose spr ing  constant  i s  
NASTRAN.analogy sp r i ng  ( - i - -  (+ iw /  = -A* pc2 li ( w i t h  y1 d i r e c t l  f r o m  + appropr ia te  c  a r a c t e r i s t i c  
9 2 e q ~ a  t i o n )  
f r l  ~
  n  
  ry ition  l  l g  ~ertical id t  r 
t ti  id l  )  ~ i  l t al  s 
l t d   ~r al i t y  l tion 
F = f[N]T ~- dS n (HI 5 . (36) 
  s  ~ rn  r d  
i n ) s ented  r  l s  it r l   id d 6A 
is a  r ri te a t f r  s rrounding t  e t t  i t f t  Fn 
ppl tion; 
F = ME.£. n ani (37) 
d n stituti  tion ) tc )  i  
y • 
F = -6A - P n w (38) 
d ts n  al    id  ing rtional   
u  i r- t  f   rnal e n r tt ched   
 l   al d it  n l  d i n y 
Fdamp = +6A Y P n w 
  p2r l  ld  
cp = 6Ay 
d  
t sure t od r 
o alogy) r   e (39) 
n   f  stic l id s led y  f n alogy 
i  s  l sticity ti  o  l ltz tion y  f 
tr ucing y t ts to  t rial trix nd llowing  
t z,   ur  i l  e  r  
alogy s en c ted i t n diti al tor f pc  
rs n ation , nd equently  ncy nt T AN 
xial r s o  ifi d y i   tor nd ly ation (39) 
~ eD 1 ced y rep 1 <;  n  " y - - rt  o TRAN nt i i  ults n Il  s m  damper Slnce lgns l) 
cp = ~ pc2 TRAN ) alogy r 
d w r  ce, th  i ctl y  
ppropri a te  r cteri Stl  t 
(40) 
t i t o l ng s yis  al ntity .g., ~aracteristi  t 
quation r  is t i ed from quation t e t r i tion ndition in 
t e  i ction is  re r  is l x .g., t fro  
quation a)  ub~tit t  f y i to thE ation ( 0) r ll sult in 
 l x  al rt n e t~d s t t e l x rt 
ll nd p l king like  i tance pring) n i d th t e iw 
pearing s  ltipl r in t e ssembled ping trix in 
t e ~ rt f t e er if t is ent) n  ppli d s  dal 
pring  pring tant is 
( iM{_yi) ) . -----r.:wr- pc 2 (+iw) = -6A pc 2 y 1 
l gy pring 
ith l i ctly from 
r ri t  h ri tic 
19 2equa tion) 
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wherein f o r  decaying waves, yi w i l l  be a p a s i t i v e  number making the spri-ng 
constant posi t ive.  
Equation (40) can equal ly  be appl ied t o  p l a t e  mode! problems, upon proper ly  
i n te rp re t i ng  AA. 
determination of f l u i d  loading on outer face r = ro 
Here on the outer rad ia l  f l u i d  face, the boundary cond i t ion  i s  developed j u s t  
as i n  the previous case, except t h a t  now the gradient  has t o  be taken i n  the 
d i rec t i on  o f  the outward normal (no = r )  . Thus operat ing on equation (29) w i t h  
d )/a r and then employing the equation (30) l a rge  argument re lat ions,  the 
fo l low ing resul  t i s  obtained 
* -fi2ZQ1p(r,z) 
a r (41 
Unl ike equation (34), t h i s  r e s u l t  does not  have a fac to r  i r e l a t i n g  the gradi-  
en t  o f  p and p i t s e l f ,  consequently, upon subs t i t i on  o f  equaLlon (41) i n t o  
equation (371, one obtains 
(42) 
and represents the nodal force on the f l u i d  as being propor t ional  t o  the pres- 
sure. Thus the i n te rna l  fo rce  i n  a spr ing attached t o  the node would be equal 
and opposite i n  value and i s  given by 
FSpg = +M \I- p 
n 
where the spring constant value would be 
KP = AA p - k 2  
- d i r e c t  pressure method s p r i  ng 
(no analogy) f o r  r = 5 face 
and i n  the case o f  employing the re f .  3 pressure analogy, the counterpart  o f  
equation (43) i s  
;P . , & T F  NASTRAN ref.  3)  analogy 
spring f o r  r = ro face 
When y i s  a r o o t  o f  equation (12b) (y2 > k2), equation (44) impl ies a rea l  
spr ing i s  a l l  t h a t  i s  needed. However, when v 2  < k2, and equation (12a) i s  
employed, the roots, y , are, i n  general, complex which imp1 i e s  t h a t  equation 
(44) w i l l  have a real  and imaginary par t .  The rea l  p a r t  o f  'kP i s  s t i l l  a 
spring, however the imaginary po r t i on  can be converted i n t o  a damper by d iv id -  
i ng  the imaginary pa r t  c o e f f i c i e n t  ( n o t  inc luding i )  o f  equation (44) by u ( t o  
compensate f o r  the a mu1 t i p 1  i e d  i n  by the complex s t i f f n e s s  formation). 
Equation (44) can equal ly be appl ied t o  p l a t e  model problems, upon appropri-  
a t e l y  i n te rp re t i ng  AA. 
-. 
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quation ( 3) is 
TRAN (r ) nalogy 
spring f r r  ro f ce 
(44 ) 
n is  r ot f quation ( 2b) (y2 2) quation (44) i pl i s  r al 
spring is l  t t is . r, n "'(  2 and quation ( a) is 
l t e r , r in r l co plex i h i l s t t quation 
(44) ill ave  real and i ginary r  real art f I(  is til   
spri ver t e i i ary ortion an e v rted i to  a per y i i
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uation (44) can equal y be applied to l te odel r upon appropri-
tely i t rpreting 6
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The scope o f  t h i s  study i s  1 i m i  ted  t o  a d r i v i n g  frequency region where the 
in f luence o f  p l a t e  ro ta ry  i n e r t i a  and shear deformation on the f l exu ra l  motions 
are no t  important. I n  fact ,  t h i s  i s  the l i m i t a t i o n  o f  the propagating wave- 
length formulas given e a r l i e r .  The a b i i i t y  o f  NASTRAN t o  account f o r  these 
higher order e f f e c t s  i s  a top ic  a l l  i n  i t s e l f  and w i l l  no t  be addressed i n  t h i s  
paper wherein s t i f f n e s s  and mass formulations along the 1 ines given i n  ref. 7 
must be cons-~dered. 
Although we 3re interes'od i n  both p l a t e  and she l l  propagating waves, the 
c lass ica l  p l a t e  theory (CPT) can provide i n s i g h t  w i t h  regard t o  the p o i n t  a t  
which theabove mentioned cor rec t ion  fac tors  are needed. The CPT i s  def ined 
here as the special case o f  equation (1)  w i t h  a + -. M i d l i n ' s  c lass i ca l  paper 
( r e f .  4)  provides a guidel ine f o r  when the cha rac te r i s t i c  wave equations pre- 
sented herein no longer p red ic ts  the proper waves number  roots,^. As pointed 
out  i n  re f .  4, the exact e l a s t i c i t y  so lu t ion  t o  the same problem shows t h a t  CPT 
can p red i c t  the cor rec t  f l exu ra l  wave numbers when the corresponding 2 sr / y 
wavelengths are long i n  comparison w i th  the thickness o f  the p late.  As the 
wavelength gets smaller, the exact e l a s t i c i t y  so lu t i on  t rave l  i ng  wave phase 
ve loc i t y  ( w / y ) ,  has as i t s  upper l i m i t ,  the ve loc i t y  o f  the Rayleigh surface 
wave. Hence the CPT cannot be expected t o  g ive  good r e s u l t s  f o r  the wave num- 
bers, y, as the d r i v i n g  frequencies get increasingly  large. Reference 4 pro- 
vides a p l o t  o f  propagating phase v e l o c i t y  w/y ( non-dimensional ized w i t h  
respect t o  the shear wave ve loc i t y  cS = qk= 1 versus the p la te  thickness 
(non-dimensional i zed  w i t h  respect t o  the f l exu ra l  wavc:.:ngth, 2 .id y f o r  a f i x e d  
Poisson's r a t i o  ( v = 3.5) and i s  reproduced here as Firjlrre 3. The CPT .'.raight 
l i n e  p l o t ,  curve 11, i s  nothing more than equation (9) rewr i t t en  i n  the form 
and i s  compared against curve I, the exact e l a s t i c i t y  solut ion. Curves 111, 
I V .  and V are d i f f e r e n t  combinations o f  adding ro ta ry  i n t e r i o r  and shear cor- 
rec t i on  factors. Figure 3 suggests t h a t  the shear cor rec t ion  acd i t i on  has the 
biggest impact on cor rec t ing  the CPT case. The shear thickness parameter 12, 
i n  the YASTRAN CCONEAX elements appears t o  attempt t o  account f o r  shear 
e f fec ts ,  however, t h i s  p o i n t  has no t  been pursued w i t h  regard t o  attemptins t o  
make NASTRRN propagate f l exu ra l  waves f o r  h/ Xy > 0.15 . 
The resu l t s  i n  F igure 3 suggest t h a t  a h / iy  ( p l a t e  th ickness- to- f lexura l  
wavelength r a t i c )  o f  l i m i t  o f  0.15 be maintained, i.e., 
h 
- I 0.15 
XY 
o r  equivalent ly ,  
where y i s  the f l exu ra l  wave number r o o t  o f  the problem a t  hand. The 1 i m i  t 
given by equation (45a) enlployed m g u r e  3 which i s  a p l o t  based on a f i xed  
Poisson's r a t i o  (i .e., v = 0.5). The guidel ine formula can s t i l l  be used f o r  
other values o f  Poisson's r a t i o  due t o  the weak dependence o f  the p l o t s  on v . 
I n  fact ,  f o r  the common case o f  v = 0.3, a value o f  h/ = 0.15 impl ies a 
%/cs  ord inate o f  0.4598 f o r  the CPT case and a value o S 0.4032 i n  the exact 
t 
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, 
theory case. However, fo r  v = 0.5, a h/h = 0.15 imp1 i e s  a c.,/cS ord inate of 
0.5441 i n  the CPT case and a value o f  0.4829 i n  the exact theory case (computed 
from equation (40) o f  re f .  4). Thus, i l l u s t r a t i n g  the Figure 3 v = 0.5 case i s  
an extreme case (e.g., 17.5% deviaton f o r  v = 0.5 compared t o  14.0% f o r  v = 
0.3) w i t h  regard t o  the p o i n t  a t  which CPT deviates from the exact theory. 
Thus, t o  t e s t  i nequa l i t y  (45a), one simply employs the appropriate charac- 
t e r i s t i c  equation developed (e.g., equation (12b) ) and a f t e r  obta in ing the 
f lexura l  wave -oot Y, v e r i f y  whether i n  equation (45a) i s  sa t is f ied .  
Comnents on Mass Mat r ix  
The issue o f  an appropriate mass matr ix  f o r  dynamics problems has long 
been a top i c  o f  discussion i n  the 1 i t e r a t u r e  on f i n i t e  elements. Here we take 
the s imp l ies t  approach, namely t h a t  o f  a diagonal lumped mass mat r ix  f o r  the 
shel 1. Upon employing the 1 umped approach, f o r  say CCONAX elements, NASTRAN 
generates zero valued ro ta ry  i n e r t i a  mass mat r ix  contr ibut ions.  To f i  11 t h i s  
void, the work by re f .  8 was employed wherein the suggested diagonal ro ta ry  
i n e r t i a  terms a t  a node would be given by 
f o r  the sing1 e element cont r ibu t ion  a t  a r o t a t i o n  degree-of-freedom node where 
me i s  the t o t a l  mass o f  the element, t i s  the element length, h the element 
thickness. Thus end p o i n t  nodes w i t h  one element framing i n t o  the node employs 
equation (46) once and i n te rna l  nodes w i t h  two elements framing i n t o  the same 
node applys equation (46) twice. 
DEMONSTRATION PROBLEMS 
A ser ies of 1 i m i  ted, y e t  f u l l y  representat ive, demonstration problems are 
presented here t o  ill ust ra te  the use o f  the procedures discussed i n  the theo- 
r e t i c a l  section. F i r s t  an i n  vacuo c y l i n d r i c a l  she l l  i s  t rea ted  emp l~y ing  three 
d i f f e r e n t  mesh d i s t r i bu t i ons .  Secondly, the same shel 1 (employing the f i n e r  
mesh d i s t r i b u t i o n )  i s  solved w i t h  external water present. A l l  so lut ions are 
obtained w i th  COSMIC SOL-8 employing the VAX computer version o f  NASTRAN. 
I n  Vacuo Cyl inder Example 
An i n f i n i t e  c y l i n d r i c a l  she l l  i s  exc i ted and i s  propagating a constant 
amp1 i tude harmonic wave i n  the p lus z d i rec t ion .  The shel 1 (shown i n  Figure 1) 
i s  c u t  a t  points  A and B and i s  modeled as a 3.2 inch long, 20 element CCONEAX 
f i n i t e  element model shown i n  Figure 4 ( i n  the i n  vacuo case considered here, 
the f l u i d  i s  omit ted i n  the model ). The p o i n t  A ( i nc iden t  side o f  the she l l )  
i s  dr iven w i th  equations (23) and i s  terminated w i t h  three boundary dampers 
sized according t o  equations (27 ) .  The problem parameters correspond t o  the 
f o l l  owing data 
• 
t ory f  \)  ,  i).   i l s  ylcs r i t  
. in t  se nd  l  f . 6  in t  x ct t ory e ( ted 
f quation ( 0) f f il trating t  ; re  \)   e is 
n xtre e e ( .g., 17 \ vi ton f r \)   red to \ f r   
 ith r gard to t  int t i h vi t s fro  t  x ct t
to t st i quality ( e si ply pl s t  ppropri te r -
t ristic quation v l d ( .g., quation (12b» nd ft r taining t  
f r l  ~ t rify t r in quation ( a) is ati f
o m ts n s trix 
 i ue f n ppropri te ss trix f r i  r l s s l ng 
en  t pic f i cussion in t  literature n fi ite l re t ke 
t  si l t ely t t f  i onal l d s trix f r t  
l. on ploying t  lumped r f r say CONA  l T A  
r t s ro l ed r tary i rtia ss trix tri  ill t is 
VOi t  rk y r f   pl y d rein t  su sted i gonal r tary 
i rtia t r  t  de ld e i n y 
_ m
e
.l2 [1 (h)2] Ir -~ 10 + I (46) 
f r t  si le l t ntri ution t  r tation r e-of u de r  
 is ~  t tal ss f t  l t is t  l t l  t  l t 
t s nd i t s ith e l nt f ing i to t  de pl ys 
quation ( 6)  nd i t rnal s ith t  l t  f ing i to ~  sa  
de pplys quation ( 6) .
NSTRATI N ROBL  
 eri s limi t f lly r entati stration t s re 
ented re to illustrate t  e f t  r s i sed in t  t -
tical ecti i t n in o li rical hel  is t ted mploying t  
i t sh i tri econdl t  sa  s ll ( ploying t  fi r 
sh i tri ution) is solved ith xternal r t ll sol ti  re 
~- tained ith SMI  L ployi g t  X t r rsion f 
In o r ple 
 i fi ite li ri al shel  is xcit d nd is r gatin3  tant 
l t  r onic  in t  l s i ti  s ll (shown in i re ) 
is t t i t   nd nd is l d s   i ch 10 ,20 l t NEA  
fi ite l t del shown in i re (in t  in cuo se i red 
t  fluid is itted in t    int  (i i nt si  f t  shel ) 
is ri n ith quati s (23) nd is t roli t d ith t  dary rs 
sized ccording to q ati  (  r blem r ters rr spond to t  
fol owing ta 
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a = 40.0" , h = 0.20" , E = 154,149.39 p s i  
v = Oe.3 , ps = 0.000048, w = 9749.99 rad/sec 
(47) 
wherein the corresponding wave number roo ts  t o  the c h a r a c t e r i s t i c  equation (20) 
are g iven by 
y = 0.163949685 f o r  the membrane r o o t  
and 
y = 1.67707302 f o r  the  f l e x u r a l  wave r o o t  
hence the  membrane wavelength i s  12.566 inches and the  f l e x u r a l  wavelength i s  
3.7465 inches. 
f lexura l  wave example 
The she l l  terminat ion dampers a t  c u t  B are computed upon s u b s t i t u t i o n  o f  
the equation (48) f lexura l  wave r o o t  i n t o  equations (27) t o  ob ta in  
and the she l l  edge forces, f o r  an a r b i t r a r i l y  selected dr iven  ampl i t u d e  o f  
W o  = 1.0 x 1 r 6 ,  a t  the d r i v e r  c u t  end A are obtained by s u b s t i t u t i n g  the f l e x -  
u ra l  wave r o o t  i n t o  equations (23) t o  ob ta in  (supressing the exponential t ime 
fac to r  where dampers are i n s t a l  1 ed w i t h  DMIG cards ) : 
The ro ta ry  i n e r t i a  mass en t r i es  are computed w i t h  equation (46). The corre- 
sponding NASTRAN i n p u t  i s  given i n  F igure 5 f o r  reference purposes. The exact 
so lu t i on  i s  a constant ampl i tude displacement wave vary ing as 
Consequently, the exact so lu t i on  i s  easy t o  p l o t  and i s  simply a constant mag- 
n i  tude rad ia l  displacement o f  magnitude Wo = 1 x 10-6 and whose phase angle 
r o l l s  o f f  1 i nea r l y  w i t h  z and r e p l o t i n g  w i t h  spa t i a l  per iod  &/y. The exact 
so lu t i on  versus the NASTRAN so lu t i on  i s  given i n  F igure 6 and shows good 
agreement between the exact sol  u t i o n  and the corresponding NASTRAN sol  ut ion. 
Since the model element spacing i s  0.16 inches, the so lu t i on  model i s  a 2311 
element per wavelength case. I n  order t o  i nves t i ga te  the  in f luence o f  mesh 
s ize  on so lu t ion  accuracy, the same 3.2 inch  model was run f o r  two coarser 
meshes; one having 5 elements and the other  having only  3 elements. The same 
dampers and edge 1 oads are reappl i ed t o  the coarser model s. The r e s u l t i n g  
so lu t ions  are shown i n  F igure 7 and as can be seen, the  qua1 i t y  of the  so lu t ion  
( i  .e., the a b i l  Sty of the c y l i n d r i c a l  she l l  t o  propagate f l e x u r a l  waves)' has 
degraded over the f i n e r  mesh example, p a r t i c u l a r l y  f o r  the three element she1 1.  
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ORIGINAL PAGE A 
OF POOR QUALITY 
membrane wave example 
Again, the  20 element model i s  considered, except i n  t h i s  case, we propa- 
gate a  membrane wave along the  +z d i r e c t i o n  o f  t h e  same c y l  i n d r i c a l  she1 1  con- 
s idered f o r  the  f l e x u r a l  wave example. The p r o c e d u w s  e x a c t l y  the  same here, 
except t h a t  t he  membrane r o o t  ( f i r s t  o f  equations (48 ) )  i s  employed t o  compute 
the  s h e l l  t e rm ina t i on  dampers and d r i v i n g  moments and forces. Thus, s u b s t i t u t -  
i n g  the  membrane r o o t  i n t o  equat ions (27)  and (231, t he  model dampers and edge 
loads are  i n  t h i s  case: 
and 
The s o l u t i o n  response f o r  the  dominant d x i a l  mot ion i s  p l o t t e d  i n  F igure  8  and 
i s  non-dimensional i zed w i t h  respect  t o  the, Uo, a x i  a1 wave ampl i tude magnitude 
(by  equat ion (15) ,  I U o J  = 21.37985 x 10-6 when Wo = 1.0 x  10-6). The r a d i a l  
de f l ec t i on ,  non-dimensional ized w i t h  respect  t o  Wo, i s  g iven i n  F igu re  9 .  The 
q u a l i t y  o f  the  s o l u t i o n  i s  seen t o  be very accurate, as would be expected s ince 
t h e  wavelength i s  s u b s t a n t i a l l y  longer  than the  f l e x u r a l  wave example (e.g., 
(2~1.0163949 110.16 = 2394 elements per  wave1 ength. 
Submerged Cyl i nde r  Example (F lexu ra l  Wave) 
Again, the  same 20 element c y l i n d r i c a l  s h e l l  i s  considered, except here, 
t h e  s h e l l  i s  submerged i n  water (ex te rna l  water o n l y  where c  = 60,000. in /sec 
and p = 0.000096 1. S u b s t i t u t i n g  the  equat ion (47 ) parameters i n t o  equat ion 
(7b1, and s o l v i n g  f o r  t he  wave number roo ts ,  i t  i s  found t h a t  
Y = 0.164124528 f o r  the  membrane r o o t  
and 
Y = 2.51631787 f o r  t he  f l e x u r a l  roo t .  
Comparing the  second o f  equations (51)  t o  t he  i n  vacuo wave number, i t  i s  noted 
t h a t  the  presence o f  t he  f l u i d  shortened the  wavelength by a  f a c t o r  o f z 2 / 3 .  
S u b s t i t u t i n g  the  f l e x u r a l  r o o t  i n t o  equations (27)  and (231, the  model dampers 
and edge loads ( f o r  a  Wo = 1 x  10-6 s h e l l  ampl i t u d e )  a re  g iven by 
and 
I n  add i t i on ,  the z = L boundary c u t  damper i s  g iven through equat ion (40), t h e  
r = r = 43.2 i n c h  f l u i d  boundary s p r i n g  by equat ion (44)  and the  z = 0  pres- 
sure goading by equat ion 131). The pressure values are  enforced by app ly ing  
the  s t i f f  spr ing  approach, where t h e  s t i f f  sp r i ng  constant  i s  s ized t o  be 1000 
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t imes the  regu la r  pressure element s t i f f n e s s e s  and t he  app l i ed  force i s  the 
pressure t imes the s t i f f  spr ing.  The ac tua l  data  i n p u t  i s  shown i n  F igure 19, 
where the  obvious r e p e t i t i v e  p a t t e r n  t o  t he  numbering system of F igure  4, per- 
m i t s  us t o  leave ou t  most o f  the  g r i d  coord ina te  cards, element cards, and 
f l  u i d - t o - s t r uc tu re  DMIG connect ion cards wh i l e  l eav i ng  behind representat ive 
examples o f  each kind. The r e s u l t i n g  response f o r  t he  r a d i a l  de f l ec t i on  i s  
p l o t t e d  i n  Fir_lure 11 and t he  corresponding pressure i n  the  f l u i d  ( a t  the  sur- 
face o f  the s t r uc tu re )  i s  p l o t t e d  i n  F i gu re  12. Both t h e  deformation and .pres- 
sure a re  seen t o  t r ack  t he  exact  s o l u t i o n  c l ose l y .  A graphica l  rep resen ta t ion  
o f  the  e n t i  r e  pressure f i e 1  d amp1 i tude i s  shown i n  F i gu re  13 through employing 
t he  PATRAN f r i n g e  c o l o r  p l o t t i n g  feature.  P l o t t i n g  data i n  t h i s  fash ion shows 
bands o f  data having the same magnitude spread, as a s i n g l e  co lo r .  Narrow 
bands a t  the  sur face spreading outward r a d i a l l y  t o  i nc reas ing l y  wider bands 
show the  exponent ia l  type decay i n  t h e  pressure f i e l d .  
CONCLUDING REMARKS 
The r e s u l t s  i n  t h i s  paper demonstrate a procedure by which t he  NASTRAN 
computer program caJ be ernployed t o  check t he  a b i l i t y  o f  t he  NASTRAN program t o  
model membrane and f l e x u r a l  waves e x i s t i n g  i n  bo th  i n  vacuo and submerged 
c y l i n d r i c a l  s h e l l s  and f l a t  p la tes .  The study i s  1 i m i t e d  t o  a range o f  f r e -  
quencies where r o t a r y  i n e r t i a  and shear c o r r e c t i o n  f a c t o r s  a re  n o t  necessary t o  
model the  corresponding wave propagation. For  t he  demonstration problems con- 
sidered, the wave propagat ion a b i l i t y  o f  t he  elements considered appears t o  
f a l l  o f f  r ap i d l y ,  once l ess than  6 elements per  wavelength a re  considered. For 
example, i n  the  6 element per f l e x u r a l  wavelength problem, t he  worse nodal 
p o i n t  magnitude was i n  e r r o r  by 12 % f o r  the  r a d i a l  de f l ec t i on ,  whereas the  
e r r o r  was 36.7% f o r  the  3% element per  wavelength example. I t  i s  recommended 
t h a t  the user make h i s  own t e s t  w i t h  regard t o  mesh f ineness necessary t o  
achieve a p a r t i c u l a r  l e v e l  o f  accuracy. For  example, when t he  propagat ing wave 
r o o t  i s  i n  the neighborhood o f  a c u t o f f  frequency ( i  .e., a c o n d i t i o n  where no 
propagat ing wave e x i s t s ) ,  f i n e r  meshes than experineced i n  the  demonstration 
considered i n  t h i s  paper may be needed. For most cases experienced by t he  
authors, however, 10 e l  ements per wave1 ength appears t o  p rov ide  good r e s u l t s  
f o r  p roper l y  model i n g  the  wave propagat ion f o r  f l e x u r e  and membrane waves i n  
t he  k inds  o f  elements cons id t red  herein.  
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DYNAMIC CERTIFICATION OF A THRUST-MEASURING 
R. A. LeMaster and R. B. Runyan 
Sverdrup Technology, Inc./AEJIC Group 
INTRODUCTION 
The 5-4 Rocket Test Cell and its Thrust Measuring System (TMS) at Arnold Engi- 
neering Development Center (AEDC) were modified to provide multicomponent force 
measurement of large solid rocket motors having nozzle gimbaling capability. To 
verify the structural integrity of a combined TMS and motor system, a large finite 
element model of the TMS and motor was developed using the MSC/NASTRAN computer 
program. Due to the importance of obtaining accurate estimates for the dynamic 
force levels, it was necessary to certify that the model adequately simulated the 
physical system. This was accomplished by performing a modal analysis test on the 
TMS and motor combination. The objectives of this paper are: (1) to discuss the 
physical characteristics of the TMS and motor that influence the MSC/NASTRAN model; 
(2) to compare the frequency response characteristics computed using the MSC/NASTRAN 
model to those obtained from the modal analysis test; (3) to discuss the experiences 
gained in modal analysis testing; and (4) to demonstrate how state-of-the-art exper- 
imental and analytical methods are used in the design of ground test 'acilities. 
Due to economic andlor time constraints associated with performing experimental 
investigations on large, complex structures, the structural analyst raiely has the 
opportunity to determine how well his finite element representation simulates the 
characteristics of the actual structure. Finite element calculations have been 
shown to agree lrery well with experimental data for simple components. However, 
little data is available concerning how well they agree for complex structures 
comprised of many components. Since the TMS and motor combination are comprised of 
structural components from aerospace, mechaniczl, and civil engineering disciplines, 
the methods, results, comparisons, and conclusions drawn from this activity will be 
of interest to the dynamics and structures community in general. 
In the following sections, descriptions of the TMS, finite element model, and 
modeling assumptions will be given in conjunction with the analysis methods. Subse- 
quent sections will discuss the experiuental effort and compare the experimental 
data to the computed results. 
* 
The work reported herein was performed by the Arnold Engineering Development 
Center (AEDC), Air Force Systems Command (AFSC). Work and analysis for this 
research were done by personnel of Sverdrup Technology, Inc., operattng contractor 
of the AEDC Engine Test Facility. Further reproduction is authorized to satisfy 
the needs of the U. S. Government. 
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THRUST-MEALURING SYSTM 
During s imulated a l t i t u d e  t e s t i n g ,  the  motor is r e s t r a i n e d  by a l a r g e  f i x t u r e  
which is r e f e r r e d  t o  a s  t h e  Thrust-Measuring System. The TMS is  designed t o  r e a c t  
and measure t h e  s i x  components of  t h r u s t  developed by t h e  motor, and is r k t e d  a t  
2 .2  MN (500,000 l b )  a x i a l  f o r c e  and 222 .2  kN (50,000 l b )  s i d e  fo rce .  The 115 1s 
very massive, us ing  e i g h t  W 36 x 400 beams t o  r e a c t  t h e  primary fo rces .  The 
l o c a t i o n  of t h e  TMS w i t h i n  the  5-4 Rocket Test  C e l l  i s  shown i n  f i g u r e  1. Figure  2 
shows t h e  main t h r u s t  s t and  s t r u c t u r e  p r i o r  t o  i n s t a l l a t i o n  i n  the  t e s t  c e l l .  
I 
During t e s t i n g ,  'he TMS is requ i red  t o  wi ths tand l a r g e  dynamic f o r c e s  c r e a t e d  
by i g n i t i o n  and gimbaling t r a n s i e n t s .  The magnitude of  the  dynamic f o r c e s  may be  
s e v e r a l  t imes t h e  s t a t i v  valoes  and is a func t ion  of  t h e  motor dynamics and i ts  
i n t e r a c t i o n  v i t t  t h e  TMS. 
t 
The INS con ta ins  a l a r g e  number of  s t r u c t u r a l  coriilec.tians, many o i  which con- 
t a i n  secondary members which i n t e r s e c t  wi th  primary v e m b r s  a: odd ang les .  I n  
g r n e r a l ,  t h e  depth of  t h e  secondary members is s i g n i f i c a n t l y  l e s s  than t h a t  of  t h e  
p r i ~ ~ a r y  member, and t h e  secondary members a r e  welded only  t o  the  f l ange  o r  web of i 
t h e  frame member. Consequently, t h e  mechanical behavior  of t h e  2onnec t i o n s  i s  
q u i t e  ccmplex. Three t y p i c a l  connect ions  a r e  shown i n  f i g u r e s  3a, b ,  and c .  
Figure  3a shows one of e i g h t  connect ions  where t h e  main thrust-measuring system 
s t r u c t u r e  connects t o  a 3.048-m (10 f t )  suppor t  column. The suppor t  column is made 
i from 0.91-m (36 in.)-diameter thick-walled pipe  and has  l o n g i t u d i n a l  s t i f f e n e r s  
l o c a t e d  every 36 deg around i t s  circumference.  A s  seen i n  f i g u r e  3a, s e v e r a l  
secondary suppor t  and b rac ing  members a t t a c h  t o  the  main g i r d e r  and i n t e r s e c t  i t  
3t cdd ang les  a t  1:arious l o c a t i o n s  ( i . e . ,  f lange o r  web). Since  t h e  secondary , 
member i n t e r s e c t i n g  the  main g i r d e r  web is  much smal le r  than t h e  rnar.1 g i r d e r ,  t h e  
p l a t e  behavior of  t h e  main g i r d e r  web w i l l  i n f l u e n c e  t h e  s t i f f n e s s  of t h e  con- 
nect ion.  
Figure  3b shows another  connection used s e v e r a l  t imes i n  t h e  TMS. Again, no te  
the  r e l a t i v e  s i z e  of t h e  main g i r d e r  and secondary member; the  p l a t e  behavior  of I 
t h e  web w i l l  i n f luence  t h e  connection s t i f f n e s s  c h a r a c t e r i s t i c s .  Also shown i n  
f i g u r e  3b is a t y p i c a l  t r i a x i a l  s t r a i n  gage accelerometer  and mounting block i n s t a l -  
l a t i o n .  The o r i e n t a t i o n  and p o s i t i o n i n g  of t h e  accelerometers  and mounting blocks  
a r e  d iscussed i n  a subsequent s e c t i o n .  
Figure  3c shows an0 t t . r  t y p i c a l  connection i n  which t h e  secondary members 
i n t e r s e c t  t h e  main g i r d e r  a t  odd ang les ,  and a r e  much smal le r  than t h e  main g i r d e r .  
C lea r ly ,  t h e  load-def lec t ion  behavior  of  these  connect ions  w i l l  be q u i t e  complex. 
FINITE ELEMENT ANALYSIS 
Experience has  shown t h a t  s i g n i f i c a n t  dynamic i n t e r a c t i o n s  may develcp dur ing 
i g n i t i o n  and gimbaling t r a n s i e n t s .  The magnitudes of t h e  dynamic i n t e r a c t i o n s  a r e  
inf luenced by coupling b ~ t w e e n  t h e  v e r t i c a l  and l a t e r a l  motion of t h e  TMS a s  i t  
responds t o  the  load t r a n s i e n t s .  Therefore ,  i t  i s  necessary  t h a t  t h e  complicated 
modes of v i b r a t i o n  c h a r a c t e r i z i n g  t h e  TMS be adequate ly  def ined.  
A l a r g e  f i n i t e  element model of t h e  TMS and motor combination was developed 
using the  MSC/NASTRAN computer program. The f i n i t e  element model of t h e  TMS (shown 
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graphically in figure 4 )  is comprised primarily of beam elements. Truss elements 
were used to represent the load-measuring column behavior; the flexures were 
treated as pinned connections. Experimentally obtained axial stiffness coeffi- 
cients for the load-measuring columns were used to establish the equivalent prop- 
erties of the truss elements. 
The magnitude of the effort required to model the connections using three- 
dimensional continuum or plate elements dictated that assumptions be made regarding 
the kinematic behavior of the connections. It was often necessary to idealize a 
connection as being either fixed or pinned; in some cases linear constraint equa- 
tions were written to describe the kinematic behavior of the connections. This 
type of connection idealization is universally used in the day-to-day application 
of finite element programs to the analysis of frame structures; it is also one of 
the more significant approximations. In later sections, the im~act of the connec- 
tion modeling assumptions will be discussed in light of the accuracy of the computed 
modes. 
Mass and stiffness matrices of the solid rocket motor were obtained from the 
motor manufacturer and added to the structural model of the TMS. The case of the 
motor was represented using shell elements, and the propellant was represented by 
three-dimensional, continuum-type elements. A simplified material representation 
of the propellant was used which represented its anticipated frequency respcnse 
characteristics. However, the viscous character of the propellant was not con- 
sidered. 
The motor and TMS models were combined using standard substructuring methods 
(references 1 and 2). Since the two models were developed by two different compa- 
nies, it was not possible to use the automated suhstructuring teckniques available 
in the MSCINASTRAN computer program. Therefore, the partitioning and merging 
rnatrix operations necessary to combine the two models were implemented through 
direct matrix abstraction program (DMAP) modifications to the appropriate rigid 
format solution modules. The partitioning vectors for both the motor and TMS 
matrices were supplied as input in the bulk data decks. The m a s  and stiffness 
matrices representing the motor were transmitted to and from permanent disc storage 
using the INPUT4 and OUTPUT4 I0 modules. 
The combined TMS and motor model was used to compute the first thirtv natural 
frequencies and mode shapes of the system. The system response to various excita- 
tion sources was obtained through superposition of the modal responses. To make 
the analysis more manageable, the integration of the uncoupled equations and the 
subsequent summation of the modal responses were performed outside of NASTRAN,using 
in-house software as illustrated in figure 5. Using this technique, stresses were 
obtained in an interactive manner on an element-by-element basis. When it was 
determined that the stress history in a particular element was required, the 
stress-displacement matrix for that element was created using the geometric and 
material data from the NASTRAN bulk data deck. The appropriate modal displacements 
were subsequently determined using the eigenvalues and time histories of the 
generalized coordinates; the appropriate stresses were then computed. This tech- 
nique proved to be very efficient and significantly decreased the amount of periph- 
eral storage required to retain the dynamic stress and displacement histories. The 
only quantities saved were the time histories of the generalized coordinates and 
the mode shapes, or eigenvectors. It was also very convenient since the analyst 
did not have to specify which displacements and stresses he wished to have printed 
out or retained prior to executing the actual analysis (as required by many finite 
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element programs). This method also significantly reduced royalty costs associ- 
ated with using MSC/NASTRAN, since NASTRAN was used only to assemble the component 
matrices and compute the natural frequencies and mode shapes; all remaining com- 
putations were performed outside of N A S M .  
EXPERIMENTAL MODAL SUR JEY 
In recent years an impact testing technique commonly referred to as "modal 
analysis testing" has been developed which enables the natural frequencies and 
modal properties of a system to be determined experimentally. In addition, the 
mode shapes may be displayed in animated motion on a graphics computer terminsl. 
The modal analysis methods enable the structural analyst to study a particulal node 
of the structure and to compare the frequency and mode shape to those obtained from 
a finite element analysis. In addition, the damping associated with a particular 
mode can be obtained and used as input to the finite element model. One benefit of 
the modal analysis method is that it provides experimental data in a form directly 
compatible with the results of a finite element analysis. The analyst may then 
evaluate which modes are accurately represented, and may gain insight as to how the 
finite element model may be improved. 
Modal testing requires both the excitation and the response of the structure 
to be recorded. The excitation and response time histories are transformed to the 
frequency domain, and the frequency cesponse function relating the response to the 
excitation is obtained. The selective acquisition of a family of frequency re- 
sponse functions having a common excitation point enables the modal parameters of 
the structure to be obtained. For detailed treatments on modal analysis methods, 
the interested reader is referred to references 2 through 10. 
To adequately define the complicated mode shapes of the TMS and the motor 
combination, three-dimensi~nal accelerometer readings were required at 54 different 
locations on the structure. This resulted in having accelerometer response data 
at almost every major connection on the structure (figure 6). An actual motor 
having an inert propellant was used to insure that the dvn?.mic characteristics of 
the motor were properly represented. 
The quality of the modal analysis results is directly proportional to the 
quality of the excitation and respcnse time history data. A major problem at the 
onset of the modal analysis effort was to determine how to excite the strccture to 
such an extent that the low-frequency response (1-30 Hz) of the structure could be 
measured. It is a relatively easy matter to excite the high-frequency modes of a 
structure, but to adequately excite the low-frequency modes of massive structures 
is not as simple. In addition, a tjme constraint required that the modal testing 
be completed within a short time, including instrumentation and hardware setup. 
Impact Method No. 1 
Two different instrumentation and impact device configurations were tried. 
The basic idea behind the first setup was to obtain accelerometer response data at 
as many locations as possible for each impact. The advantage of this approach is 
that it enabled the experimental data to be obtained quickly. A major disadvantage 
is that every channel of the data cannot easily be visually inspected cn an osci1.- 
loscope as the data are being recorded. Therefore, it is not known until the data 
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a r e  being reduced whether a l l  c ' lannels c o n t a i n  good da ta .  
Accelerometers a v a i l a b l e  f o r  t h i s  t e s t  were i n  the  5- and 10-G range and were 
of  t h e  s t r a i n  gage type. Computations performed us ing t h e  f i n i t e  element represen-  
t a t i o n  of t h e  s t r u c t u r e  i n d i c a t e d  t h a t  a 400-kN (90,000 l b )  impact f o r c e  would be  
requ i red  t o  e x c i t e  t h e  low-frequency modes s u f f i c i e n t l y  t o  o b t a i n  a good s i g n a l .  
A device  designed t o  d e l i v e r  t h e  impact f o r c e ,  shown i n  f i g u r e  7, consisted o f  a 
pendulum having a swing r a d i u s  of  3.048m (10 f  t )  . The pendulum bob [a 10.16-cm 
(4 in.)-diam by 60.96-cm (24 in.)- long s t e e l  c y l i n d e r ]  was al lowed t o  swing f r e e  
and impact on t h e  a n v i l  con ta in ing  a q u a r t z  f o r c e  r i n g ;  i t  was manually caught on 
rebound t o  prevent  m u l t i p l e  impacts. The pendulum impact device  was designed t o  
e x c i t e  modes having a s i g n i f i c a n t  p a r t i c i p a t i o n  i n  t h e  lateral d i r e c t i o n .  
Severa l  problems were encountered which l i m i t e d  the  use fu lness  of  t h e  pendulum 
impact device  and a s s o c i a t e d  ins t rumenta t ion.  These a r e  l i s t e d  below: 
1. The impact device  d i d  not  y i e l d  c l e a n  impulse time domain p r o f i l e s  and 
corresponding frequency s p e c t r a .  D i s c o n t i n u i t i e s  i n  t h e  impact a n v i l  and 
f o r c e  r i n g  assembly r e s u l t e d  i n  p a r t i a l  r e f l e c t i o n  of t h e  impact f o r c e ,  
and t h e  "hammer" c h a t t e r e d  wi th  t h e  a n v i l  s u r f g c e  dur ing c o n t a c t .  D e t a i l s  
of t h e  a n v i l  assemhly a r e  shown i n  f i g u r e  8. 
2. Ins t rumenta t ion problems prevented o b t a i n i n g  good d a t a  on a l l  r ecorder  
channels f o r  a g iven impact. 
3. The accelerometers  we-e no t  s e n s i t i v e  enough t o  o b t a i n  good s innal - to-  
no i se  r a t i o  s i g n a l s .  
Imnact Method No. 2 
To overcome t h e  problems encountered wizh t h e  h igh  energy impact s e t u p ,  a 
c o m e r c i a l l y  a v a i l a b l e  instrumented s l edge  hammer and a h igh s e n s i t i v i t y  se ismic  
accelerometer ,  shown i n  f i g u r e  9, were used. The s l edge  hammer is capable  o f  
developing up t o  a 22-kN (5,000 l b )  impact load ,  and provided a f l a t  impulse spec- 
trum over  the  frequency range of i n t e r e s t .  The se i smic  accelerometer  has  a r a t e d  
s e n s i t i v i t y  down t o  G ,  and weighs approximately one-half ki logram (one pound). 
Response d a t a  obta ined us ing t h i s  hardware were on t h e  o rde r  of G. Compared 
t o  the  f i r s t  impact device,  t h e  instrumented s l e d g e  hammer provided a r e l a t i v e l y  
low l e v e l  energy inpu t  i n t o  the  system. 
The d a t a  were obta ined us ing a roving accelerometer  procedure i n  which a s i n g l e  
accelerometer  was moved t o  the  va r ious  response l o c a t i o n s ;  t h e  impact l o c a t i o n  was 
considered t h e  r e f e r e n c e  p o i n t  throughout t h e  modal a n a l y s i s .  To o b t a i n  a c c e l e r -  
ometer response d a t a  i n  t h r e e  orthogonal d i r e c t i o n s  of each d a t a  l o c a t i o n  on the  
s t r u c t u r e ,  i t  was necessary  t o  i n s t a l l  mounting blocks  a t  each l o c a t i o n .  The 
moucting blocks  were f a b r i c a t e d  t o  provide a f l a t  s u r f a c e  pe rpend icu la r  t o  each 
of t h e  t h r e e  measurement d i r e c t i o n s .  A t y p i c a l  mounting block is shown i n  f i g u r e  
3b, wi th  a t r i a x i a l  accelerometer  mounted on i t s  top  f a c e .  
Since on ly  one s ing le -ax i s  high s e n s i t i v i t y  accelerometer  was a v a i l a b l e ,  i t  
was necessary  t o  r e l o c a t e  t h e  accelerometer  i n  each of t h e  t h r e e  measurement 
d i r e c t i o n s  a t  each measurement l o c a t i o n .  This  was t h e  most time-consuming opera- 
- .  
t i o n  of the  e n t i r e  job,  Tc ensure  t h a t  a l l  modes of t h e  s t r u c t u r e  had b e e n e x c i t e d ,  
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three different impact points having different impact directions were utilized. 
All three impact points were located on the aft firing ring of the motor. 
This method requires considerably more time than the previous method. However, 
since only one pair of response and impact time signals was being recorded simulta- 
neously, it was possible to view both the input and response signals on an oscillo- 
scope as they were being recorded. This made it possible to ensure that good data 
were obtained at each rcsponse location. This proved to be a very important 
feature. 
1 
COMPARISON OF EXPERIMENTAL AND ANALYTICAL RESULTS 
A comparison of the computed and experimentally determined frequencies and 
mode shapes is shown in Table I. As seen in Table I, the frequencies and general 
shape of the modes agreed very well for most of the modes. An evaluation of the 
results of this comparison shows that the finite element model was capable of 
computing those modes which were associated with the load-measuring columns and 
motor combination. In addition, the shell-type modes of the motor were represented 
well. However, modes controlled by the accumulated flexibility of the large 
structural beam connections ( 4 ,  5, and 8 of Table I) were not in good agreement. 
CONCLUSIONS 
This investigation concludes that state-of-the-art structural analysis comput- 
er programs such as NASTRAN can be used to successfully represent the dynamic 
characteristics of large thrust-measuring systems. The finite element model must 
include accurate representations of all major components comprising the system 
(i.e., thrust butt, load-measuring columns, motor, and propellant). However, it 
was also observed that the finite element models of frame structures which utilize 
kinematic constraints to represent complex connections may not represent all modes 
of the structure accurately. Fortunately, for the situation under consideration, 
the inaccurately represented modes did not contribute significantly to the response 
of the critical members. 
The dynamic certification effort was considered successful since the exper- 
imental data indicated that the dominant modes expected to respond to the ignition 
and gimbaling transients were adequately represented by the combined finite e1emet.t 
model of the motor and TMS. 
The modal analysjs results identified areas in the TMS which were "dynamically 
sensitive," and a carthl review of the animated mode shapes suggested design 
changes which would improve the dynamic characteristics of the TMS. 
The commercially available instrumented sledge hammer and seismic acceler- 
ometer combination provided the highest quality data, and enabled the data to be 
reviewed as it was being taken. The ability to inspect the data in the field 
proved to be very desirable when this type of experiment is performed. It was 
concluded that relatively low input force levels can be used to excite the low- 
frequency modes of massive structures by tuning the impact spectrum of the hammer. 
The quality of the animated mode shape displays was adequate to determine 
the basic motion of the structure. However, in most cases one or more of the 
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points in the animated display of the structure were in obvious error. In addition, 
it was difficult to discern exactly how the structure was deforming during some of 
the higher frequency modes. 
Modal testing is a valuable tool for discerning the adequacy of a finite 
element representation, and can be successfully applied to very large structures 
used in ground test facilities. 
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Table I. - Experimental and Computed Natural Frequencies 
MODE EXPERIMENT COMPUTED DESCRIPTION OF MODE SHAPE NUMBER (Hz) (Hz) 
1 5.2 5.2 Fi rst lateral mode of motor in yaw 
di rection. 
2 5.6 5.6 First lateral mode of motor in pitcll I direction. 
3 6.5 6.9 First rotational mode of motor. 
4 7.5 '" Out-of-phase bendi ng of inner thrust ", 
butt girders. 
5 8.8 16.4 Breathing motion of thrust butt girders. 
6 10.8 11. 9 Vertical motion of motor on axial load 
column. 
7 12.2 12. 7 Second lateral mode of motor in yaw 
direction. 
8 13.4 18.1 Out-of-phase bendi ng of thrust butt 
mai n girders. 
9 14.0 14. 7 Second lateral mode of motor in pitch 
direction. 
10 18. 2 18.2 Late ra I be ndi ng of X braci ng and fi rst 
bendi ng mode of motor. 
':' Was not computed. 
N84 1 5 6 0 4  
DETERMINATION OF ELEVATOR AND RUDDER HINGE FORCES 
I ON THE LEARJET MODEL 55 AIRCRAFT 
Robert  R. Boroughs and Viswa Padmanabhan 
Gates L e a r j e t  Corpo ra t i on  
SUMMARY 
The empennage s t r u c t u r e  on t h e  L e a r j e t  55 a i r c r a f t  was q u i t e  s i m i l a r  t o  t h e  
empennage s t r u c t u r e  on e a r l i e r  L e a r j e t  models. However, due t o  an impor tan t  s t r u c -  
t u r a l  change i n  t h e  v e r t i c a l  f i n  a long w i t h  t h e  new loads environment on the  50 
se r ies  a i r c r a f t ,  a  s t r u c t u r a l  t e s t  was r e q u i r e d  on t h e  v e r t i c a l  f i n ,  b u t  t h e  h o r i -  
z c n t a l  t a i l  was s u b s t a n t i a t e d  by a  comparat ive a n a l y s i s  w i t h  prev ious t e s t s .  
NASTRAN a n a l y s i s  was ~ j o d  t o  i n v e s t i g a t e  empennage d e f l e c t i o n s ,  s t r e s s  l e v e l  s, and 
c o n t r o l  su r face  h inge forces .  The h i ~ g e  f o r c e  c a l c u l a t i o n s  were made w i t h  t h e  
c o n t r o l  sur faces i n  t h e  d e f l e c t e d  as w e l l  as unde f lec ted  c o n f i g u r a t i o n s .  A s k i n  
panel b u c k l i n g  a n a l y s i s  was a l s o  performed, and t h e  non- l i nea r  e f f e c t s  o f  b u c k l i n g  
were s imula ted i n  t h e  N4STRAN model t o  more a c c u r a t e l y  d e f i n e  i n t e r n a l  loads and 
s t r e s s  l e v e l s .  Comparisons were then made between t h e  Model 55 and t h e  Model 35/36 
s t resses  and i n t e r n a l  f o r c e s  t o  determine which components were q u a l i f i e d  by p r e v i -  
ous t e s t s .  Some o f  t h e  methods and techniques used i n  t h i s  a n a l y s i s  have been 
descr ibed i n  t h e  f o l l o w i n g  paragraphs. 
INTRODUCTION 
Features i n  t h e  55 empennage q e c t i o n  t h a t  were i d e n t i c a l  t o  p rev ious  L e a r j e t  
models i nc luded  t h e  h o r i z o n t a l  t a i  i ,  e l e v a t o r s ,  and t h e  upper p o r t i o n  o f  the  v e r t i -  
c a l  f i n  and rudder  (see f i g u r e  1). The most s i g n i f i c a n t  change i n  t h e  empennage 
occur red i n  t h e  lower p o r t i o n  o f  t h e  v e r t i c a l  f i n  and rudder  which were expanded 
us ing  the  same tape r  r a t i o  and a i r f o i l  con tou r  as t h e  upper p o r t i o n  so t h a t  t h e  
t o t a l  h e i g h t  o f  t h e  v e r t i c a l  f i n  and rudder  was increased by approx imate ly15 inches.  
Since t h e  v e r t i c a l  t a i l  increased i n  s i z e  and the  v e r t i c a l  f i n  spar  depths and 
spacings changed a t  t h e  i n t e r s e c t i o n  w i t h  t h e  t a i l c o n e ,  an e n t i r e l y  new t a i l c o n e  
s e c t i o n  was designed t o  support  t h e  empennage s e c t i o n .  Con t ro l  systems f o r  t he  e l e -  
v a t o r s  and rudder  were n e a r l y  t h e  same as t h e  prev ious c o n t r o l s  i n  t h i s  area w i t h  
the  except ion  o f  t h e  15 i n c h  h e i g h t  i nc rease  i n  t h e  v e r t i c a l  t a i l  and t h e  geometry 
changes i n  t h e  t a i l c o n e .  
Cons t ruc t i on  i n  t h e  v e r t i c a l  t a i l  cons i s ted  o f  f i v e  spars and e i g h t  r i b s  made 
o f  bent  up aluminum sheet  metal  covered w i t h  an alurninum s k i n .  The rudder  was 
assembled w ~ t h  one spar, e leven r i b s ,  and a  t h i n  s k i n  cover, a l l  o f  which were alum- 
inum sheet metal  f a b r i c a t i o n .  Support f o r  t he  rudder  was accomplished through 
t h r e e  h inge  po in ts .  Two o f  these hinges, t h e  t o p  and c e n t e r  attachments, connected 
the  rudder  l e a d i n g  edge t o  t h e  r e a r  spar o f  t h e  v e r t i c a l  s t a b i l i z e r  w h i l e  the  t h i r d  
h inge p o i n t ,  o r  bot tom support,  was a t tached  t o  t h e  a f t  s i d e  o f  frame 48 through a  
to rque tube and b r a c k e t  support  assembly (see f i g u r e  2 ) .  Near t h e  lower  end of 
t h i s  to rque  tube was mounted a  b e l l c r a n k  assembly which prov ided t h e  means f o r  
a c t u a t i n g  and c o n t r o l  1 i n g  t h e  rudder  su r face .  
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S t r u c t u r a l  arrangement o f  t h e  h o r i z o n t a l  t a i l  i nc luded  a  fo rward  and r e a r  spar 
w i t h  t h r e e  i n te rmed ia te  s t r i n g e r s  on b o t h  t h e  upper and lower  sur faces,  seven r i b s  
pe r  side, and upper and lower  s k i n  panels.  The e l e v a t o r s  were one spar a i r f o i l  
sec t i ons  w i t h  n i n e  r i b s  per s i d e  which were covered w i t h  an aluminum s k i n .  Each 
e l e v a t o r  was a t tached  t o  t h e  h o r i z o n t a l  s t a b i l i z e r  by  t h r e e  h inge p o i n t s  a long  t h 2  
e l e v a t o r  :eading edge. The l i p  and c e n t e r  span i l inges bo th  connected d i r e c t l y  t o  
the  r e a r  spar o f  t h e  h o r i z o n t a l  s t a b i l i z e r ,  b u t  t he  inboard  h iqge  at tachment was 
very  s i m i l a r  t o  t h e  l ower  h inge on t h e  rudder .  The e l e v a t o r  inboard  h inge  c o n s i s t e d  
o f  a  to rque tube assewbl; which was supported a t  t h e  h o r i z o n t a l  s tab ' l  i z e r  r e a r  spar 
and a i r c r a f t  c e n t e r  1  i n e  by  a  b racke t  assembly. Th is  b r a c k e t  i n s t a l  l a t i o n  served 
as a  suppor t  f o r  bo+h t h e  r i g h t  hand and l e f t  hand e l e v a t o r s  a t  t he  inboard  end 
(see f i g u r e  3 ) .  A c t u a t i o n  and c o n t r o l  o f  t h e  e l e v a t o r s  \.:as achieved through i n d i -  
v i d u a l  be1:cranks on t h e  inboard  end o f  each to rque  tube. These b e l l c r a n k  asserrb- 
b l  i e s  were then connected by a  push rod  1  inkage system which extended through t h e  
v e r t i c a l  s t a b i l i z e r  t o  a  c o n t r o l  system s e c t o r  i n  the  fuse lage t a i l c o n e .  
SYMBOLS 
j A i  X, Y, and Z components o f  a  p o i n t  a t  t h e  o r i g i n  f o r  a  CORD2R card  
CI r o t a t i o n  about  t h e  x a x i s  f o r  element i n t e r n a l  forces 
!. 
i X ,  Y, and Z components o f  a p o i n t  on t h e  Z a x i s  f o r  a CORDZR ca rd  
e r o t a t i o n  about  t h e  Y a x i s  f o r  element i n t e r n a l  forces 
c i X, Y, and Z components o f  a  p o i n t  i n  t h e  X-Z  p lane f o r  a  CORDZR ca rd  
F i ~  i n t e r n a l  f o r c e  component 
Y r o t a t i o n  about  z  a x i s  f o r  element i n t e r n a l  f o rces  
H G coord ina te  values o f  a  d e f l e c t e d  c o n t r o l  su r face  t ransformed t o  t h e  
bas i c  system 
ti coord ina te  values o f  a  d e f l e c t e d  c o n t r o l  su r face  i n  a  l o c a l  system 
ilh coord ina te  values c o r r e c t e d  f o r  h inge l i n e  sweep 
He coo rd ina te  values c o r r e c t e d  f o r  c o n t r o l  su r face  r o t a  t i o n  
h h inge 1 i n e  sweep 
T r  t r ans fo rma t ion  m a t r i x  f o r  h inge 1  i n e  sweep 
,' . T  e t r ans fo rma t ion  m a t r i x  f o r  c o n t r o l  sur face r o t a t  i o n  
8 c o n t r c l  su r face  r o t a t i o n  
x f i r s t  coo rd ina te  o f  a  p o i n t  i n  a  l o c a l  r e c t a n g u l a r  system 
Y  second coo rd ina te  o f  a  p o i n t  i n  a  l o c a l  r e c t a n g u l a r  system 
,. 
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t h i r d  coord inate o f  8 p o i n t  i n  a  l o c a l  rec tangu la r  system 
f i r s t  coord inate o f  a  p o i n t  i n  the  bas ic  rec tanpu la r  system 
second coord inate o f  a  p o i n t  i n  the bas ic  rec tangu la r  system 
t h i r d  coord inate o f  a  p o i n t  i n  the  bas ic  rec tangu la r  system 
BACKGROUND 
Since the  Model 55 empennage s t r u c t u r e  was very  s i m i l a r  t o  the Model 35/36 
empennage s t r u c t u r e  and o ther  ea r l  i e r  empennage s t ruc tu res ,  L e a r j e t  was faced w i t h  
the s i t u a t i o n  on t he  50 ser ies  developnent program o f  determining which s t r u c t u r a l  
items were q u a l i f i e d  by previous c e r t i f i c a t i o n  t e s t s  and which s t r u c t u r a l  items 
needed t o  be requal i f i e d .  ;he v e r t i c a l  t a i l  and t a i l c o n e  support  s t r uc tu re  was 
obv ious ly  one area which had t o  be q u a l i f i e d  by s t r u c t u r a l  t e s t ,  s ince the he ight  
of t h i s  component had been increased on t he  50 se r i es  a i r c r a f t .  A po r t i on  of the 
NASTRAN ana lys is  on t h d t  s t r u c t u r e  has been d e t a i l e d  i n  NASA CP-2151 (see re f .  1)  
and consequtnt ly has n o t  been addressed i n  t h i s  sext. However, a  desc r i p t i on  of 
the NASTRAN ana lys is  performed on the  rudder and rudder hinges was not  covered i n  
t h a t  document and has been incorporated i n  t he  body o f  t h i s  paper. 
A review o f  the loads f o r  t he  50 se r i es  a i r c r a f t  helped t o  f u r t he r  c l d r i f y  
some o f  these questions, bu t  f o r  some s t r u c t u r a l  components the  answer was no t  
obvious and more study was necessary. One area where t h i s  was p a r t i c u l a r l y  t r u e  
was the  hor i zon ta l  t a i l  i n s t a l l a t i o n .  Th is  s i t u a t i o n  was main ly  due t o  a  rev ised 
loads d e f i n i t i o n  f o r  t he  hor i zon ta l  t a i l  where t he  combinat ion of new loads was no t  
d i r e c t l y  comparable t o  the o l de r  load cond i t i ons .  Also, a  fas te r  method was needed 
f c r  c a l c u l a t i n g  e l eva to r  hinge forces f o r  t he  var ious load  cond i t i ons  and def lected 
e levd to r  con f igu ra t ions .  Prev ious ly ,  h inge fo rces  had been ca lcu la ted  using methods 
which were very  tedious, t ime consuming, and no t  very  adaptable t o  changes i n  
e leva to r  p o s i t i o n .  
To he lp  c l a r i f y  these quest ions a  NASTRAN ana l ys i s  was performed on the empen- 
nage s t r uc tu re  f o r  t he  var ious load cond i t i ons  and c o n t r o l  sur face pos i t i ons  so 
t h a t  a  comparison could be made between the de f l ec t i ons ,  stresses, and i n t e rna l  
loads on the  55 empennage w i t h  t he  35/36 empennage. Previous s t r u c t u r a l  t e s t s  had 
demonstrated t h a t  the  ho r i zon ta l  s t a b i l  i z e r  and e leva to rs  on the  35/36 a i r c r a f t  
had the  c a p a b i l i t y  t o  sus ta in  150% o f  u l t i m a t e  load  ( n o t  l i a i t  load)  f o r  two of 
the more c r i t i c a l  cond i t i ons  on t h a t  a i r p l ane .  The 1502 o f  u l t i m a t e  load t e s t s  
were performed t o  more accura te ly  de f i ne  t he  s t r eng th  of the hor i zon ta l  s t a b i l i z e r  
and e leva to rs  as we l l  as e s t a b l i s h  the  g rnv th  c a p a b i l i t y  o f  t h i s  s t r uc tu re .  Con- 
sequently, a  po r t i on  o f  the NASTRAN ana;ysis was spent s imu la t ing  the 35/36 load 
cond i t i ons  i n  order t o  e s t a b l i s h  a base l ine  f o r  the  50 ser ies  analys is .  Then the 
50 ser ies  loads were app l ied  t o  the NASTRAN model and a  comparison was made between 
these data and t h e  35/36 data. Using t h i s  approach L e a r j e t  was ab le  t o  more 
c l e a r l y  de f i ne  which elements were q u a l i f i e d  by previous c e r t i f i c a t i o n  t s t s  and 
which members, i f  any, need t o  be q u a l i f i e d  i n  t he  50 ser ies  subs tan t ia t ion  pro- 
gram. This data base would a lso  he lp  t o  e s t a b l i s h  what cornponeruts needed t o  be 
qua1 i f i e d  i n  f u t u r e  growth vers ions and/or modi f icat ions t o  the  e x i s t i n g  conf ig-  
u ra t ion .  
z third coordi ate of a point in a local rectangular system 
X fir t coordi te of a point in the basic rectangular system 
Y second coordi te of a point in the basic ~ ct ngular system 
Z third coordi ate of a point in the basic rectangular system 
B OUND 
ince the del 55 e pennage structure s ery si il r to the del 3 /  
e pennage structure and ther earlier e pennage str rjet s foced ith 
the situation on the 50 seri s evelopm nt rogram f etermining ich structural 
ite s re ualified by revious certification t sts and ich structural ite s 
eeded to be r . ,"he rtical tail and tailcone support structurt: s 
bvi usly one area ich had to be ualified by structural t t, since the eight 
f this c t ad een i sed on the 50 seri s ir r ft.  rtion the 
TRAN nalysis on thdt structure s een tailed in  -2151 ( ee r f  1) 
and onsequ& tly s ot en d r ssed in this c xt.  escription f
the TRAN nalysis erfor ed on the r der and r er i es  ot v red in 
t at cu nt and s een i r rated in the ody f t is er. 
 review f the l ds f r the 50 seri s ircraft elped to f t r l rif  
so e f t se ti ut f r so e structural nts the answer s ot 
vi s and re study s ssary. ne rea r  this s rticularly tr e 
 the ri ontal tail i tall ti . is situation s inly ue to  r vised 
l s efinition f r t e ri tal tail r  t e i ation ew l s  ot 
ir ctly r ble to t e l r l ad i .  f t r thod  eded 
fe lculating l vator i ge f s f r t e ri s l ad diti s nd f  
l Jtor f i . rf~ sly, i ge f s ad en lc l ted sing t ds 
i h r  ry t ti e nd ot ry aptabl  to s in 
l v tor iti n. 
 elp larify t e stions  TRAN nalysis  rf r  n t e 
ge struct r  f  t e ri s l ad iti  nd ntrol surf ce sitions so 
t t  rison ould e de h t en t e f t nd i t rnal 
l s n t e 5 ge ith t e /  . r vi s structural t sts ad 
tr ted t t t e ri ontal tabili r nd l t r  n t e /  ir r ft 
d t e pability to ustain 50% lti te l ad ot limit l d) r t  
t e re ritical iti  n t t i .  0~ f lti te l ad t ts 
r  rfor ed to re ccurately fi e t e trength t e ri tal tabili r 
nd l t rs s l  s stabl ish t e ro,,:th apabil ity f t is tr t . -
eq ntl  rtion f t e TRAN a~ s  nt i l ting t e / l ad 
iti s in r to stablish seline r t e 0 eri  l n t e 
0 eri  l s r  ppli d to t e TRAN el nd  ri on  e t en 
t e ta nd t e /  t . ing t is r ach rj t  ble to r  
l arly fi e i h l ts r  Q d y vi s rtifi tion tes s ~d 
i  , f ed o  lified n   ri  tantiati  
i  ta e ld l o lp o stabli h t mpone~ts ded o  
d n r  r th i s o  i ti g 
ti
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MODELING CRITERIA 
' I 
The NASTRAN model used t o  represent  t h e  empennage s e c t i o n  inc luded the  ve r -  
! t i c a l  s t a b i  1  i zer, rudder, h o r i z o n t a l  s t a b i  1  i z e r ,  e leva to rs ,  and t a  i lcone s e c t i o n  
! (see f i g u r e  1). The t a i l c o n e  was u t i l i z e d  i n  t h e  model t o  more accura te l y  des- 
c r i b e  the f l e x i b i l i t y  and s t i f f n e s s  o f  t h e  v e r t i c a l  t a i l ,  s ince  t h e  spars  fro^ the  
v e r t i c a l  t a i  I extended i n t o  and were a t tached t o  t h e  t a i l c o n e .  A s i g n i f i c a t ~ t  por- 
t i o n  o f  t h e  c o n t r o l  system connect ing the  rudder  and elevatol -s was a1 so modeled 
t o  more accura te l y  d e f i n e  the  e f f e c t  o f  c o n t r o l  system f l e x i b i l f t y  on the d e f l e c -  
L t i o n  o f  t h e  c ~ n t r o l  surfaces and hinge forces.  
Since t h i s  s t r u c t u r e  was g e o m e t r i c a l l y  q u i t e  complex, m u l t i p l e  l o c a l  c o o r -  
d i n a t e  systems were used t:, simp1 if) the  model ing and t o  mdke t h e  a n a l y s i s  easier. 
t o  perform f o r  t h e  d i f f e r e n t  c o n t r o l  system d e f l e c t e d  c o n f i g u r a t i o n s .  Each frame 
i n  the  t a i  lcone s e c t i o n  was modeled i n  a  l o c a l  c y l i n d r i c a l  coo rd ina t?  system w h i l e  
the v e r t i c a l  f i n  and h o r i z o n t a l  s t a b i l i z e r  were modeled i r ~  a  l o c a l  I -ectanyuldr  
coord ina te  system. The rudder  and e l e v a t o r s  were a l l  modeled i n  l o c a l  rec tangu la r  
systems w i t h  t h e  Y a x i s  o f  each coord ina te  system d e f i n e d  d1ong t!,e h inge l i n e .  
This type o f  coo rd ina te  system d e f i n i t i o n  pe rm i t ted  the  r o t a t i o n  of  each c o n t r o l  
sur face about the  hinge l i n e  by  s imply  t rans fo rm ing  t h e  C3RD2R c a r d  (see r e f .  2 )  
r a t h e r  t h a i  changing a l l  o f  t h e  g r i d  p o i n t  coord inates  i n  t h e  c o i t r o l  surface t o  
r e f l e c t  the  d e f l e c t e d  p o s i t i o n .  R o t a t i o n  o f  t h e  c o n t r o l  su r face  about the  hinge 
1  i n e  thus pe rm i t ted  the c a l c u l a t i o n  o f  h lnge fo rces  f o r  v a r i o u s  c o n t r o l  ~ u r f a c e  
movements. Th is  technique a l s o  f a c i l i t a t e d  a  s tudy o f  v e r t i c a l  f i n  and hor izon-  
t a l  s t a b i l i z e r  i n t e r n a i  fo rces  and s t resses f o r  va r ious  c o n t r o l  su r face  p o s i t i o n s .  
The model f o r  t h i s  s t r u c t u r e  was approx imate ly  5700 degrees o f  freedom i n  
s i z e  w i t h  950 nodes and 2800 elements. Local coo rd ina te  systems t o t a l e d  seveq- 
teen which cons is ted of  bo th  rec tangu la r  and c y l i n d r i c a l  re fe rence  s y s t e m .  Since 
the r e s u l t s  o f  prev ious s t a t i c  t e s t s  had i n d i c a t e d  t h a t  s k i n  panel b u c k l i n g  was 
present, a  buck l i ng  a n a l y s i s  was i rp lemented t o  i d e n t i f y  buck led s k i n  panels and 
t o  s imu la te  t h i s  non-1 i n e a r  phenomt?on i n  the  NASTRAN a n a l y s i s  (see r e f .  3 ) .  This 
b u c k l i n g  s i m u l a t i o n  was achieved by r e p l a c i n g  t h e  o r i g i n a l  s k i n  th ickness o f  t h e  
buckled panel w i t h  an e f f e c t i v e  s k i n  th ickness which represented t h e  s t i f f n e s s  of  
the  buckled con f igu ra t ion .  The b u c k l i n g  a n a l y s i s  and e f f e c t i v e  s k i n  th ickness 
c a l c u l a t i o n  were performed by a  computer program which was s e t  up t 9  r u n  as a  post  
processor t o  the NASTRAN program, Th is  process g e n e r a l l y  had t o  be repeated 
several  t imes i n  o rde r  t o  o b t a i n  a  convergent s o l u t i o n .  A  more d e t a i l e d  desc r ip -  
t i o n  of the  theory  behind t h i s  a n a l y s i s  has been presented i n  NASA TMX 3428 and 
f u r t h e r  d i scuss ion  w i l l  n o t  be covered i n  t h i s  t e x t .  
I n c o r p o r a t i ~ n  o f  t h e  t a i l c o n e  s e c t i o n  v i  t h  t h e  empennage model was dcne t o  
more accura te l y  d e f i n e  the  s t i f f n e s s  r e l a t i o n s h i p  b e t w e n  these two components. 
Representatiori  o f  t he  t a i l c o n e  s e c t i o n  inc luded  t h e  s t , - ~ c t u r e  from frame 39 t o  
frame 48 (see f i g u r e  1). The modeling o f  t h i s  s t r u c t u r e  wzs accomplished by 
d e f i n i n g  t h e  g r i d  p o i n t s  a t  each frame dnd s t r i n g e r  i n t e r s e c t i o n  i n  a  l o c a l  c y l i n -  
d r i c a l  coord inate  system i n  the  plane o f  t h e  frame us ing  CORDZC cards (see r e f .  2 )  
NASTRAN members used t o  model t h i s  s t r u c t u r e  were BAR elements f o r  the frames, 
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doublers. A bdgga~e ~lu i i i  l d ~ l  L I ~ , .  l L ~  L I l l  . iU s i u e  u t  che t d i  lcorie d i d  n i i t  nave 1 9 -  
n i f i c a n t  s t r u c t u r a l  c a r r y  through c a p a b i l i t y  and was omi t ted  t o  conserve degrees 
of freedom. The keel  beam s t r u c t u r e  t h a t  extended from frame 39 t o  41 i n  t h i s  
sect ion was modeled us ing CONROD elements for  the  caps, SHEAR elrments f o r  t hz  s ide  
webs, and QDMEME elements "or t he  ho r i zon ta l  webs. 
VERTIC~L TAIL 
Two separate l o c a l  rec tangu la r  coct-d;,cate systems were used t o  f a c i l  i t a t e  the 
d e f i n i t i o n  of g r i d  p o i n t  l o c a t i o n s  i n  t h e  v e r t i c a l  f i n  and rudder  (see f i g m e  2 ) .  
The l o c a l  rec tangu la r  coord ina te  system f ~ r  the  v e r t i c a l  f i n  was de f ined  using a 
CORD2R card w i t h  the  o r i g i n  loca ted  on the cen te r  l i n e  o f  t he  a ~ r p l a n e  a t  the i n t e r -  
sect ion o f  the  v e r t i c a l  t a i l  l ead ing  edge and the  t a i l c o n e  upper surface. The X 
ax i s  was def ined as p o 5 i t i v e  a f t ,  the  Y a x i s  was def ined as p o s i t i v e  up, and the Z 
ax f s  was def ined as p o s i t i v e  l e f t  h a ~ d  outboard. Thp l o c a l  r e c t a ~ g u l a r  coord inate 
system f o r  the rudder was de f ined  us ing a CORD2R cara w i t h  the o r i g i n  on the rudder 
hinge l i n e  a t  the lower end o f  t he  rudder torque tube. J r i e n t a t i o n  o f  the ax i s  
was p o s i t i v e  o f t  and s l i g h t l y  down ( f o r  zero degree rudder d e f l e c t i o n ) ,  the  Y a x i s  
wa; p o s i t i v e  up aloncj the  rudder hinge l i n e ,  and the  Z a x i s  was p o s i t i \ l e  l e f t  hand 
outboard . 
Gr id  po in t s  were loca ted  a t  the  i n t e r sec t i on  o f  the  spar caps and r i b  caps 
on both t h e  r i g h t  ha-id and l e f +  hard ou te r  contours of t he  v e r t i c a l  t a i l .  The 
spar caps i n  the  reg ion  o f  the  fuselage frames were mode;c? us ing BAR elements 
wh i le  the remainder o f  t he  spar caps and r i b  caps were s imulated by CONROD elements. 
Skin panels were represented by QDMEM2 members, a1 though there  were some t r iangu-  
l a r ,  TRMEM, membrane elements used t o  descr ibe i n t r i c a t e  corners.  SHEAR elements 
were used t o  represent :he spar and r i b  webs. 
Attachment o f  t he  rudder t o  the  v e r t i c a l  f i n  was accomplished through two 
hinges from the  a f t  spar o f  the  v e r t i c d i  f i n  t o  the  lead ing edge o f  t he  rudder.  
The hinge model cons is ted o f  a framework o f  e i g h t  CONRODs t h a t  connected the hinge 
po in t  t o  a rudder r i b  on the  a f t  s ide  and t o  a v e r t i c a l  f i n  r i b  on t he  forward 
side. The f i r s t  group o f  f o u r  CONRODs, o r  the a f t  hinge, connected t he  hinge p o i n t  
t o  four  po in ts  9n the adjacent rudder r i b ,  wh i l e  t he  second group o f  f o u r  LONRODS, 
o r  the forward hinge, connected the hinge p a i n t  t o  f ou r  g r i d  pc l n t s  cn the  a d j a c w t  
v e r t i c a l  f i n  r i b  (see f i gu re  2 ) .  This  method o f  modeling f a c i l i t a t e d  an eas ie r  
computation o f  hinge loads through a r e s o l u t i o n  o f  forces i n  the CONRODS i n t o  
forces i n  a predef ined coord inate system by us ing a se r ies  o f  t ransformat ion equa- 
t i ons .  The torque load i n  the  rudder was res t r a i ned  by a be1 l c rank  mounted on a 
torque tube whose a x i s  co inc ided w i t h  the  hinge 1 i n e  o f  the  rudder.  This torque 
tube was at tached t o  t he  bottom o f  t he  rudder on one end and t o  a bracket  support  
on the a f t  s ide o f  frame 48 on the  o ther  end. BAR elements were used t o  model the 
torque tubes and the be l l c rank  assembly which actuated and c o n t r o l l e d  the rudder 
r o t a t i o n  a t  the bottom of  the torque tube. Modeling of the  b racke t  support cn 
frame 48 was accomplished us ing CONiiGDs f o r  the  s t i f f e n e r s  and QDMEM2 membranes 
for  the webs. 
,. 
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The hor i zon ta l  t a i l  cons is ted o f  the  ho r i zon ta l  s t a b i l i z e r  and r i g h t  hand and 
l e f t  hand e levators .  Attachment o f  the hor i zon ta l  s t a b i l i z e r  t o  t h e  v e r t i c a l  f i n  
was accomplished through a  hinge p o i n t  on the  top  o f  the  v e r t i c a l  f i n  between spars 
three and four and a  screwjack at tached t o  the  hor i zon ta l  s t a b i l i z e r  apex and spar 
two of the v e r t i c a l  f i n .  Ro ta t ion  o f  the  ho r i zon ta l  t a i l  csu ld  then be achieved 
through ac tua t ion  of t h i s  screwjack. The e leva to rs  were at tached t o  t he  r e a r  spar 
o f  the hor i zon ta l  s t a b i l i z e r  through three hinges on each s ide.  
Three separate l o c a l  rec tangu la r  coord inate systems were created us ing the  
CORD2R f a c i l i t y  i n  NASTRAN t o  model the  hor i zon ta l  t a i l  s t r uc tu re .  The;e l o c a l  
coordinate systems were used t o  descr ibe the  ho r i zon ta l  s t a b i l  i ze r ,  r i g h t  hand e le -  
vator,  and l e f t  hand e leva to r .  Layout o f  the hor i zon ta l  s t a b i l i z e r  l o c a l  rec tan-  
qu;ar coord inate systems was es tab l i shed  w i t h  the  o r i g i n  loca ted  a t  t h e  ho r i zon ta l  
s t a b i l i z e r  apex w i t h  t he  X a x i s  p o s i t i v e  a f t ,  the  Y ax i s  p o s i t i v e  l e f t  hard ou t -  
board, and t he  Z a x i s  p o s i t i v e  down. O r i en ta t i on  o f  the l e f t  hand elevatot  l o c a l  
rec tangular  coord inate system was defined w i t h  the  o r i g i n  a t  t he  i n t e r s e c t i o n  of 
the hinge l i n e  and a i r c r a f t  c:.,iter plane w i t h  t he  X a x i s  perpendicu lar  t o  the hinge 
l i n e  and p o s i t i v e  a f t ,  the Y a x i s  co inc iden t  w i t h  the  hinge l i n e  and p o s i t i v e  l e f t  
hand outboard, and the  Z a x i s  perpendicular t o  the  X - Y  plane and p o s i t i v e  down. The 
r i g h t  hand e leva to r  l o c a l  rec tangu la r  coord inate system was s i m i l a r  t o  the  l e f t  hand 
e leva to r  w i t h  some d i f fe rences  i n  p o s i t i v e  axes d i r ec t i ons .  The o r i g i n  f c r  t he  
r i g h t  hand e leva to r  c w r d i n a t e  system was the  same as the l e f t  hand e levator ;  how- 
ever, the X a x i s  was perpendicular t o  the  r i g h t  hand hinge l i n e  and p o s i t i v e  fo r -  
ward, the Y a x i s  coincided w i t h  the  r i g h t  hand hinge l i n e  and was p o s i t i v e  r i g h t  
hand outboard, and the Z ax i s  was perpendicular t o  the X-Y plane and was p o s i t i b e  
up. One impor tant  advantage o f  the  separate coord inate systems f o r  t h e  e leva to rs  
was the ease and improved f l e x i b i l i t y  o f  ana lyz ing the e leva to rs  and ho r i zon ta l  
s t a b i l i z e r  w i t h  the  e leva to rs  i n  v a r i o ~ s  de f l ec ted  pos i t i ons .  
Gr id  po in ts  i n  t he  hor i zon ta l  t a i l  were spec i f i ed  i n  r e l a t i o n  t o  the  appro- 
p r i a t e  coord inate system depending on whether the  p o i n t  h ~ s  i n  the ho r i zon ta l  
s t a b i l i z e r ,  - i g h t  hand e leva to r ,  o r  l e f t  hand e leva to r .  i o c a t i o n  o f   he g r i d  
po in ts  was def ined by t ne  i n t e r s e c t i o n  o f  the spars and s t r i n g e r s  w i t h  the  r i b s  
and hy the e x t e r i o r  contour.  As i n  the  v e r t i c a l  f i n ,  the spar caps, s t r i n g e r s  and 
r i b  caps were represented by CONRODs, the spar and r i ~  webs were SHEAR elemelits 
and the sk i n  panels were modeled us ing QDMEM2 and TRMEM members ?n  the hor i zon ta l  
s t a b i l i ~ e r  wh i le  QUAD2 and TRIA2 elements were used i n  the  e leva to rs .  BAR e le -  
ments were used t o  s imulate  the  e leva to r  t r a i l i n g  edges. 
Attachment o f  the  e leva to rs  t o  the  hor i zon td l  s t a b i l '  2 r  r ea r  spar was accom- 
p l ished by three hinges on each e leva to r .  These hinges were designated by t he  
spanwise l oca t i on  and were r e f e r r e d  t o  as the  inboard hinge, center  hinge, and t i p  
hinge (see f igu re  3 ) .  The cen te r  and t i p  hinges were modeled as a  frameb!ork o f  
e i s h t  CONRODs t h a t  connected t he  hinge p o i n t  t o  an e leva to r  r i b  and a  ho r i zon ta l  
s t a b i l i z e r  r i b .  The f i r s t  group o f  fou r  CONRODs, o r  a f t  hinge, connected the hinge 
po in t  t o  four g r i d  po in t s  on an e leva to r  r i b ,  wh i le  the  second group o f  f o u r  
CONR0?<: nr forward h i n ~ ~  cnnnected t h c  h;nsc ~ o f n t  ; :;a; gi-id p " i r ~ i j  url a 
hor izonta l  s t a b i l i z e r  r i b  (see f i g u r e  3 ) .  The torque load on the  e l eva to r  was 
reacted by a  be1 ;crank mounted on a  torque tube whose a x i s  co inc ided w i t h  the e le -  
vator  hinge 1  ine. There were two o f  these b e l l c r i n k l t o r q u e  tube assemblies, one 
f o r  each side. The torque tube at tached t o  the  e leva to r  on t he  tube 's  outboard 
 ri ntal tail i ted f t e ri ontal tabili r nd i ht nd nd 
l ft nd l t t e ri tal tabili r to t e rti al i  
 cco li d t r ugh  i e i t n t e t p f t e rtical in t en rs 
t  na  nd  cre j ck tt ched to t e ri tal tabili r ex nd r 
t  t e rtical t tion f t e ri ontal ail ould t n e chieved 
t r ugh ctuation t is cre  l t r  r  ttached to t e ar r 
f t e ri ntal tabili r t r ugh t  i s n ach i . 
 p r t  l al tangular r i t  y te s r  ted Sing t e 
 ilit  in TRAN to el t e ri tal tail tr t . ~e l cal 
 t   ed o scribe  ri ntal tabili i t nd l
nd  nd l t f  i tal tabili r al t -
gUlar r i te te   stablished th  ri in t ~ t  ~ri ontal 
tabili r x th   xi  itive f   V i  itiv  ft r1 
nd   xi  itive . t tion f  ft nd l t . al 
t l r i t  ystem  f  th  rigin t  ection 
 i e i  nd ir r ft C _,lte  th   xi  r ndic l r o  i e 
i e nd itiv  ~  V xis i i t th  i e i e nd itiv   
nd nd   xi  r i l r o  V l e nd itiv  .  
i t nd l t r al t ngular r i t  te   i i r o  ft nd 
l t r th   n itive   rigin or  
i t nd l t r oor  te     s  ft nd l
  xis  r i l  o  i t nd i e i e nd itive 
  xi  i i d th  i t nd i e i e nd  iti  i t 
nd nd   xis  r ndi l r o  V l e nd  ositi~  
  nt t ge f  r t  i t  t  r  l t r  
   nd d l xibil ity f alyzing  l t r  nd ri tal 
tabili r th  l t rs in rious fl ted i
rid O  n  i tal il  pecifi d n l tion o  r
t  t  te  ending   i t ~~s n  i tal 
t i ~ nd l r ft nd l ~ ti n f t  rid 
  fi d y h  ection f  r  d tri r  h  i s 
d y  ri r   n  ti l  r tri  d 
ib   t d y  r d io   l ,l  
d  kin l   l d ing EM2 d rs ~n  i tal 
tabiliLer ril  AD2 d I  l t   ed n  l~ ators. 
t   eo  i t   l t r iling 
 l t    d t l tabil ~ ~r r r  
d     ch l t   s  p i t  y  
n  tion d  f rred  s  crd t r d ip 
i    t r d ip s  l d   am~\! f 
i~ht t ted   i t  n l t ib d  i tal 
t bil   t p f r r ft nect ~  i e 
i t  rid i ts   l t r   cond p f r 
r.ONRODc;, O  n n inge. o te  e h:gc point v fvui" r id ulnb on d 
i tal t bili r ib     d   l t   
cted   l;cr t d      i  i i d th  l
t r  li    f  l nnk/t r e  e  
r ch i    tt c ed   l t r    J 
231 
. 
- 1 
end and t o  a  bracket  support mounted on the  hor i zon ta l  s t a b i l i z e r ' s  r ea r  spar on the 
a i r p l ane  cen te r  1  i n e  on the  tube 's  inboard end. Both torque tubes and be l l c ranks  
were modeled us ing BAR elements, wh i l e  t he  cen te r  1  i ne  bracket  support assembly 
was modeled us ing CONRODs. 
CONTROL SYSTEM 
A p o r t i o n  of t he  con t ro l  system connect ing the rudder and e leva to r  has a l s o  
been included i n  the modeling o f  the  empennage sec t ion  t o  more accurate ly  de f ine  
the  e f fec t  of con t ro l  system s t i f f n e s s  on t he  de f l ec t i on  o f  these c o n t r o l  surfaces 
and i n  p a r t i c u l a r  the  associated hinge forces. Rudder m o t i o l ~  on the  L e a r j e t  M55 
a i r c r a f t  was accomplished by rudder pedal movement which was t r ans fe r red  by a  
c losed loop cable  assembly which drove a  be l l c rank  mounted on the  rudder torque 
tube (see f i g u r e  4 ) .  The a f t  p o r t i o n  o f  t h i s  cab le  system was inc luded i n  the  
f i n i t e  element moacl and was represented by CONROD elements w i t h  the s ide  o f  the  
c losed loop  cable  system t h a t  was no t  i n  tens ion  removed. The CONROD elements 
represent ing the cables were extended i n t o  the t a i l c o n e  sec t ion  where the  forward 
end of t h i s  member was at tached t o  a  p u l l e y  which was res t r a i ned  aga ins t  r - t a t i d n .  
E leva to r  d e f l e c t i o n  on t h i s  a i r c r a f t  was achieved by con t ro l  column movement 
which was t r ans fe r red  through a c losed loop  cable  assembly and a  push-pul l  r od  
1  inkage system. The upper p ~ r t i o n  o f  t he  push rod  system c o ~ s i s t e d  o f  t w ~  round 
tubes which were at tached t o  the  be l l c ranks  on the  l e f t  and r i g h t  e leva to rs  respec- 
t i v e l y .  The other  end o f  these two push roas were jo ined  t o  a  down spr ing  l i nkage  
mounted on t he  a f t  s ide  o f  spar th ree  i n  the  v e r t i c a l  f i n .  A s i n g l e  round tube was 
~ s e d  i n  the  lower p o r t i o n  o f  t he  push rod  system. This sha f t  wax connected t o  t he  
down spr ing  l i nkage  on the t ~ p  end and t o  a  sector  on the  bottom end (see f i gu re  5 ) .  
The p o r t i o n  o f  the e l eva to r  c o n t r o l  system t h a t  was included i n  t he  empennage 
model cons is ted of the e leva to r  be l lc ranks,  upper push rods, down spr ing  l i r lkage, 
and lower push rod  which was const ra ined a t  t he  lowzr end f o r  t he  NASTRAN a w l y s i s .  
The g r i d  po in ts  t h a t  de f in2d  the  t op  and bottom po in t s  o f  t he  lower push rod idere 
def ined i n  separate l o c a l  c y l i nd i - i ca l  coord inate systems. This was done se t h a t  
these g r i d  po in t s  cou'ld be moved w i t h  the  e leva to r  motion by us ing a simple s e t  ?f 
t ransformat ion equations. The push-pul l  rods were modeled w i t h  SONRODs, whereas 
the be l l c ranks  and down spr ing  l i n kage  were r-epresected by an assemblage of BAR 
e l  emen t s  . 
The hor i zon ta l  s t a b i l i z e r  r o t a t i o n  about the hinge p o i n t  between spar th ree  
and f ou r  on top  of t h e  v e r t i c a l  f i n  was achieved by a  screwja-:k ac tua to r  at tached 
t o  t ne  h o r i ~ o n t a l  s t a b i l i z e r  apex. A BAR element was used t o  represent the screw- 
jack.  One end of t h i s  BAR element was at tached t o  a  f i t t i n g  on the  forward s ide  
o f  spar two i n  the  v e r t i c a l  f i n ,  and the  o ther  end was connected t o  a  f i t t i n g  
mounted on the  hor i zon ta l  s t a b i l i z e r  center  l i n e .  The f i t t i n q s  t h a t  at tached the  
screwjack actuatol-  a t  both  ends were a lso  modeled using EAR elements. 
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LOADS AND CONSTRAINTS 
! Many d i f f e ren t  load  condi t ions were analyzed us ing the NASTRAN empennage model. 
A c o r r e l a t i o n  analys is  was performed on the h9r i zon ta l  t a i l  us ing a  p o s i t i v e  gust  
w i t h  top r o l l  moment load cond i t i on  from the 35/36 f a t i g u e  t e s t  spectrum. This load 
case was se lected b a s i c a l l y  because e a r l i e r  t es t s  d i d  n o t  have s u f f i c i e n t  i n s t r u -  
lnen ta t io~ i  t o  perform a  c o r r e l a t i o n  analysis,  and t h i s  p a r t i c u l a r  case was one of 
the h igher  load  condi t ions i n  the 35/36 f a t i g u e  t e s t  spectrum. Since the corre- 
l a t i o n  analys is  f o r  the v e r t i c a l  t a i l  was described i n  a  previous NASA paper (See 
ref .  l ) ,  the r e s u l t s  o f  t h a t  work were n o t  presented here. The ana lys is  o f  the 
Lea r j e t  55 v e r t i c a l  t a i l  described i n  t h i s  paper was d i r ec ted  main ly  a t  rudder 
hinge fo rce  ca lcu la t ions .  The load case app l ied  t o  the v e r t i c a l  t a i l  f o r  these 
rudder hinge fo rce  ca l cu la t i ons  was a  maximum s ide  bending w i t h  rudder k i c k  load 
crrndi t i on .  
NASTRAN runs were made f o r  a l l  o f  t he  35/36 hor i zon ta l  t a i l  s t a t i c  t e s t  loads. 
These condi t ions were run i n  o rder  t o  e s t a b l i s h  a  basel ine f o r  the Model 55 analy- 
s i s  so t h a t  h le tern i inat ion could be made as t o  whether any o f  the 55 hor i zon ta l  
t a i l  i n t e r n a l  loads and stresses exceeded those on the 35/36 ho r i zon ta l  t a i l .  Since 
some of the 35/36 load cases were tes ted  t o  150% u l t i m a t e  load, there  was good 
reason t o  be l ieve  t h a t  the 55 hor i zon ta l  t a i l  load cond i t ions  were covered by the 
previous 35/36 s t a t i c  t es t s .  The 35/36 loads were app l ied  t o  the hor i zon ta l  s ta-  
b i l  i r e s  and e levators  w i t h  theoelevators i n  the neu t ra l ,  o r  undeflected pos i t i on ,  
the 15 up p o s i t i o n  and the 15 down p o s i t i o n .  The loads d e f i n i t i o n  f o r  the Model 
55 hor i zon ta l  t a i l  was somewhat d i f f e r e n t  from the 35/36 hor i zon ta l  t a i l .  Thzre 
were many inore load cases f o r  the  Model 55 a i r p l ane  than f o r  t he  35/36 a i rp lane,  
and a  d i r e c t  comparison was no t  e a s i l y  achievable f o r  many o f  these condi t ions.  
Consequently, i n t e r n a l  loads and stresses were determined f o r  the  55 hor i zon ta l  t a i l  
load condi t ions w i t h  the e levators  i n  t he  undef lected and de f lec ted  pos i t i ons  usin! 
NASTRAN analys is  i n  o rder  t o  e s t a b l i s h  a  common basis f o r  comparison w i t h  the 35/36 
in te r ! la l  loads and stresse;. 
Loads were app l ied  t o  the v e r t i c a l  f i n ,  rudder, hor i zon ta l  s t a b i l i z e r  and 
e levators  us ing FORCE card images (See r e f .  2 ) .  These forces were app l ied  a t  the 
g r i d  po in ts  t o  s imulate the shear, bending and torque envelopes f o r  these a i r -  
f o i  1  surfaces. A computer program was w r i t t e n  which accepted concentrated forces 
from the t e s t  loads data as inpu t  and r e d i s t r i b u t e d  these forces p ropor t iona te ly  
t o  the f ou r  nearest g r i d  po in t s  according t o  the  d is tance from those nodes and 
generated FORCE card images as output.  
Cons t t .~ in ts  f o r  the empennage model were app l ied  a t  several loca t ions .  The 
ma jo r i t y  o f  const ra in ts  were appl ied along t he  per imeter o f  frame 39 (See f i g u r e  2) 
i n  a l l  three t r a n s l a t i o n a l  degrees o f  freedom a t  the frame and s t r i n g e r  i n t e r -  
sect ions. Other cons t ra in ts  were app l ied  t o  the  rudder con t ro l  systen! and e leva to r  
r - r l t r o l  system. The rudder con t ro l  system was constrair led by a t tach ing  the  forward 
end o f  the t a i l cone  rudder cable t o  a  frame i n  the  t a i l c o n e  sect ion.  The e ieva to r  
con t ro l  system was res t ra ined  by using SPC, s i n g l e  p o i n t  cons t ra in ts ,  (See r e f .  2) 
on the three t r a n s l a t i o n a l  degrees of freedom a t  the  bottom end o f  the  lower push 
rod  (See f i g u r e  2 ) .  
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G r i d  coordinates on t h e  con t ro l  surfaces were spec i f i ed  w i t h  respect  t o  t he  
appropr ia te  rudder o r  e l e v a t o r  1 ocal  rec tangu la r  coord inate system. These l o c a l  
coord inate systems were i n i t i a l  l y  def ined f o r  the con t ro l  sur face i n  t he  undef lec ted 
pos i t i on .  However, the  con t ro l  sur face could be de f l ec ted  o r  r o t a t e d  w i thou t  
changing t he  g r i d  p o i n t  coordinates merely by r o t a t i n g  t he  l o c a l  coord inate system. 
This was accomplished by modi fy ing the  CORDZR card image i n  t h e  bu lk  data deck by 
t ransforming the o r i g i n a l  axes reference t o  a new axes reference. 
The CORDZR card image i n  the bu lk  data deck f o r  each con t ro l  sur face de f ined  
a rec tangu la r  coordinate system by re ference t o  t h ree  po in t s .  The f i r s t  p o i n t  "A" 
(A l ,  A2, A3) def ined the  o r i g i n  o f  the  l o c a l  coord inate system (See f i gu re  6 j .  The 
second p o i n t  "B" (B l ,  B2, B3) def ined t h e  d i r e c t i o n  o f  t h e  "Z"  ax is ,  and the  t h i r d  
p o i n t  "C"  (C l ,  C2, C3) def ined a p o i n t  i n  t he  X-Z plane. The bas ic  coord inate system 
was used as the reference system f o r  these po in t s  (See r e f .  2). The o r i g i n  f o r  t h e  
bas ic  system was def ined a t  fuselage s t a t i a n  (F .S . )  0.00, b u t t  l i n e  (B.L.) 0.00, 
and wa te r l i ne  (W.L.) 0.00 w i t h  the " X u  a x i s  p ~ s i t i v e  a f t ,  " Y "  a x i s  p o s i t i v e  l e f t  
hand outboard, and t he  "Z"  ax i s  p o s i t i v e  down. Components o f  A, B, and C were def ined 
on the CORD2R card image by rneans o f  a s imple se r ies  o f  t ransformat ions descr ibed by 
the f o l l o w i n g  ma t r i x  equations. 
The equat ion shown above converts coordinates i n  a swept def lec ted con t ro l  
sur face t o  coordinates i n  a swept undef lec ted con t ro l  surface. Equation ( 2 )  shown 
below transformed the coordinates i n  equat ion (1) t o  coordinates p a r a l l e l  t o  a 
fuselage reference system corrected f o r  t he  hirige l i n e  sweep angle A .  
[ H A ]  = [TJx !El] 
S u b s t i t u t i n g  equat ion (1) i n t o  equat ion ( 2 )  and then re fe renc ing  these values 
t o  the  bas ic  system w i t h  an HGO ma t r i x  r esu l t ed  i n  equat ion ( 3 ) .  
Equation ( 3 )  was used t o  ca l cu l a te  t he  components o f  po i n t s  "B"  and " C "  on the  
CORDER card which def ined the  ro ta ted  con t ro l  surface. 
HINGE LOAD CALCULATION 
As i n d i  
Since t he  h i  
forces,  the 
cated prev ious ly ,  the hinges were modeled using CONRODS and/or Bar elements. 
nge p o i n t  had t o  be i n  e q u i l i b r i u m  under t he  a c t i o n  o f  t he  i n t e r n a l  element 
r e s u l t a n t  of the forces from the elements on t he  a f t  s ide  o f  the  hinge l i n e  
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must be equal and opposite t o  the resu l tan t  from the elements on the forward s ide  
o f  the hinge l i n e .  This force on the forward hinge member was defined as the hinge 
force f o r  each o f  the contro l  surface support points.  
In te rna l  forces i n  the CONRCDs and BARS were extracted from the NASTRAN output  
f o r  a given load case. The forces i n  the hinge elements were then ro ta ted  i n t o  a 
comnon coordinate system through a ser ies o f  transformations (See f igure  7) .  The 
three force components i n  the element coordinate system were then defined as F x ~ ,  F y ~ ,  
and F z ~ .  Or ien ta t ion  o f  th: element coordinate system was defined by the two end 
po in ts  o f  the member and a v vector, i f  the  element was a BAR (See ref.  2). Ele- 
ment g r i d  p o i n t  components XA, y ~ ,  z~ and x ~ ,  yg, zg (See f i g u r e  7) establ ished the 
basis f o r  transforming the element forces t o  a comnon coordinate system. This was 
accomplished by rotat ing,  o r  transforming, these forces through three angles a, B, 
and y. Upon ca lcu la t ion  o f  these three rotat ions,  the transforrr~at ion matrices were 
formed as shown i n  f i g u r e  7. The element forces Fx , F y ~ ,  and F Z ~  were then resolved 
i n  the cmnon X,  Y ,  Z direct ions,  and then the hingE fo rce  components were determined 
hv c ~ ; ~ r n i  ng the t-esol ved ind iv idua l  element forces. 
A small comp.rte7 program was w r i t t e n  t o  perform the  transformation from the 
element coordinate system t o  the comnon reference coordinate system. This program 
also accounted f o r  the  e f f e c t  o f  contro l  surface ro ta t ion .  Hinge loads were com- 
puted on both sides o f  the hinge 1 i n e  as a check on the transformation calculat ions.  
The hinge loads a t  a l l  the  hinge points  plus the loads a t  the i n te rsec t i on  o f  the 
torque tubes and bel lcranks were a lso  sumned t o  check the  equ i l ib r ium o f  these hinge 
loads w i t h  the contro l  surface appl ied loads. 
BUCKLING ANALYSIS 
A comparison o f  s k i n  cover compressive stresses w i t h  the corresponding panel 
buckl i ng  a1 lowables ind ica ted  the presence o f  sk in  panel buckl i ng  f o r  several load 
cases. Consequently, an automated buckl ing analysis was implemented t o  i d e n t i f y  
buckled sk in  panels and t o  simulate t h i s  non-l inear phenomenon i n  the NASTRAN analy- 
s is .  The buckl i ng  simulat ion was achieved by replacing the o r i g i n a l  sk in  thickness 
o f  the buckled panel w i t h  an e f fec t i ve  sk in  thickness which represented the s t i f f -  
ness o f  the buckled conf igurat ion. A d e t a i l  descr ipt ion o f  the theory f o r  t h i s  
analysis has been described i n  reference 3. The buckl i ng  analys is  and ef fect ive 
sk in  thickness ca lcu la t ion  were coded i n t o  a computer program which was se t  up 
t o  run as a post processor t o  the NASTRAN program. This NASTRAN analysis w i t h  the 
buckled e f f e c t i v e  sk in  thickness general ly  had t o  be repeated several times i n  order 
t o  ob ta in  a convergent so lut ion.  Since some o f  the loading cases on the hor izonta l  
t a i  1 were combined condit ions, the buckl i ng  analysis was performed on both the upper 
and lower surfaces simultaneously. 
ANALYTICAL RESULTS 
f, Af te r  extensive analysis and study, the appl ied loads on the Model 55 ho r i -  i I 
zontal t a i l  were determined t o  be less than the maximum tested loads on the 35/36 , I 
hor izonta l  t a i l  which was i den t i ca l  t o  the 55 i n  s t ruc tu ra l  d e t a i l .  Consequently, ! 
i no s t a t i c  t e s t  was performed on t h i s  s t ruc tu re  during the 55 tes t i ng  program. 
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However, i n  order t o  es tab l ish  a co r re la t i on  between the hor izonta l  t a i l  por t ion  o f  
I. the NASTRAN empennage model and the s t ruc tu ra l  t e s t  data, a pos i t i ve  gust condi t ion 
: - ,  w i th  top r o l l  moment load case was used from the  Model 35/36 fa t i gue  t e s t  program 
, as was mentioned previously. The resu l t s  o f  t h i s  t e s t  along w i t h  the  NASTRAN data 
, h a v e b e e n e x h i b i t e d i n f i g u r e s 8 t h r o u g h  11. F i g u r e s 8 a n d 9 s h o w t h e c o r r e l a t i o n  
! on the horizontal s t a b i l i z e r  forward spar upper cap and lower cap respect ively 
whi le f igures 10 and 11 show the co r re la t i on  on the  rear  spar upper cap and lower 
cap respect ively. Most of the  experimental po in ts  agree w i t h  the  NASTRAN data very 
c losely w i t h  the exception of the most inboard po in t  on the rear  spar lower cap. 
This gage was very near an access door i n  the sk in  panel and appeared t o  be affected 
by the stress gradient due t o  t h i s  cutout. As mentioned e a r l i e r ,  no cor re la t ion  
was presented on the  ve r t i ca l  t a i l ,  s ince t h i s  was performed i n  an e a r l i e r  paper (See 
re f .  1). 
CONCLUDING REMARKS 
A method has been demonstrated f o r  ca lcu la t ing  contro l  surface hinge forces 
using a Lear je t  Model 55 empennase NASTRAN analysis. Hinge element i n te rna l  forces 
were extracted from the NASTRAN analysis and converted t o  a comnon coordinate system 
using a se t  o f  transformation equations t o  def ine the  ind iv idua l  hinge forces. 
, - 
- Since each contro l  surface was defined i n  a l o c a l  rectangular coordinate system, 
. 
ro ta t i on  o f  the control  surface could be e a s i l y  accomplished by transforming the  
components on the CORDER card. This contro l  surface r o t a t i o n  capab i l i t y  permitted 
- . .  
Lear je t  t o  invest igate the impact o f  contro l  surface movement on the hinge attach- 
, ments i n  more d e t a i l  than was previously possible. A buckl ing analysis was also 
performed t o  determinr the non-1 inear effect o f  sk in  panel buckl ing on s t r i nge r  and , . 
. .
spar cap stresses. These techniques proved t o  be a valuable asset t o  Lear je t  i n  
studying the s t ruc tura l  operating charac ter is t i cs  o f  the  Model 55 empennage st ruc-  
tu re  and associated control  surfaces and f o r  substant iat ing the hor izonta l  t a i l  f 
structure by comparison w i t h  previous tests.  i 
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FIGURE 1 - NASTRAN 55 EMPENNAGE MODEL 
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Input Data Card CBRD2R Rectangular Coordinate Systun [ jef ln i  t i on  
Descri tlon: Defines a rectangular coordlnate system by r t fennce t o  the coordinates cf three iiimhli e f l r s t  point  defines the or igin.  The second point defines the d i rect ion o f  the z-axis. 
The t h i r d  point defines a vector which, with the z-axis, defines the x-z plane. The reference 
coordinate must be independently defined. 
z 
Format ar~d Example: 
3R02R C I D  R I D  A1 A2 A3 51 
CBRD2R 3 17 -2.9 1 .O 0.0 3.6 0.0 
+BC C1 C2 C3 
+25 5.2 1.0 -2.9 
Field 
-- 
Contents 
C I D  Coordinate system identt f i ca t l on  number (Integer > 0) 
RID Reference to  a coordinate system which I s  defined independently o f  new coordin- 
ate system (Integer 2 0 or  blank) 
A1 ,A2 ,A3 
B1,82,83 Coordinates o f  three points i n  coordinate system defined i n  f i e l d  3 (Real ) 
C l  ,C2,C3 
Remarks: 1. Continuation card be present. 
2. The three points (Al, A2, A3), (81, 82, B3), [ C l  , C2, C3) must be u n i q ~  and non- 
col l inear. Noncoll inear i  t y  l o  checked by the geometry processor. 
3. Coordinate system ident i  f l ca t lon  numbers on a l l  CBRDIR, CBRDIC, CbRDl S, CPRDPR, 
OWD2C. and CBR02S cards m s t  a l l  be unique. 
4. An RID o f  zero rrferences the basic coordinate systenl. 
The location o f  a g r i d  point (P i n  the sketch) i n  th i s  coordinate 
( X ,  Y ,  2 ) .  
6. The displrcemnt coordinate directions a t  P rrr shhm by (u,, uJ ,  - . I .  
FIGURE 6 - CORD2R COORDINATE SYSTEM CARD IMAGE 
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A NEW METHOD FOR GENERATING 
AND MAINTAINING RIGID FORMATS IN NASTRAN 
P. R. Pamidi and W. Keith Brown 
RPK CORPORATION 
ORIGINAL PAGE IS 
OF POOR QUALlTV 
SUMMARY 
Since all NASTRAN users are most likely to use some of the 
Rigid Formats it is important that a convenient means of 
updating these Rigid Formats be available. This benefits both 
the NASTRAN maintenance contractor and the NASTRAN user 
community. With this in view, RPK Corporation is currently 
developing a new method for generating and updating Rigid Formats 
in NASTRAN. The heart of this method is a Rigid Format data base 
that is in card-image format and that can therefore be easily 
maintained by the use of standard text editors. Each Rigid 
Format entry in this data base will contain the Direct Matrix 
Abstraction Program (DMAP) for that Rigid Format along with the 
related restart, subset and substructure control tables. NASTRAN 
will read this data base directly in every NASTRAN run and 
perform the necessary transformations to allow the DMAP to be 
processed and compiled by the NASTRAN executive. This approach 
will permit Rigid Formats to be changed without unnecessary 
compilations and relinking of NASTRAN. Furthermore, this 
approach will also make it very easy for users to make permanent 
changes to existing Rigid Formats as well as to generate their 
own Rigid Formats. This new method will be incorporated in a 
future release of the public version of NASTRAN. 
INTRODUCTION 
The popularity and longevity of NASTRAN are due to the many 
types of analyses that it supports and the generality and 
flexibility that it offers to the user to perform these analyses. 
The analyses &re implemented in NASTRAN by the use of many 
functional modules each of which can be considered as an 
independent program. These functional modules interface with one 
another through executive parameter flags and a local data base 
called the File Allocation Table (FIAT) . The FIAT and the flags 
are maintained by the NASTRAN executive. The order in which the 
functional modules are executed and the definition of the files 
dnd flags to be read or written by these functional modules are 
specified by means of a higher level language called the Direct 
Matrix Abstraction Program (DMAP) . The DMAP is compiled and 
processed by the NASTRAN executive. 
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The most general way of using NASTRAN is with a user written 
DMAP program. However, in order to relieve the user of the 
burden of writing DMAP sequences for the most commonly used 
analyses (e.g., static analysis, normal mode analysis, etc. ) , a 
number of standard DMAP sequences (with sophisticated restart 
capabilities and subset features) have been developed and 
included in NASTRAN. These standard DMAP sequences are 
collectively called the NASTRAN Rigid Formats. There are 
currently twenty (20) Rigid Formats in NASTRAN. They are very 
valuable to the user as they are in a readily available and 
useable form and offer the user the flexibility for performing a 
variety of analyses. Modifications to the Rigid Formats can be 
easily made by the user by means of the ALTER feature described 
in Section 2.2 of the NASTRAN User's Manual (Reference 1). 
PRESENT METHOD FOR GENERATING AND MAINTAINING RIGID FORMATS 
At present, the Rigid Formats exist in NASTRAN in the form 
of subroutines. These subroutines are called the LDxx (LDO1, 
LD02, etc.) subroutines and are described in Section 6.6 of the 
NASTRAN Programmer's Manual (Reference 2) . There is one LDxx 
subroutine for each Rigid Format in NASTRAN. The bulk of the 
code in these subroutines is in the form of Fortran DATA 
statements consisting mainly of Hollerith values of the type 
4Hxxxx. This format is very awkward. Consequently, making 
updates to these subroutines is an extremely tedious, 
time-consuming and error-prone procedure. In order to overcome 
this serious problem, a utility program called the Rigid Format 
Generation (RFGEN) program was developed for use by the 
maintenance contractor to automatically generate the LDxx 
subroutines. The RFGEN program requires the maintenance of a 
separate data base of Rigid Formats and their associated restart 
tables. This data base is read by the RFGEN utility to generate 
the desired LDxx subroutines. 
The current practice of generating and maintaining Rigid 
Formats has many serious drawbacks. These are discussed in 
detail below. 
1. Because of the nature of the LDxx subroutines, the use 
of the RFGEN utility is absolutely essential when major 
changes (e.g., extensive changes to the DMAP) need to 
be made to any Rigid Format. However, the RFGEN 
utility is currently operational only on the CDC 
machine. Hence, the maintenance contractor cannot 
generate the LDxx subroutines directly on another 
machine which he may be using as the primary machine 
for NASTRAN maintenance. 
2. The Rigid Format information is currently contained 
both in the external data base used by the RFGEN 
utility as well as in the LDxx subroutines of NASTRAN. 1 
This is not only wasteful and cumbersome, but has also 
caused serious problems. Occasionally, updates were 
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made directly to an LDxx subroutine (for example, 
correction of a restart table) but never incorporated 
into the RFGEN data base. Consequently, these updates 
were lost when the RFGEN utility was used at a later 
date to generate replacement LDxx subroutines. 
3. Permanent changes to a Rigid Format require the 
updating and recompiling of the appropriate LDxx 
subroutine as well as the relinking (or rebuilding) of 
Link 1. This is very inconvenient and annoying both to 
the maintenance contractor and users. 
4. Users do not have access to the RFGEN utility which is 
available only to the maintenance contractor. They, 
therefore, cannot make major permanent changes to Rigid 
Formats at their local sites and are thus forced to use 
the ALTER capability in order to incorporate the 
desired changes. However, this has the disadvantage 
that the ALTER packet has to be included in every run 
in which the user needs the changes. This can be 
particularly inconvenient when the ALTERs are 
extensive. 
An extension of the above problem is that sophisticated 
users cannot generate new Rigid Formats of their own 
except by means of inserting the DMAP on a temporary 
basis through the NASTRAN DMAP approach. However, this 
has the same limitation that the ALTER cards have in 
that the DMAP has to be included in every run in which 
ths user needs it. This can be particularly cumbersome 
when the DMAP contains many statements. 
5. The substructuring capability of NASTRAN causes the 
automatic generation of DMAP ALTERs in those Rigid 
Formats that support this capability. Currently, Rigid 
Formats 1, 2, 3, 8 and 9 support this feature. These 
automatic ALTERs are currently specified in the Fortran 
subroutines ASCMO1, ASCM05, ASCM07 and ASCM08. These 
ASCMxx subroutines must, therefore, be appropriately 
updated whenever changes to Rigid Formats 1, 2, 3, 8 
and 9 affect their DMAP statement numbers and hence the 
DMAP ALTERs specified in these ASCMxx subroutines. 
6. The data base currently used by the RFGEN utility is 
not in a very convenient format. Making changes to 
this data base is therefore not very easy, particularly 
when changes need to be made to the restart tables. 
NEW METHOD FOR GENEMTING AND MAINTAINING RIGID FORMATS 
All of the above problems can be eliminated by having a 
Rigid Format data base that is read by NASTRAN directly and that 
can be maintained easily by means of standard text editors 
already available on the host computers. The important and 
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distinct advantages to be derived from this approach are 
discussed below. 
1. The need for the RFGEN utility and its associated data 
base will be eliminated and updating of Rigid Formats 
will become equally easy on all machines. 
2. The LDxx subroutines in their current form will be 
eliminated from NASTRAN and the entire information 
about Rigid Formats will be contained in the new Rigid 
Format data base. This will greatly facilitate the 
maintenance effort. 
3. Permanent changes to a Rigid Format call be incorp~rated 
simply by suitably updating the new data base by means 
of a text editor. The need for compilations and the 
relinking of Link 1 w'll thus be eliminated, thereby 
greatly aiding both users and the maintenance 
contractor. 
4. It will become very easy for users to test and 
incorporate major changes to existing Rigid Formats at 
their local sites without having to use the ALTER 
feature in every run. Similarly, sophisticated users 
will be able to generate new Rigid Formats (complete 
with the associated restart tables) with relative ease. 
5. By incorporating controls for substructure DMAP ALTERs 
in the new data base, the need for the possible 
updating of the ASCMxx subroutines every time the 
associated Rigid Formats are changed will be 
eliminated. This will greatly reduce chances for error 
since ail information about the substructure DMAP 
ALTERs will be contained in the new data base instead 
of being spread over several ASCMxx subroutines. 
6. The format of the new datz b ~ e  will be designed to be 
user-friendly and to be easily amendable. 
IMPLEMENTATION OF THE NEW METHOD 
The Rigid Format data base will be in a card-image format 
and will contain entries for all 20 Rigid Formats in NASTRAN. 
Each Rigid Format entry will contain the following items of 
information: 
1. DMAP statements 
2. Card Name Restart Table 
3. File Name Restart Table 
4. Rigid Format Change Restart Table 
5. Subset flags 
6. Controls for substructure DMAP ALTERs 
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The format of the data base will be designed to be 
user-friendly and to be easily amendable. All DMAP statements 
will be in a format similar to the format in which NASTRAN prints 
the DMAP. All restart tables, subset flags and substructure 
controls will be deflned so as to permit easy editing. 
The Rigid Format entries will be implemented as follows on 
the four computer systems on which NASTRAN is currently 
supported: 
1. IBM - Each entry will be a member of a 
partitioned dataset 
2. UNIVAC - Each entry will be an element of a file 
3. CDC - Each entry will be a separate file 
4. DEC VAX - Each entry will be a separate file 
An 1/0 interface will be designed on all of the four 
computer systems to read the Rigid Format entries. This 
interface will be written in machine-dependent code. Additional 
subroutines in machine-independent code will be designed to 
perform the necessary transformations to allow for the processing 
and compilation of the Dh2P by the NASTRAN executive. The 
current LDxx subroutines will thus no longer be used and will 
therefare be deleted from the code. 
In addition, documentation updates will be provided for the 
NASTRAN User's Manual and the NASTRAN Programmer's Manual. The 
User's Manual updates will contain a definition of the format of 
the new Rigid Format data base and also a description of how to 
maintain and update the data base. The Programmer's Manual 
updates will include a description of all subroutines and COMMONS 
that are added to NASTRAN as part of this new capability. 
CONCLUDING REMARKS 
The new method of generating and maintaining Rigid Formats 
described in this paper should be welcomed by both the NASTRAN 
maintenance contractor and the NASTRAN user community. It will, 
for the first time, make it possible for the maintenance 
contractor to update and modify existing Rigid Fo:inats without 
the use of a utility program and without unnecessary compilations 
and relinking of NASTRAN. It will also, for the first time, make 
it possible and practicable for users not only tc make permanent 
changes to existins Rigid Formats, but also to create new Rigid 
Fcrmats of their own. This will greatly enhance the flexibility 
and attractiveness of NASTRAN. 
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IMPLEMENTATION OF r 
ELASTIC-PLASTIC STRUCTURAL ANALYSIS 
INTO NASTRAN t 
Alv in  Levy, A. B. P i fko  and P. La Og i l v i e  
Grumman Aerospace Corporat ion, Bethpage N.Y 
SUMWARY 
E l  as t i c -p las t i c  ana ly t i c  capabi 1 i t i e s  have been incorporated i n t o  the 
NASTRAN program. The present imp1 ementat i on includes a general r i g  i d  format 
and add i t iona l  bulk data cards as we1 1 as two new modules. The modules are 
special ized t o  include only per fec t  p l a s t i c i t y  o f  the CTRMEM and CROD elements 
bu t  can eas i l y  be expanded t o  include other  p l a s t i c i t y  theor ies and 
elements. The p rac t i ca l  problem o f  an e l a s t i c - p l a s t i c  analysis of a sh ip 's  
bracket connect ion  i s  demonstrated and conpared t o  an equivalent analys i s  
using Grumman 's PLANS program. The present work demonst rates the feas i b i  1 i t y  
o f  i ncorporat irrg general e l a s t  i c -p l  as t  i c  capabi 1 i t ies i n t o  NASTRAN. 
INTRODUCTION 
A feasi  b i  1  i t y  study on incorporat ing state-of - the-ar t  nonl inear 
capabi 1 i t i e s  i n t o  NASTRAN has been conducted and reported on i n  ref .  1. It 
was pointed out t h a t  each class o f  nonl inear behavior has a "best" so lu t ion  
strateqy. For an e las t i c -p las t i c  analysfs, the " i n i t i a l  - s t rd i  nu approach i s  
t h e  most e f f i c i e n t  f i n i t e  element a n a l y t i c  method. I n  t h i s  approach, an 
incremental pseudo-load vector i s  formulated assuming an i n  i t i a l  s t r a i n  equal 
t o  t he  sum of the  estimated p l a s t i c  s t r a i n  f o r  the  current increment and an 
equ i l ib r ium correct ion term which corrects f o r  the d i f fe rence between the  
r e s u l t i n g  p l a s t i c  s t r a i n  and assumed p l a s t i c  s t r a i n  o f  the previous 
incremental step. This method, characterized by the p l a s t i c  behavior being 
i ncorporated i n t o  an incremental pseudo-1 oad vector, leaves the s t i f f ness  
matr ix  unaltered from step t o  step. Thus, the s t i f f n e s s  matr ix  nczd only be 
deconposed once. Consistent w i th  the i n i  t i a l - s t r a i n  approach, ref .  2 provides 
the pseudo-load vector f o r m u l a t i ~ n  due t o  p l a s t i c  behavior f o r  a number of 
elements i n  the  NASTRAN 1 ibrary. The general approach i s  t o  t rans fe r  the 
i n teg ra l  form o f  the  pseudo -load vector i n t o  a numerical representat ion by 
u t i l i z i n g  various in tegra t ion  schemes. For many o f  the f i n i t e  elements the 
choice o f  the number and type o f  in tegra t ion  points  i s  l e f t  t o  the user. The 
choice o f  i n teg ra t i on  po in ts  f o r  the  i n teg ra t i on  o f  the pseudo-load vector 
determines the al lowable va r ia t i on  o f  the p l a s t i c  s t r a i n  w i t h i n  each 
element. This al lowable va r ia t i on  can be changed by choosing a d i f f e r e n t  set 
o f  i n t e g r ~ t l o n  po!nts, ' h i s  may e l  jmlnate the cos t ly  process o f  changing the  
t P a r t i a l l y  funded by David W. Taylor Naval Ship Research and Development 
Center, Bethesda, Maryland. 
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f i n i t e  element i d e a l i z a t i o n  i f  t he  p l a s t i c  s t r a i n  v a r i a t i o n  was more co~nplex 
than o r i g i n a l l y  modeled fo r .  One may on ly  have t o  change the  choice o f  
i n t e g r a t i o n  points.  A more complete d iscuss ion o f  these methods i s  given i n  
re f .  3. 
The i n i  t i a l - s t r a i r  approach, as out1 ined above, has heen incorporated 
i n t o  the  NASTRAN prosram. This has been done by w r i t i n g  a new r i g i d  format 
a long  w i t h  LWO new ucdules. A1 so inc luded a re  th ree  new hulk data cards. 
41 though the  me thds  a re  general, on ly  p e r f e c t l y - p l a s t  i c  behavior o f  a 
membrane and a rod  element have been i n i t i a l l y  considered, Th:s f i r s t  step i s  
s u f f i c i e n t  t o  examlne t he  feas i  b i  1 i t y  and e f f i c i e n c y  o f  the  implemenlea 
techniques w i t h i n  t h e  NASTRAN framework. 
The &;-act i c a l  problem of an e l a s t  i c - p l as t  i c  s t r u c t u r a l  ana lys is  o f  a 
sh i p ' s  bracket connect ion has been c a r r i e d  out us ing t he  implemented NASTRAN 
program and t h e  r e s u l t s  have been compared t o  those obL,:ned from the  PLANS 
f i n i t e  element computer program (ref .  4). The resu l t :  a re  i n  exact agreement 
and t h c  cpu t ime and associatad costs  a re  approximately the  same. 
ELASTIC -PLAST I C  FORMULATION 
The i n i t i a l - s t r d i n  method i s  chosen t c  so lve small disnlacement 
p l a s t i c i t y  problems. The govern in^ equation, d. ived from energy p r i n c i p l e s ,  
i s  w r i t t e n  i n  incremental form as fo l lows:  
where 
[K] e l a s t i c  ~ + , f f n e s s  m a t r i x  
(AU) = incremental displacement of ith step  
lop I i . increnlcntal ex te rna l  l oad  o f  ith step  
incrementr l  pseudo load  based on 
i p red i c t ed  i n e l a s t i c  st i ; in of i thstep 
( R 1, n equi 1 i b r i  um co r rec t  ion l:2n represent ing any ba lsnc ing 
f o r c e  due t o  d r i f t  from equ i l i b r i um  du r i ng  the  increniental 
appl i ca t i on  o f  t h e  1 oad 
The e l z s t i c  s t i f f n e s s  ma t r i x  i s  found t o  be 
where [ B I i s  obtained from the  s t r a i n d i s p l a c e ~ n e n t  r e l a t  i t i t 1  
ORIGINAL PAGE Is 
OF POOR QUALITY 
  l ti    ti  i  ti  or~ OHlplex 
 ll  l  l       f 
ti  ts.    i  f      
. . 
 a ~ .  lin d . ~ b  t d 
   g .       id t 
l g  ~wo mcdules l  d   b l   . 
Al   ethc~   . l  - last  i f 
      i lly . ; ~   
f~ t  i   il    f  enL('  
   .
 ~racti al l   ti i  l l i  f 
t ti n   i   i   m e nt ~  
   l       ""'_:ned   
i it  l t t  r r  . . c; 1 ~    
 e    ociat.!  c;  I1r  hn l   
S IC L I  
     l  l  ~ acem nt
,it s. vernir.~ . ,   r  l
   l   
 
KJ 5: ti ~'f ness rix 
{.6u} i 5: t l h  
t.6p}i5:jn em~ntal r l d  th  
I 01 n ent~l  d   
,.6 Ii = i t d i l ti  tfJin  it t  
( 1) 
I L F. l riu tio  t.·~rm enting  l:;Il i  
     ili ri  i   m t l 
ti  f  lo  
 l~sti   ri      
[K] _/[8]T [E] [8] dV ( 2) 
 J I     train- fs ment latj'II' 
256 
(3) 
  18
 I
and [El i s  obtained from the  s t r ess - s t r a i n  r e l a t i o n  ORIGINAL PAGE 1s 
OF PO09 QUALllY 
w i t h  
1.0 I i E incremental s t ress  
(Lli  incremental t o t a l  s t r a i n  
i; (kp) incremental  p l a s t i c  s t r a i n  
i 
1 
I 
P l a s t i c i t y  enters  t he  ana lys is  through t he  increment i n  p l a s t i c  
i. s t ra i n ,  & . These as we1 1 as o ther  path dependent q u a n t i t i e s  depend on 
the impleqented p l a s t i c i t y  theory. 
2 
* The n red ic ted  .;seudo-load vector  f o r  the  ( i+ l )  S t  s tep  i s  found t o  be 
'i+l 
.- (AQ ,;+, -3; J [el [ E l  ( ~ * P I ~  dV 
. .
where 'i+l and 6i correspond t the ( i + l )  S t  and ith step s i r e s  
respect ively.  We can expect the  successive 1  inear  i z a t  ion procedure t o  d r i f t  
~. from a t r u e  equ i l i b r i um  p o s i t i o n  f o r  t he  con l inear  response. This d r i f t i n g  i s  
a combined r e s u l t  o f  t runcat ion,  t h e  successive l i n e a r i z a t i o n  procedure and 
.. the  f a c t  t h a t  i n fo rmat ion  not  y e t  ava i l ab ' e  i s  requi red f o r  a  t r u e  sc i i t i o n  
- ( i n  Eq '5) t h s  p red ic ted  pseudo-load v e c t w  i s  based on t he  incremetital 
p l a s t i c  s t r d i n s  o f  the preceding s tep ra the r  them on the  c u r r e i t  step). The 
s 
s implest  c o r r e c t i v e  procedure invo lves t h e  i n t r oduc t  ion o f  an equi 1 i b r  ium 
cor rec t ion  term t h a t  may be added as a  load vector  i r i  t he  incremental 
procedure. The equi l ib~. iurn  co r re - , t i on  term i s  def ined a s  
This i s  a  s impler  method than a complete i t e r a t i v e  scheme and i n  e f f e c t  t h o  
, 
equi  1 i r r i u m  co r rec t i on  term represents a  one step i t e r a t i o n .  
The pseudo-1 oad vector  i s  computed by v s r i  ous i n t e g r a t i o n  schemes (e.g. , 
trapezoiGa1 and Gaussian) i n  which Eqs (5) and (G) are coabined and , w i t t e n  as 
7 where n represents t l e  nl:;r,her o f  i n t e g r a t i o n  po;nts, j represents t h e  
' L 
s p a t i a l  l o c a t i o n  o f  tt,e . t h  i n t e g r a t i o n  p o i n t  and A corresponds t o  an j 
. 
f 
1 
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i n t e g r a t i o n  weight f a c t o r  f o r  t h e  j t h  i n teg ra t i on  point .  The de r i va t i on  o f  
t he  pseudo-load vector  f o r  many o f  t he  NASTRAN elements i s  presented i n  re f .  
2. The present study u t i l i z e s  only t h e  t r i a n g u l a r  membrane element (CTRMEM) 
and t he  extens I onal rod e l  emcnt (CRCPI) . 
IMPLEHENTATION OF ELASTIC-PLASTIC ANALYSIS INTO NASTRAN 
E l a s t i c - p l a s t i c  c a p a b i l i t i e s  have been incorporated i n t o  t he  NASTR?.N 
program. A f l w  diagram, represent ing t h e  i n t i t a l - s t r a i n  method, i s  shown i n  
Appen4ix A. The f unc t i on  of each s tep i n  the  f low diagram i s  explained. A 
correspondinq r i g i d  format was w r i t t e n  as a mod i f i ca t ion  t o  r i g i d  format 1 
(Level 17.0). m e  ALTER package and r e s u l t i n g  new r i g i d  format are shown i n  
Appendices 01 and R2, respec t i ve ly  . 
Some o f  t he  important features of t h e  new r i g i d  format w i l l  be 
mentioned. F i r s t l y ,  two new modules have been w r i t t en ,  PLANS1 and PLANS2. 
PLANS1 determines t he  c r i t i c a l  load, i.e., t h e  lowest load amp1 i t ude  f o r  which 
a t  l eas t  one element s t ress  po in t  has become p las t i c .  I n  a d d i t i o n  a new 
table,  PLI, i s  i n i t i a l i z e d .  This t a b l e  contains t he  l a s t  known f i e l d  
quan t i t i es  s ~ c h  as s t ress,  s t r a i n  and p l a s t i c  s t r a i n .  PLANS2 implements the  
e l a s t i c - p l a s t i c  c o n s t i t u t i v e  equations f o r  incremental s t ress,  s t r a i n  and 
p l a s t i c  s t r a i n .  I n i t i a l l y  on ly  pe r f ec t  p l a s t i c  behavior o f  the  CTRMEM and 
CROO elements have been included. I n  add i t i on  PLANS2 updates the  PLI t a b l e  
and forms the  pspudo-load vector  t he  t he  next p l a s t i c  increment. The 
ca l cu la t i ons  needed t o  perform an e l a s t  i c -p l as t  i c  ana lys is  a re  d iv ided  i n t o  
thdse t h a t  are performed one t i re and those t h a t  are performed i n  each 
incremental step, h o n g  those t h a t  a re  performed once a re  a l l  t he  usual 
funct ions necessary i n  an e j a s t i c  f i n i t e  element analys is ,  i .e., reading 
input, a l l  g lobal  funct ions such as set: i ng  up data tab les,  and so l v i ng  fqr 
the e l a s t i c  displacement f i e l d .  These funct ions a re  performed by t h e  
operat ional  sequence cu r ren t l y  i n  r i g i d  format 1 and are represented h:r the  
f i r s t  b lock o f  t he  f low diagram. I n  add i t ion ,  the  c r i t i c a l  load c a l c ~  l a t i o n  
and some p r e l  iminary p l a s t i c  ana lys is  d e f i n i t i o n s  are c a r r i e d  crrt 3s shown i n  
the  f law diagram above LOOPA, which i s  the  s t a r t  of t he  p l a s t i c i t y  loop-  The 
ca l cu la t i ons  performed du r i ng  each incremental step are contained i n  the 
p l a s t i c i t y  loop as shown i n  the  f low diagram. During edch pass through tDe 
p l ~ s t i c i t y  loop t h e  SSG3 module solves f o r  t he  incremental displacements due 
t o  the  p l a s t i c  pseudo-load only. The incremental displacement due t o  t h e  
ex te rna l  load o r  prescr ibed displacements a re  known and a re  added t o  the 
incremental displacements due t o  t he  pseudo-load vector. The p l a s t i c i t y  
c o n s t i t u t i v e  equat ions a re  imp1 emented and t h e  new pseudo-1 oad vector, t o  be 
used ' -  the  next incremental step, i s  formed (PLANS2). The p l a s t i c i t y  loop i s  
repeated f o r  each incremental step. 
Three new bulk data cards have been added f o r  l a t e r  use i n  a generzl 
e l a s t i  c -p l as t i c  a n a l y t i c  capabi 1 i t y  program. These are described i n  Append: x 
C. The MATS2 bulk data card def ines t h e  p l a s t i c  mate r ia l  p roper t ies ;  the  
PLFAC2 bulk data card def ines tne load h i s t o r y  and step s i ze  in format ion;  and 
t h e  TABLEYl bulk data card def ines t he  y i e l d  s t ress  as a funct :on of 
accumulattd p l a s t i c  s t r a i n .  
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SAMPLE PROBLEM 
I n  order t o  va l i da te  t he  implemented NASTRAN c a p a b i l i t y  an e l a s t i c -  
p l a s t i c  ana lys is  of a t y p i c a l  s t r u c t u r a l  d e t a i l  o f  a ship, namely a bracket 
connection, was performed us ing  NASTRAN and t h e  G r m a n  PLANS program. Figure 
1 shows the  i n t e r s e c t i o n  o f  a ho r i zon ta l  g i r d e r  w i t h  a t ransverse bulkhead. 
The shaded area represents the  s t r u c t u r a l  component t h a t  was analyzed. Loads 
and boundary displacements on t h i s  sec t  ion  were provided from a f i n i t e  element 
model of the  e n t i  r e  s t ructure.  The f i n i t e  element model consisted o f  657 
membrane t r i a n q l e s  f o r  the  webs, 103 rod  elements f o r  t he  flanges (shown as 
do t ted  l i r res i n  Fig. 3) r e s u l t i n q  i n  704 degrees o f  freedom w i t h  a semi-band 
w id th  of 40. Figures 2 and 3 show t h e  d e t a i l s  o f  t he  f i n i t e  element model. 
Figure 4 shows t he  r e s u l t i n n  j rowth of t he  p l a s t i c  reg ion  o f  the  highest 
stressed sect i on. 
The NASTRAN ana lys is  was performed on a CDC cyber 172 computer and 
requi red 20 cpu seconds f o r  each incremental step. The PLANS program,run on 
an I R M  37013033 computer, used 5 cpu seconds fo r  each incremental step. The 
resu l t s  from each program were i d e n t i c a l .  Taking i n t o  account the d i f ference 
between conputat ional  speed of each computer (about 5:l) , t h e  running t ime f o r  
the NASTRAN program i s  compet i t ive w i t h  t he  PLANS proc 'am. 
CONCLUSIONS 
The present work demonstrates t h e  feas i  b i  1 i t y  o f  incorpora t ing  e l a s t i c -  
p l a s t i c  capahi l  i t ies  i n t o  NASTRAN. The present imolementation included a 
general new r i g i d  format and bulk data cards as we l l  as two new modules. The 
modules a re  spec ia l i zed  t o  inc lude only pe r f ec t  p l a s t i c i t y  o f  the  CTRMEM and 
CROD elements. 
An extension of these c a p ~ b i l  i t i e s  t o  inc lude  general p l a s t i c  behavior of 
the complete NASTRAN element 1 i b r a r y  should present no new p i t f a l l s  and w i l l  
be b r i e f l y  out l ined. F i r s t l y ,  at? extens ion t o  t h e  f l ow  char t  and ALTER 
package would inc lude one new module, PLA5, used t o  accumu!ate the t o t a l  
displacements (Table USVPAC) as w e l l  as s t ress,  s t r a i n  and p l a s t i c  s t r a i n  
(Table PLIAC) a t  the  end of each increment. It would apear as 
PLA5 UGVP, PLI/UGVPAC ,PLIAC/V,N ,PLACOUNT/V,N ,P 
I n  addi t ion,  new tab les  would b t  s e t  up i n  PLANS1 and would conta in  element 
i n t e g r a t i o n  p o i n t  i n f o r m a t i ~ n .  To form these tab les,  use,. spec i f i ed  
informat ion wouid be suppl i e d  on bu lk  data cards through fiew element proper ty  
cards. 
Module PLANS2 must be genera; i zed  t o  b u i l d  a pseudo-load vector, Eq (7) , 
from the new tab les  se t  up i n  PLANSl. I n  add i t ion ,  t he  p l a s t i c i t y  theory 
contained i n  PLANS% should be expanded t o  include, i n  a d d i t i o n  t o  per fec t  
p l a s t i c i t y ,  1 inear  strain-hardening, nonl inear  s t ra in-hardening using e i t h e r  a 
Ramberg-Osgood func t ion  o r  a s t r ess -s t ra i  n tab le ,  o r  any other  theory 
cons is tant  k i t h  t he  i n i t i a l  s t r a i n  approach t h a t  the developer wants t o  
i ncorporate. 
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Fig. 2 Finite Element Modal of Brrdtot Domil 
- CTRMEM Elemtm 
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367 NODES 
760 ELEMENTS 
-657 TRIANGLES 
·103 BARS 
704 OEGREES OF FReEOOM 
MAX. SEMI·BANDWIDTH eaUAlS 40 
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Fig. 3 Finite Element M d e l  of Bracket Detail 
- CROD Elemn* for Flanges 
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Fig.3 Finite Element MtJdet ()f Bracket Detail 
• CROD Element' for FllfIgtS 
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P = .3155 
INITIAL YIELD 
P = .4417 
INITIAL PLASTICITY IN FLANGE 
Fig. 4 Growth of the Elastio-Plastic Boundary in Region 
of L a r ~ t  S ress 
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APPENDIX A 
FLOW DIAGRAM OF MAIN FEATURES OF ELASTO-PLASTIC ANALYSIS 
l - 7  Elastic linear analysis 
- : - < I  - ,  
-my; 7,; i #.. ;(y'...  Determine load critical value 
., % :  .,-:,: 
- C: , l.L:(!-*i, ,&e, b b  . . PLANS1 ('GRIT ; Initialize PLI table 
(ugJ=(ucRITJ+ pug 1; ( ~ i r s t  
incremental step is elastic) 
Calculate ( A ~ P )  . ( ~ 0 1  . (be1 ; 
Form pseudo-load vector (DELTAP) ; 
Update PLI1 table 
(G) Interchange PLI 1 and PLI tables 
I ( ~ y s l -  0. Set incremental displacements 
\ to zero at degrees of freedom where 
- 
single point constraints are 
prescribed 
LOOPA Top clf loop 
'. 
 
 
('~' :-~!; ~,~ 
fP i:. . ).~;(~ ~ .. ;. l 
PLANS2 
EQUIV 
~_-i... __ 
ADD 
o 
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(P CRIT); Initialize PLI table 
fUg} = IUCRITI + f~U  }; First 
 
alc late {~l) .{~al. {~+
l  ; 
 
lan
{ YSI= o. 
  
vf 
Apply constraints to incremental 
pseudo-load vector (DELTAP 
= 1 APg 1 1, 
Solve for independent degree of 
SSG3 freedom displacements due to 
incremental pseudo-load, 
PAB! II 
OR\G\NAL QUAU"N 
Of pOOR 
---r---
Apply constraints to incremental 
pseudo-load vector (DELTAP 
== { .:1P 9 } ). 
{.:1P 9}= {~ :r taP ~ '" {.:1iSn I + [Gml {.:1P ml 
l.:1p nl = ,*" {.:1~ f} ,. {.:1Pf } - [Kfs J {.:1Ys} 
Solve for independent degree of 
SSG3 freedom displacements due to 
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incremental pseudo-load, 
{.:1U,} :: (1(11] -1 {.:1P~J 
{.:1U~I= (Koo J-t{llPol 
{ 6.:1pd '" {.:1pd - {KIIJ {.:1Ud 
I 
fl = /.:1U!l T /6~PII 
l.:1ud T /.:1pd 
(7) Recover dependent int!remental displacements due to incremental 
pseudo-load , 
AYS 
d F - 7  Form total incremental load, 
( ADD I Update total displacement, 
,,,,ate ( A ~ P  
, 1 I , I*.) : 
Form pseudo-load vector (DELTAP) ; 
Update PLJ1 Table 
EQUIV Interchange PLIl and PLI tables a 
Bottom of loop; PLAST <1 ? If YES 
LOOPA then last step and end, if NO then 
not last step and continue 
ADD 
 
PLANS 2 
 
END 
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APPENDIX B1 
"ALTERS': TO R IG iD  FORMAT 1 FOR ELASTO-PLASTIC A.NALYSIS 
HLTEP l r 3  
BEG I N 9; ELAS'i 11: -PLfiI:T I S - -  f: ANAL'tSI DEVELOPED BY GAC FOR NSRDC 
HLTER 339 35 
ALTER .I-:?- 3E: 
ALTER 4 1 - 4 1  
ALTEP 6,s- &t5 
AL 1 EP 1287 1 :I:.> 
ALTEF' 137r  141:l 
F'AF'HI.1 ...'..,.'C 9 ;Jr ADD,..'Vr M. PLfiCOIJNTfCr Nr l / 'Cr Nr IJ $ 
F'LAIi:: 1 E"I.Tr MPTr D I  Tr lIC,V*iPLI/'Vr Y r PPC:T/Vr Nr PC:RIT $ 
- rr f f , !~  PPC'T. F'C:RIT 9; 
CHI.:F'PiT F'LI '1, 
P~ATPI;'T r_l~;~~i,..',,. 9; 
F'AF'APIF' .... <.'C'r Nr MF ~ ' l ' V r  Nr DELPlWr Pr PPCT/'Vr Nr PCRIT S 
F'AF;.AI.lF ..>'....' Cr  N. HDD/'Vr Nr P I  1 /'Vr Nr PCRIT/Vr Nr DELP $ 
PAF'F(MF' ....'.. C : r I J ~ ~ O M P L E X . " / ' V ~ N r F ' 1 1 / . , ' V r N ~ P l l C  $ 
F'APtiPlR ,. .>, C: r !.: 9 C'OMPLEX//Vr N PC:R I T//V r N 9 PCRI TC 9; 
F'HF'AMF' ...'...C:r Nr C:OflPLEX/'/Vr Nr DELP//Vr Nr DELPC S 
I ...'..*'C'r Nr fiDD/$'. N?  F'/Vr N 9 PC:R 1 T//  3 
ADD 1-16'4 r ,*'DELTfiUGP/Vr Nr DELPC 9; 
A 11 1 I-IISV r ~'l-lC,VF'/'V r N 2 P 1 1 C: % 
CHI: F'PiT DELTHUGFr UGVP % 
F'ARAM ,,'..*'C: r Nr HDD/'Vr Nr PLAC:OUNT/Vr Nr PLHCOUNT/Cr Nr 1 $ 
E 13 11 I i,! F'L:rPLIl/NEVER R 
F'LtiN.12 PL I - MF'T 7 EST- DELTAUGP r D I  T/PL I 1 5 L)ELTHP/Vv Nr PLACOUNT/Vv N, PLAST/. 
Or  NT PF'1NTINC:~'Vr Nr P 4 "  Nr DELP/Vr Y r  PMAX 
- A!,!E $ F'LHSTr PRINTXNCr P 9; 
E [I 11 I !; F'L I 1 9 PL I .'HLWfi','S 9; 
CHI. F'NT F'LI 9 TIELTAP 9; 
C dtiD N22r PFINTINC: 9; 
F'F'TPHPN .,'.'CC r N r O/'C'. N:, P 1; 
PlATF'FT UB$(P/',,' 9. 
LAE:EL N22 
6, '7. 
9; 
AD11 t . 2  I /.DELTAPS/C'rNr r:O. 0 9  0. 0) 
CHI. PPiT I.ELTA't::: 9; 
lG'NAL E is 
  ALITY 
ENDI  l 
'   I iD RMAT   - L I  I  
AL Ef<' 
I: Hi 
AL Ef<~ 
L E~~ 
L Ef<~ 
F' 
l F.· 
L F.· 
'  .' A r'l 
' rf  
:A'· ... E 
TIC- ASTIC YSIS - - ED     
c H~.: 'rH 
r'lATF'F"'T 
'  .'  r'l J;' 
'AF.'Ar·1P 
F'  F.' A r·lF.' 
'Af.· A t'lF' 
'AP r1P 
F'AF.'Ar·lF.· 
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ST, r1 , I , l G /PLI / , 'y', PCT / , , RIT 
F'P T. PCf<' IT $ 
PLI ' . 
UG'·/// $ 
//(:,N,MFi/V,N,DELP/V,Y,P CT/V,N,PCRIT 
// . A D/ ~ , l1 , , CRIT/ , ,DEL
/-C,N,:OMPLEX//V,N,Pll//V,N,PllC 
~/c,r ,(:OMPLEX /V,N,PCRIT /V, , RI
'~ , , OMPLEX/ V, , ELP/ V, , EL  
//(:,N,AD ""V,N,P/V, , RI / $ 
UGV,/DELTAUGP .... ,N,DELPC 1; 
UG , "UGVP/\h , ile $ 
A P,UGV  $ 
 
$ 
//C,N,AD /V,N,PLACOUNT/ ,N,PLA T/C, ,l 
PLI, 1/NEVER $ 
$ 
 
 
DD
H~ 'rH 
'AF.· r1 
OUIV 
Plt:,r'E 2 ,MP ,EST.DE UGP,DIT/PLIl,JELTAP/V,N,PLAC /y, PL  
:A·· ... E 
C'UI'·.·' 
 ~· 'rH 
Ll H! 
'F.· F'APM 
r·lATF'F.·T 
B  
D 
 H~. F'rH 
V, ,PPIN /y,N,P/V,N,DELP/y,Y,PMAX $ 
PL , I ,  $ 
P I1,PLI/ALWAYS $ 
PLI,[lF.LTA  $ 
r'i , F'  rH I NC 
// , t,j, (1/(:, ,  
GVP// 'I. 
 $ 
1; 
$ 
',(,S', rIEL 'y·  .... , , (0 0, o
I·C:  T Y~  1; 
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1.Hk';F'IJT 
HIID 
HDD 
EQCI  V 
C HI;F'NT 
PFlk AM 
EI;!CI I V 
PLAI.1I:i' 
"nI)E 
EC!U i V 
CYK'PNT 
C 0P1D 
PR1PARM 
MATPRT 
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TOP OF LOOP 
LOflPA 9; 
USETr SMr DELTAYSr KFSr 609 DMr DELTAP/DELTAQRr IlELTRPOr DELTRPSr 
DEL THPL 5. 
DELTABRrDELTAPOrDELTAPSrDELTRPL $ 
LLLrKLLrDELTAPLrLOOrI(OO~rJELTRPO~DELTAULYrDELT~UOOVr~RULVrDRU0V~ 
Vr Nr ONIT/VrNr I R E S = - ~ / ~ ~ ~ N ~ N S K I P / V ~ N Y E P S I  $ 
EPS I F 
DELTkULVr DELTHUOOVr DRLILVr DRLIC14 $ 
L22 r  IRES 9; 
CPLr USETr S I L r  DHULV/iCrNrL S 
GPL 9 USETr S I L  r DRUOV//Cr Nr 0 $ 
L 2 2  $ 
USETr DELTAPr DELTAULVr DELTAUOOVr DELTAYSr GO? GMP DELTRPSr UFSs KSSr 
D E L T A Q R / D E L T A U G V ~ D E L T A P L ~ ~ ~ C ~ N ~ ~ ~ C C N ~ S P A T I C S  $ 
DELTAUGV r DELTHPLG $ 
CIGVr DELTAUCV/DELTAUGS ."Vr Nr DELPC $ 
DELTAUGTrUGVP/UGVPT/ S 
UGVPTr UGVP/ALWAYS 5. 
UCVP $ 
//C r Nr HDD/V.Q Nr PLRCOUNT,'Vr Nr F'LACOUNT/Cr NY 1 S 
PLI rPLI l /NEVER S 
P L I ~ M P T ~ E S T ~ D E L T R U G T ~ D I T / P L I ~ ~ D E L T R P / V ~ N P P L R C O U N T / V ~ N ~ P L H S T . ~  
PrNrPRINTINC/'VrNrP/VINIDELP/V LrPMK4 $ 
PLHSTr PRINTINCr P $ 
FLX 1 r PL,I/ALWAYS $ 
FL I I DELTAP $ 
N21rPHINTINC $ 
,.'/Cr Nr O/'C:r Nr P S 
UC;$'P/, s 
Nc'l 9; 
LOOPED 9 PLAST $ 
LOOPAr20 S 
BCTTOM OF LOOP 
P 
LHBEL LOOPED S 
GLTER . ' r 164 
HLTEF lG6r  167 
HLTER 1749 175 
EPIIlkLTER 
$ 
i; 
i; 
LAE:EL 
CHt<PNT 
:.AVE 
CHt<PNT 
cor'iD 
r'1ATGPP 
t'lATGPFi: 
LAE:EL 
~ D,"' 1 
:. KPrH 
ADII
A  
OUIY
KPNT 
F'A"' f'l 
GlUIY
NS:2
':'AVE 
O 1Y
H rH 
cmm
F''':l F' P  
"l F'fH 
C WI 
I'
loaP $
  I
,G , TAYS,k ,GO, , P/ E TAQR,n A , A ,
A $ 
QR, P , P , A  
,KLL,DELTAPL, OO,KOO,DELTAPO/DELTAULV,DE TAUOOV,DRULV,DRUOV/ 
Y, , MIT/Y,N,I -l/Y,N,NSKIP/V,N,EPSI  
:  i 
A , AJ ,DRUL ,DRU V  
,I  $
G , SET,S ,IIR / , , $ 
F'L, SET, ,D //C, ,O  
  
, ,DEL , U OY,DELTAYS,GO,GM,DELTAPS,KFS, ,
A /DELTAUGY,DELTAPLG,/C,N,l/C,N,STATI S  
Y, A   
U Y, ri  GY/ E  TAUG; , y, ,   
UGT, GYP/UGYPT/ $ 
Y ,UGYP/A $ 
GY   
/c, , A /Y, , A ,'Y, , P  , ,  $ 
, L11/ Y $ 
I,MPT,EST,DELTAUGT,DIT/PLI1,DELTAP/Y,N, LACOUNT/Y,N,PLAST/ 
Y, , I C/Y, , Y, , P/Y ~,P AX  
AS , t ,   
P I1,PLI/ALW   
P ,DELT   
, RINTI   
// ,N,O/ , ,  $ 
GYF'// $ 
21 $
,   
,  $ 
E:O  D  
A   $ 
f~   ' ,  
A  EF!' 1(, ,  E,  
A  ,17  
f'i lA  F!: 
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i ~LASTtr..~~~STlr ANA\.VST5 •• v~vE~npFD ~v Gl~ ~UR ~SROC 
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I>;lJl'~P""l/.,I·'.4( ..... AY~=.\ :II 
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F,T " 
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NfjTI.,JlltlPPL\JT '4; 
P\.. TS," TV.II ~ 
11':,!j,t·PV/II,~"P~HI.G'C,"'l't.~'~,l • 
-'IC,~I,"lpv/v'''',Pf-TL.F/r:,~,'J/r..';. 0 ~ 
P 1, JII"'~PI I.'T 51 
PI.. T Pit" , GO Sn ~, r: L,St- Tn, t A SH C , RI.I;"U T , hIE x T PI;,:.;t 1..1 t F. ( T, "PI.. rn xliV, N, 
~, ~ T l. t " , .~ , L. II::) '" t I .. , I'It : J Ii,.. P 1-' L ! I T I v , '" , P l. H L G I II , 1'1 , til ~ 1 L E ') 
JU""~"I..:'i.PL.TFLr"OFTL~ ~ 
PL.,nTvlll , 
PI) 
PLTP.H,~PSF1S,FL~ETS ) 
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i5 PAIo(,,,, 
lIt C",,,P.i T 
iT Ut 
ll4 U!lF' 
l' PuU~ 
..s" en""" 
)1 9 1 jjo(q 
U C"''''PI\T 
1& P.~~ ... 
..so cn~,.. 
~n PU(Uol 
41 E!4G 
41 $A " .. 
ItG CWKPfotT 
"'~ C;C'I~n 
~" £"" 
,., C .... "lhIT 
48 LA8~l. 
.. , C;r')I\I" 
~I'I E HI. 
5t CM",12NT 
~l l.'~'!. 
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'If:, N, ~ ~f'J/". Po, ~JU"'Gt:I\I. J,i,NoGWh'/V t Y,l'''OPN1'.-l 
, 
Sl..T,r.PT' ~ 
Fe T ,";: T, P I:;Pt) T , ~ I I., r.PTT • C ~ T t.l/E:; T , r.u , 
GPF' C T , IV, :", I..lJ Sf T I V, N, 
NU5IM~/C'~'1/~IN,Nr~'~l/v,N,Gt~tL 
S 
/\iLlS 1 "'1:1, ',IIIGfNI.., I;f. '.sE t .if, 
11r;,"i, .. ·.,r.,V,N. NU£Lt.AT/V.,....NnGFt-.l/v,N,NU!H~P $ 
E. "PlIQ u, 1~IJE.l '" ~ 1; 
I(Gt:lC,(,05 T l\llIS1"IPJllr:P~T IGF ... EI. ~ 
~5T.r.P~CT,Gtt,GPRT,OG~'1 ~ 
11r.,"'""'PVIJ,~',CAPl)Nll'C,lIifo/,,N1!.' , 
l fill, ;,,,ST .~p , 
Ilr,~,.an/",~,~UKGGX/t,~'1/C,~,O *
 
fbT&r~'~'~PT'I)tT'G~U~2"~ELML~nlrTlMELM
,~otCT'LIV'N1NU~GGII v, 
N~~UU ~/r'~"Cl~f6r,N"t~VLtouPMAa~/tL"~P8
AR/t"'t~~UO/t'Y' 
e QUA tlc:,V,CPQUA 'IC,v, PHctA"C,V
,C",THhil C,V,CPTU~t/",." 
r ~UPLT/r.,V,r.~TRPL.t/l",v, .j:lTRAS~ S 
t.oU IC Gr; x .1-1£1",(;(; ~ 
KELM,~~lCr.ME~~,~OTtT s 
JIOiPKl;ii ..... OItCG"x , 
r.PFCT,~DTCT,~llM/Kr.G.,r,PST , 
1t!.tr.(,r.O~T ,., 
JM~P(r.G $ 
J MP ",r,\i , ,-.I'I"lt: C; ~ 
~PFCT,~uTCT,~lL~/~r.G,;r,N,.l/C.,,~T
~A'S.t.O S 
"'Gr. ~ 
.JMPI'4GII • 
ltJll,GO!)PNT , 
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73 c m n  C B L ~ ,  GLWL J 
74  GPSP GPL ,GPqT,uSET, ! I IL/nGPST/V, Y,NlIGPST S 
75 8 4 V f  N L ) I ; P S T  J 
76 CnNn 1 bLu, hflijP;iT 5 
77 UFP ( J G P S t , , , , , / /  S 
76 LAnFL Ldl-4 
.-
54 CONn 
5~ '''.-.r. 
St. O'P 
5' I.lH~L 
5~ [DUTY 
S' CIoIf(PNT 
bn CONn 
., SMAl 
,,- , ... KPt>.:T 
b3 l.A~FL 
,0 PAHAM 
b1 '''u 
.,~ SAVr: 
fa' C~1\;'" 
1ft PA':;A~ 
7t PlJ~r.f 
1l CWKPNT 
11 Cl)~  
10 "  
1r; SHF
," cnNn 
7 O  
1" S L 
fH~O~l. ~O"'GG .j 
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RG~I,)T,rSTt.l,EQE)tI~,~GG/nGP ... GIV,Y,Gj.(/)P~T/C,V,"'T""SS , 
OGPIII(O,.,.,II :II 
l.aLI S 
KGG~,kGG/~OG~~L , 
lit'Glt :II 
LIH 11 A. o,JOGF.~!. ~ 
GU, It b(';A I"GGI ~.:'" L\lS~T I\I,~, NIlGENL/V, III, IIIUSI"'P , 
KGe; ~ 
L61 I fA ~ 
Ilr,~,~pY/~,~,~aKIP/C,~,O/C.~,C ~ 
C.SECC,gF.u~~,~qEWI~,GPnTt~GPnT,CST""/AGLYS,USfT'lS~T/V,NlLUlt T / v,~,~P~F"~,N,~PC~~/~,N,~lNGLt/VlN,UMITI,,,N,A~A'T/V,N,N~~IP/V, 
N,~~P~~"v.N'NQSET/V,N,NOL/V,~,~U./C,V,$UHIU $ 
~PCF,,~P~F2,Sl~GlE,UMIT,REACT,~S~IP.R~PlAT,NOSFT,NO~,N04 $ 
Ew P IjQl .... r.1.. S 
Ilr,N,~~n/v,N,~US~/v,N,SINGL~/V'~'~~'CT J 
KHA,KLq,Q~,U~/~E'CT/G~/MPCF1/G0,kUO,LUn,pu,unuv,~~U~/U~lT/PS, 
Kf~,KS~/~I~GLE/QG/~U~R , 
KR~,~LR,~~,U~,G~,G~,~~~,lUU,PU,uouv,Runv,~s,K~S,KSS,QG,USET,R', 
VS,A~U'T , 
laLI.I,c.~NF.'  .\ 
l ~ _" SlL/ v,~, ~  , 
NtJr;PS T ,. 
l ~L I~, "'r'r;P~ T , 
r C;~Sf"" 11  
dL44 , 
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K G G , I ~ Q ~ J / W P C F !  S 
w q h' $ 
Ld?,?, .'w,=L f 
U S € T #  hG/Sk S 
G* S; 
USFT , G ~ # d G C # , ,  /dN%,  # ,  5 
Uh.4 s 
L B l Z  5 
K ~ J h , ~ F r / $ I ~ G L ~  Y 
YFF * 
7~ ~liutv 
8t) CIoiI(P:\IT 
81 tfllltl' 
U MCE' 
., CW"PNT 
aa lolCe.~ 
I~ t:.lt(PNT 
a6 LAB'-'1.. 
a' E~UTY 
II' CIooI(PIIIT 
8~ en",,, 
• ., StEt 
• t C~I(PI'IIT 
9? LAt1!'\.. 
" E 'hJTV 
9" CW!(P<vT 
,I§ C"NF' 
'II S"'Pt 
" , ... "",..T 
9~ LAe"L 
., f;fWTV 
'Of! CIolKP~T 
hlt cn",n 
toJ HRMes 
10] CWI(PNT 
Ltj1.2 •. 1P(,.~c'! f 
USET,Kr,Ir.~ , 
r,~ , 
RIGINAL P G~ IS 
F POOR UALITY 
U ~ . ,~ G" ~N~", f 
I( ",,0,) 11 
L8l2 i 
j( ~,KF"/SI~GLE $ 
M: ~ , 
LIoIll,ST"r,Lf '1\ 
USFT ,k""" ./KFF ,KF ~,I(S~,., ~ 
ICFq,KSS,I(FF .. 
un 1 S! 
KfF,I(AII/nMTJ , 
K" , 
Lbl'5,U'-I' " 
UStT,II(J'F",/Gil,IICAA,~n(j,Ln(lI"" If: 
GIJ,KAA.I'IOI!,Lflu) 
L8LS i 
KU,KL.t../Rt,AC' J 
lc.L,l ~ 
lBI Q,IH"ACT \ 
US'T,"U"ICLL,I<I.~,IOO~,,, , 
I(I.L,ItLP,I(~H S 
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100 LUH~~ 
h)~ ~c~r.l 
to" C",,,PNT 
10l C;nNn 
toR R"~r.j 
too C"'IdH,T 
11(') LAbFL,. 
'tt $~Gt 
112 C~I(P,...T 
'11 fr.II T" 
qtl CIoII<P",T 
'1-; cr:l\jf'l 
"" 
~~(,,? 
'11 C"'l(p"T 
1l~ L A dEL. 
uq S8G' 
'2n SA vF 
'if (,. ... 1(1'1'11, 
t2l' cnNf) 
'21 MATr.pR 
f2G "'ATr.P~ 
tit; L.AS'L. 
t26 Sl'l~' 
\21 t~"PI\IT 
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Ltslb i 
ICLL/LLl J 
LLL ~ 
LBl7.wFACT ~ 
LL.L,ICLo,M'H~/O'" , 
r·,.,. ~ 
LtH. 7 .'b 
SLT,A~P~T,CST~LSJL.EST,MPT,~PTT,fOT,~GG,C_SECc,uIT/PGIv,h, 
lu~~T/V,~,~iMIP S 
PG i 
P(,;,PI./~JlI~f. T , 
PL b 
Lbllf),~·U~f. f I 
1':,rT ,(; •• ,V~,I(FS,GI"I',.,pr;/(Hc,.,n,p~,PL fo 
~w,f';"P3,Pl ,. 
len \1' " 
LLl ,I( LL , PL, Lr'llt'" no. pn/l'LV , lIunV, RilL V, ~u(JOV, N, tiM" I V, v, 1 ~f. ••• 11 
v,N,·'S"P)/",,,,,,.f.tSI $ 
FP~1 .t 
IJLV, Ii (''l V ,kill \I, UU"V i 
I ~Hq,lol~ ~ 
r. P L , I 'S" , , 5 T L , H II L. V II C , I~ , L. $ 
r.PL,It&'T,~r~, .. lIuvIIC,I\,U !j 
U;l q :J. 
I 'Sf' T , Pro t IJI" 1/ " 'orHi , v ~, rou, (;"', P&, ", S, K SS, lei" IUeI V, PelG, QG n , N, 11481< r" I 
r,~,ATATTC5 s 
IIGV,P(,r.,I~(, ~ 
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L)F P 
P A R A M  
PLAN81 
S b V F  
CWkPNT 
n 4 t P R T  
P A R I M P  
P A R A M R  
PAk'AMu 
PA R A M R  
C b R b M R  
P ~ R A M R  
A nD 
ADD 
CHKPNT 
PAHAM 
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CL A N3E 
UO C"KIt~T 
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Uti 
1460 
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14n 
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LJ'P 
PAIUM 
PLANS' 
SavF 
C ... KPNT 
.. ,rPRT 
UO PAJU""P 
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,,,0 ,.'hMR 
1,,0 ,A RUIR 
, .. 0 P4 'MR 
J40 AnD 
'110 ADO 
UO ~"I(PNT 
140 pARAH 
Jge) .fPU!Y 
UO 'lAN8l 
"'t) SA V! 
1 .. 0 IQI.JIV 
-140 - CHI(ltN' 
h" CONI:) 
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CSTI'! , 
rAsfrc,ur.vIKEL~,KD'CT,FCT,FQF.xtN,ijPEC1,PGG,Qr,/O~R'Vl,U11"811 
r. , ~: , ~n 4 TT (. :5 , 
(1i'~I.i¥l,Ur·pr;bl.",11 ! 
Ile,N"on/v,N,p~lcnUNT/c,N,t/t,N,o 
EaT,MPT,DIT,U~V/P~t/y,V,PPCT/v,N,peHIT 
Pp: T , PI" IH T S 
PI,. T ~ 
UGVII J 
Ile,~,~pv/v,N,OElP/V,V,PPCT/V,N,PCRIT 
IIC,~IAD"/V,N,Plt/V,~,PtRIT/v,N,nELP 
Ilc,N,rU~PlEXIIV,~.PllIIV,N,P11C i 
Ile,N,eOMPLEXIIV,N,PCHTTIIV,N,PCRITC • 
IIC,~,CUMPLEXII~,~,OE~PIIV,N,DE~PC , 
Ilr,~,A0h/v,N,P/V,N.PC~lTII S 
UGV,lv~LTAUGP/v,N,nELPe ~ 
UGV,/Ur. VP / V,N,PlfC ~ 
DELTAUr.P,UGVP s 
s 
Ile,~,ADD/V,N,PLAcnUNT/v,~,PLArUUNT/c,N,t S 
P~I,PLI1/NEvf~ , 
PL"~P,,ESTtOELTAUgp,l>rT/PLlf,DELTAP/V,N,PLACUUNT/V,N,PLA,TI 
V,~,PRtNTINt/v,N,P/V,N,ufLP/V,V,PMAX I 
PLA3"P~t~TINC,P , 
PLtl.PLl/A~~.YS S 
p~ I, IlEL rAP • 
N22,PRTNTINC I 
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iro CWKPNT 
I40 An0 
146 AOL) 
1 4 0  eoyrv 
140 C H K P N ~  
0 P A R A M  
UO PRTp,R" 
146 MATPRT 
140 LA81!:L 
14-" Ano 
1.0 CWKPNT 
t4G LA8!'L 
"'., SSGl 
t40 C~f(PNT 
lila ISG3 
140 SAVE 
140 CWKPNT 
t41) cn~" 
1416 MATQPR 
141ft "'ATGP~ 
140 LH~~L 
140 snRI 
140 tHKPNT 
IlfO AnD 
Uo AI"jO 
140 !PVTV 
140 CHKPNT 
140 P4fUM 
Ilr,N,n/C,~,P • 
UGVPI/ ! 
""2~ $ 
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'1,/nElT,yS/C,N,Co:o,o~o' 
OELTAys $ 
lOOPA ! 
US,-T,GM,nELTAys,kFS,GO,OH,nElTAP/DEL'AQR,OELT,PU,UELTAPI, DU,UPl I 
DELTAQR,nElTAPo,D~LT'PS,DELT1Pl , 
LLL,kLLfoeLTAPL,lon,kon'OELTAPO/D~LTAUlV'Df.LTAUUDV,gRU~V,DRuovl V,N,('l~T Iv,N'I~tS •• l/v,N,N8~IP/~,N,EPSt S 
fPSl II 
nElTAUlw,DELTAUODV,DRULV,ORunV 
L22,rR~S i 
r,PL,USFT,SIL,ORuLvlle,N,L I 
GPl,US",SIL,oRUQ~lle,~,o I 
l il , 
USE'.DELTAPtDELTAUlV,U~L'AUUOV,DfL"VS!GD,GM,uELTAPS,KFe,Kel, "eLT4WR/nELTAuGV,D~LTAPLG,/C,~,1/C,N,8T'TIC8 , 
DEl "ur,v,oELT,PLG S 
IJGv,"Et TAUGV/oE", UlIGT/V,N,OEL.pe s 
F'lEl TALIr,T,uGVP/llGVPTI $ 
I.IGIJ~T, IIc;vP/AL"AY8 ~ 
UGIJP 5 
Ile,N,ADn/v,~,PLA'OUNT/Y.N,PLACUU~T/c,N,! $ 
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L4BFL 
END 
Ut'l E~UTV 
tU PlAMSl 
t 4.0 SAVF..' 
1110 EQUTV 
140 CWI(PNT 
1410 C ('I 1111) 
14.0 PJ:""PAR~ 
140 ""TPRT 
UO LAS'L 
140 CONn 
140 RF..PT 
140 LAB!'L 
I'! JUMIII 
,,8 LAS!'-I.· P~TP.A'" 
no LAB'L 
111 PRTPAR ... 
111 LAI:l£L. 
f7J PRT"jRM 
n. a.48lL 
I" ENO 
IIILt,PLT1/NfvEM I 
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PLT,MPT,FSTtnELTAur.T,DTT/~~lt,nE~T&P/V'~'PL'COUNT/V,N''~A'TI V,~,PRTN'IN Iv,N,P/V,N,DFL IV,V, MAX I 
PL6ST,DHT~TINC,P I 
p ... t1 ,PLl/ALwAYS S 
PLT,o[L UP , 
~Z1,"t(TNTl~C $ 
IIc,N,nIC,N,P J 
UGVPII S 
Nit s 
Luf)PEO,PlAST 
LLJnPA, '0 , 
LOOPfO J 
'P·ilS ~ 
EHIWJlZ S 
IIC,N,wlIC,N,STATICS 
" ERROR] " 
IIC,N,.3/C,N,STATltS I 
fRlhJIU S 
, IIC,~J,.q/"f>i,STATlr:S i 
Fl~lS s 
S 
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NEW BULK DATA CARDS 
MATSZ: Material  Proper t ies  - d e f i n e s  s t r e s s - s t r a i n  funct ion 
f o r  e i t h e r  Rambcrg-Osgood representa t ion,  l i n e a r  
s t r a i n  hardanin,; o r  pe r fec t  p l a s t i c i t y .  
Ramberg-Osgood 
Linear Hardening 
Perfect  P l a s t i c i t  
Tabular 
I I I I I I I 
Field  
-
Contents 
MID - Mater ia l  i d e n t i f i c a t i o n  number which matches the  i d e n t i f i c a t i o n  number 
on some bas ic  MAT1 card ( In teger  > 0) 
n - shape parameter used i n  Ramberg-Osgood s t r e s s - s t r a i n  function ( In teger)  
a - ET/E f o r  l i n e a r  s t r a i n  hardening (Real) 
a - Ramberg-Osgood parameter (Real) 0.7 
TABLES1- Table number f o r  S t r e s s - s t r a i n  functiort - TABLES1 Table ( In teger)  
TABLEY1- Table number f o r  y i e l d  s t r e s s  vs. accumulated p l a s t i c  s t r a i n ,  f o r  
near l i n e a r  s t r a i n  hardening ( Integer)  
0 30 0 n-1 Remarks: 1. Ramberg-Osgood representa t ion:  E = - + - (-) E 7E a0.7 
2. TABLEYl may be used with any of the opt ions  l i s t e d .  
ORIGINAL PAGE 18 
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lTS2: aterial Properties - defines stress-str i  function 
for either Ra bl!rg- sgood representation, linear 
strain hard~nin(; or perfect plasticity. 
1 2 3 4 5 6 7 8 
TABLEYl TABLES 1 n aO•1 a J 
Ra berg-osgo d KATS2 17 12 0.6+5 
Ltnear ardening KATS2 11 0.25 
Perfect Plasticit ~ KATS2 17 0.0 
Tabular 
~
MID 
n 
a 
00•7 -
TABLESI-
TABLEYl-
Re arks: 
KATS2 17 100 \ 
Cont~nts 
aterial identification nu ber hich atches the identification nu ber 
on some basic ATI card (Integer > 0) 
shape para eter used in Ra berg- sgood stress-strai  function (Integer) 
ETIE for linear strain hardening (Real) 
Ra berg-osgood para eter (Real) 
Table nu ber for Stress-strain function - T BLESI able (Integer) 
able nu ber for yield stress vs. accu ulated plastic strain, for 
near linear strain hardening (Integer) 
n-l 
a 3a a 1. Ra berg-osgood representation: £.  + 7E (0---) 
0.7 
2. TABLEYl ay be used ith any of the options listed. 
278 
PLFACZ: Load h i s t o r y  and s t e p  s i z e  inform,t ic ,n  ORIGINAL PAGE 15 OF POOR QUALIW 
Fie ld  
-
Contents  
- 
5 6 7 8  9 10 ~m "1 PUC N L D ~  1~ +abc 
SID - S e t  i d e n t i f i c a t i o n  number ( In t ege r  > 0) 
P i  - Load magnitude (Real) 
N i - Number of  increments  f o r  cu r ren t  loed ( In t ege r  > 0) 
- 
NLDi - Load set r e fe rence  ( In t ege r )  
Remarks: 1. Load h i s t o r y  is contained wi th  PLFAC2. Each P i  
corresponds t o  t o t a l  ioad f o r  t ha t  set (NLDi) . 
LFAC 2 1 .O 
2. One o r  Two sets of d a t a  may be included on each card .  
F i e l d s  3, 4, and 5 must be used on each card ,  but  
f i e l d s  6, 7, and 8 may be omit ted from any card  even 
though con t inua t ion  cards  follow. 
1 
NLD3 
2 
+abc 
+BC 
i 
3.  If N i  = 0, incrementat ion s t e p s  w i l l  be chosen automa t i c a l l y .  
2.0 
1 / 
.,A -etc- 
10  
P3 
3.0 
1 ABC 
N3 
5 
" , 
PLFAC2: 
1 
PLFAC2 
PLFAC2 
!k!!! 
SID 
Pi 
i 
NLDi 
:r 
Load history and step size in fonn •.• t ion 
ORIGINAL PAGE IS 
OF PO R QUALITY 
2 
SID 
5 
3 5 6 7 8 9 10 
PI Nl NLDI P2 N2 NLD2 X 
1.0 5 1 2.0 10 1 
Contents 
Set identification number (Integer > 0) 
Load agni tude (Real) 
+abc 
ABC 
u ber of increments for current lOad (Int > 0) 
Load set reference (Integer) 
e ar s: 1. Load history is contained ith PLFAC2. Each Pi 
corresponds to total load for that set ( . 
2.  r o sets f ata  e included on each c r . 
ields 3, , and 5 st e se  on each car , t 
fields , , and  a  e itted fro  any ard e en 
t  tinuation ards f ll
.  i • , i r t ti  teps ll  s  atical . 
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TABLEY1: Yield s t r e s s  vs. accumulated p l a s t i c  s t r a i n  
1 I I I I I I V u 
LEY11 101 I I I 1 I I ABc 
1 2 3 4  5 . 6  7 8 9 10 
Fie ld  
-
Contents 
SID - s e t  i d e n t i f i c a t i o n  number ( In teger  > 0) 
a - yie ld  s t r e s s  i n  tension (Real) 
Y t  
LEY1 SID a a rep  a a 
Y t  YE Y t  YS 
u - yie ld  s t r e s s  i n  shear (Real) 
YS 
C E ~  +abc 
CcP - acc-lated p l a s t i c  s t r a i n  (Real) 
Remarks: 1. I f  accumulated p l a s t i c  s t r a i n  i s  l e s s  than f i r s t  value i n  
t a b l e  then f i r s t  values of a and a a r e  chosen, i f  
accumulated p l a s t i c  s t r a i n  18 greateTSthan l a s t  value i n  
t a b l e  than l a s t  values of a + and a a r e  chosen, otherwise 
a I inear  in te rpo la t ion  is  uged. 
2. One o r  two s e t s  of data  may be included on each card. 
Fie lds  3, 4, and 5 must be used on each card,  but  f i e l d s  
6, 7 ,  and 8 may be omitted from any card even though cenrinuation 
cards follow. 
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ELASTIC-PLASTIC ANALYSIS OF ANNULAR PLATE PROBLEMS USING NASTRAN 
P. C. T. Chen 
U.S. Army Armament Research and Development Command 
Large Ca l ibe r  Weapon Systems Laboratory 
Benet Weapons Laboratory 
w a t e r v l i i t ,  NY 12189 
SUMMARY 
The p l a t e  elements of the  NASTRAN code a r e  used t o  analyze  two annular  p l a t e  
problems loaded beyond the  e l a s t i c  l i m i t .  The f i r s t  problem is an e l a s t i c - p l a s t i c  
annular  p l a t e  loaded e x t e r n a l l y  by two concentra ted  forces .  The second problem i e  
s t r e s s e d  r a d i a l l y  by u n i f o m  i n t e r n a l  p ressure  f o r  which an exact  a n a l y t i c a l  s o l u t i o n  
is ava i l ab le .  A comparison of the  two approaches toge the r  with an assessment of the  
NASTRAN code is given. 
INTRODUCTION 
The piecewise l i n e a r  a n a l y s i s  op t ion  of the NASTRAN code can be used t o  analyze  
q u i t e  complicated e l a s t l c - p l a s t i c  p lane-s t ress  problems ( r e f s .  1 and 2).  The 
r e l i a b i l i t y  of t h i s  code has been well  demonstrated i n  the  l i n e a r  range but  not so i n  
t h e  non l inea r  range of loadings.  One major reason i e  because exact  a n a l y t i c a l  
s o l u t i o n s  f o r  e l a s t i c - p l a s t i c  problems a r e  nsua l ly  not a v a i l a b l e  f o r  comparison with 
approximate NASTRAN so lu t ions .  
I n  t h i s  paper, the  p l a t e  elements of the  NASTRAN code a r e  , ~ s e d  t o  solve  two 
annular  p l a t e  problems loaded beyond t h e  e l a s t i c  l i m i t .  The f i  st  problem considered 
is an e l a s t i c - p l a s t i c  annular p l a t e  loaded e x t e r n a l l y  by two concentra ted  forces .  
There is no a n a l y t i c a l  s o l u t i o n  f o r  t h i s  two-dimensional p lane-s t ress  problem and the  
NASTRAN code is  used t o  o b t a i n  numerical r e s u l t s .  The second problem considered is 
an e l a s t i c - p l a s t i c  annular  p l a t e  r a d i a l l y  s t r e s s e d  by uniform i n t e r n a l  pressure.  
This  problem is chosen because an  exact  a n a l y t i c a l  s o l u t i o n  is a v a i l a b l e  f o r  
comparison. For i d e a l l y  p l a s t i c  r - t e r i a l s ,  t h e  s t r e s s  s o l u t i o n  f o r  t h i s  s t a t i c a l l y  
de te rmina te  problem was f i r s t  obta ined by Mises ( r e f .  3) and the  corresponding two 
s t r a i n  s o l u t i o n s  were obta ined by the  present  author  on the  b a s i s  of both J2 
deformation and flow t h e o r i e s  ( r e f .  4 ) .  For e l a s t i c - p l a s t i c  s t ra in-hardening 
m a t e r i a l s ,  an  exact  complete s o l u t i o n  was r e c e n t l y  repor ted  i n  r e fe rence  5. 
Ana ly t i ca l  express ions  were der ived on the  b a s i s  of J 2  deformation theory,  the  H i l l ' s  
y i e l d  c r i t e r i o n ,  and a modified Ramberg+sgond law. The v a l i d i t y  of the  above 
s o l u t i o n  has been e s t a b l i s h e d  by s a t i s f y i n g  the  Budiansky's c r i t e r i o n .  
I n  t h e  fo l lowing,  the  theory of e l a s t i c - p l a s t i c  p l a t e  elements as used i n  
NASTRAN i e  b r i e f l y  reviewed. In  i ts  present  form, NASTRAN cannot be used f o r  
problems involving i d e a l l y  p l a s t i c  ma te r i a l s .  It is  shown t h a t  t h i s  l i m i t a t i o n  can 
be e a s i l y  removed by making minor changes. For an  e l a s t i c - p l a s t i c  s t ra in-hardening 
m a t e r i a l ,  t he  NASTRAN s o l u t i o n  is repor ted  here  and compared wi th  the  exact  s o l u t i o n .  
The r e s u l t s  a r e  presented g r a p h i c a l l y  and an assessment of the  NASTRAN code is made. 
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The t h e o r e t i c a l  S a e i s  of two-dimensional p l a e t i c  deformation ae  ueed i n  NUTRAN 
I s  t h a t  developed by Swedlow ( re f .  6). I n  t h e  development, a unique r e l 8 t i o n e h i p  
between the  oc tahedra l  e t r e e e ,  r0, and t h e  p l a e t i c  oc tahedra l  s t r a i n ,  sop, is aeeumed 
t o  e x i e t  and the  use of i d e a l l y  p l a e t i c  m a t e r i a l s  l o  excluded. h e  t o t a l  s t r a i n  
components ( 6 % .  cy ,  c Z ,  and yxy) a r e  compocred of the  e l a s t i c ,  recoverable  
deformations and the  p l a e t i c  por t ions  (cXP, cyP, cZP, and yxyP). The r a t e r  of 
p lae  t i c  flow, ( ixP,  e t c .  ) , a r e  independent of a time eca le  and a r e  simply ueed f o r  
convenience inetead of incremental  values.  The d e f i n i t i o n 6  of the  oc tahedra l  s t r e e s  
and the  oc tahedra l  p l a s t i c  e t r a i n  r a t e  f o r  i e o t r o p i c  , a t e r i a l s  are :  
where 
The 
i e  c a l l e d  t h e  d e v i a t o r  of the  stress t e n s o r ;  ax, ay,  and T x L a n  the  
c a r t e s  an s t r eeees .  The i ~ o t r o p i c  m a t e r i a l  is a s s m e d  t o  obey the  s e e  y i e l d  
c r i t e r i o n  and the  Prand t l ,  &use flow rule. The matrix r e l a t i o n e h i p  f o r  t h e  p l a s t i c  
f low is: 
where 
The p l a s t i c  m d u l u e ,  % ( r 0 ) ,  can be r e l a t e d  t o  tllc d o p e  b, of the  e f f e c t i v e  e t t e r e -  
e t r a i n  curve by: 
1 1 1  
------- I -- - - 
~MT(To) ET E (6 )  
The t o t a l  e t r a i n  incremente, obtained by ~ R d i n g  the  p l a e t i c  and l i n e a r  e l a s t i c  
p a r t s ,  a r e :  
I I  p~ E is
  LITY L LEME  
e t i l b sis t i i l stic f r tion l le  in AS  
js t t l ed hy edlo  ( In the l t,  ique ~ l l i  
t  the tahedral str ss, TO' nd the l stic ta e ral tr i , toP, il ssu ed 
to ist nd the se i lly stic i ls ia The t tal train 
ts (£x. £ . £z. d Y  re sed t e i , r l  
f r tions d t e stic ti  (£xP, £ , £zP, d Y  l 
a c fl . (£  , re i   ti  scale n,:; re li ply o  for 
ience i stea  i re tal e i iti s t e t r l tress 
d t e t e ral tic strain te for isotropic ~terial8 
TO • I(Sl1 2 + 2a122 + 822Z ~ 833Z)/3 
~oP • {[(luP)Z + 2(l12P)Z + (f221'".·r+ (l33P)ZJ/j 
re 
, 
J. 
all • - (2ax-oy) 3 £U
P 
• ExP 
1 
e2Z • - (2ay-ox) 3 &22
P 
• £yP 
1 
s33 r. 
- - (ox+Oy) 
3 &:;3
P 
• €zp 
(1) 
(2) 
(3) 
The all a lled e t r  t  a  . O   y re  
tes  as e 90tropic i l ~ esU&  o   Hi s l  
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r
xp l r 811
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slls 22 2s11s12 Ox 
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where [GI is the normal e l a s t i c  mater ia l  matrix and [Gp] is  the equivalent p l a s t i c  
e l  t i  The matrices [ D ~ I  and [Gp]-' e x i s t  fo r  f i n i t e  values of o r  (ET) 
and [G ] can be obtained numerically. Because t h i s  procedure is chosen i n  developing 
NUT& program, only s t r a i n  hardening mater ia ls  can be considered f o r  applications.  
However, i t  should be noted tha t  w e n  the matrix [Gp]-l does not e x i s t  when o r  ET 
is  equal t o  zero, the matrix [Gpl may still  ex i s t .  I n  f a c t ,  the  closed form of [Gp] 
has been given i n  reference 7. We can express t h i s  as: 
where 
If we want t o  remove the l im i t a t i on  t ha t  the  use of i dea l ly  p l a s t i c  mater ia ls  is 
excluded, w have t o  make minor changes i n  subroutines PSTRM and PKTRM of the NASTRAN 
program. 
TWO-DIMENSIONAL PROGRAM 
Consider a two-dimensional annular p la te  loaded ex te rna l ly  by two concentrated 
forces. Figure 1 shows a f i n i t e  element representat ion for  one quar te r  of the 
annular plate.  The other par t  is not needed because of symmetry. There a re  198 
gr ids  and 170 quadr i la te ra l  elements i n  t h i s  m d e l .  The g r id s  (1  through 11) along 
the x-axis a re  constrained i n  y-direct ion while those g r i d s  (188 through 198) along 
the  y-axis a re  constrained i n  the x-direct ion.  The concentrated force F is applied 
a t  the top of the y-axis (gr id  198). The thickness of the p la te  is 0.1 inch. All 
membrane elements a re  s t r e s s  dependent materials.  The e f f ec t i ve  s t r e s s - s t r a in  curve 
is  defined by: 
a = Ee f o r  u G uo 
( ~ / a , ) ~  = ( E / u ~ ) E  f o r  a 2 aO 
where 
n is  the - t r a in  hardening parameter and the  i n i t i a l  y ie ld  surface i s  defined by the 
e l l i p s e  a - a,. The input parameters fo r  the problem a t e :  
E = 10.5 x lo6 p s i  , v = 0.3 (Poisson's r a t i o )  , uo = 5.5 x lo4 p s i  , n = 9 . 
There is no ana ly t ica l  solut ion for the two-dimensional plane-stress problem and the 
NASTRAN code is used t o  obtain numerical resu l t s .  F i r s t  the s t r e s s  so lu t ion  i n  the 
e l a s t i c  loading range is obtained and the  e l a s t i c  l i m i t  is determined. The corre- , 
spending F* at i n i t i a l  yielding i s  753.34 pounds. Then the so lu t ion  beyond the elas-  
t i c  l i m i t  is obtained i n  13 s teps  with the applied force given by Fn , 753.36 (0.95 + 
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0.0511) pounds for  n = 1,2,.. .13. The v e r t l c a l  displacement a t  the point of applica- 
t i o n  (VD) and the horizontal  displacement (UB) a t  point B (gr id  11) a r e  shown i n  f ig-  
ure  2 a s  functione of the applied force F. The major pr inc ipa l  stresses i n  elements 
near the x and y-axes a r e  shown i n  f igure  3 fo r  F = 600 and 1205.38 pounds, respec- 
t ive ly .  The results ind ica te  t ha t  the maximum t e n s i l e  stress occurs a t  point C. 
ONE-D IMENS I ONAL PROBLEM 
Consider a onellimenaional annular p l a t e  s t ressed  r a d i a l l y  by uniform in t e rna l  
pressure. The p la te  geometry and mater ia l  p roper t ies  a r e  the same a s  the two- 
dimensional one. Ut i l i z ing  the condition of ax i a l  symmetry, ue need only a sec tor  of 
the  annular p la te  for  the f i n i t e  element nmdel. There a r e  only 10 elements with 22 
gr ids .  A l l  g r id  points  a r e  constrained i n  the  tangent ia l  d i rec t ion .  The applied 
load is the i n t e rna l  pressure p. I f  p = 1000 ps i ,  the  equivalent  nodal force a t  each 
of the two i n t e r i o r  g r id s  is Q = 4.62329 pounds i n  the r a d i a l  d i rec t ion .  The t rue  
pressure corresponding t o  i n i t i a l  yielding fo r  t h i s  problem is po = 23,571 psi. The 
NAST AN results w i l l  depend on the users '  choice of element s i z e s  and load increments. 
I n  t he  e l a s t i c  range, the NASTRAN r e s u l t s  based on two finite-element m d e l s  were 
compared with the exact eolution. For a ten-element model, the  maximum e r r o r  is 0.36 
percent i n  displacements and 0.95 percent i n  stresses. For a twenty-element model, 
the  maximum er rore  a r e  reduced t o  0.09 percent and 0.24 perceat,  respect ively.  Since 
we a r e  s a t i s f i e d  with one percent e r ro r ,  the ten-element model i s  chosen for  
incremental ana lys i s  beyond the e l a s t i c  l i p i t .  
In  the p l a s t i c  range, the user  has t o  choose the load increments properly i n  
order  t o  ob ta in  good r e s u l t s  a t  reasonable cost. The values of the load fac tors  can 
be normalized so i t s  uni t  value corresponds t o  the l i m i t  of e l a ~ t i c  solut ion,  i.e., 
po = 23,571 psi. The load increments can be uniform o r  nonuniform. It seems tha t  
t he  s i z e  of load increments depends otl the mater ia l  propert ies  and s i ze s  of elements. 
In  order t o  determine the influence of load f ac to r s  on the displacements and stresses 
i n  the  p l a s t i c  range, four sets of load f ac to r s  a re  chosen. The load increments fo r  
th ree  of them are  uniform with Ap/po = 0.20, 0.10, and 0.05, respect ively.  The 
iuf luence of load fac tor ,  p/po, on the ins ide  r ad i a l  displacement, u l ,  is shown i n  
f i gu re  4. The e f f ec t  of load fac tors  on the major pr incipal  stresses i n  elements is 
shown i n  f igure  5. We a l so  show i n  these two f igures  the corresponding ana ly t i ca l  
resu l t s .  On the  bas i s  of these comparisons, we can make the following conclusions. 
In  t he  e a r l i e r  s tages  of p l a s t i c  deformation, l a rge r  load increments can be used t o  
give very good resu l t s .  As p l a s t i c  deformation becomes bigger,  smaller load 
increments should be vsed i n  order t o  get  a reasonably good answer. However, fo r  
very large p l a s t i c  deformation, it  seems t h a t  we cannot improve the  NASTRAN results 
much b e t t e r  by choosing even muallsr increments. This is because there  a r e  other  
bu i l t - i n  e r ro r s  i n  the NASTRAN program, e.g., the  l i n e a r  displacement function is 
assuued. 
I f  uniform load increments a r e  used, a d i r e c t  comparison of the ana ly t i ca l  and 
NASTRAN r e s u l t s  is not available.  The so l id  curves shown i n  f igures  4 and 5 *re 
obtained ind i r ec t l y  s ince  the ana ly t i ca l  r e s u l t s  of the displacements, stresses, and 
pressure = r e  represented a s  functions of e l a s t i c - p l a s t i c  boundary (ref .  5). We have 
obtained the ana ly t i ca l  results when the e l a s t i c - p l a s t i c  boundary i e  located a t  a 
r a d i a l  d i s tance  of 0.05, 0.15, 0.25, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, and 0.95 
inch from the inside surface. The corresponding values of the pressure fac tor  (p/po) ., 
a re  1.095, 1.266, 1.414, 1.540, 1.646, 1.734, !.805, 1.860, 1.901, and 1.929, + 
1 
respect ively.  This set of values l a  used a s  load f ac to r s  i n  the input deck of the 1 i 
.05n) - , , ••• 13. :  f lica-
) )   -
 s f . 
-axes  - .38 , ec-
.  . 
E-D ON  
-di e s  
r .   o-
.  , w f 
t  mo l.  
.   . 
. -    
  - 329 .
    P - i. 
 '   ts. 
  t odel  
s le ent , . 6 
 5   t -element  
s   9 4 ~t  
  le ent  r.  
l siS  ~i
  
  \u   l~ .    
    t  laetic ., 
P a .   if r . 
   n   t . 
      
     ~  .   
  ~p!P ~ 0, 0,  5, .  
n   !P ,     
r  .     
   .   s 
   llOW  s. 
       
   
 ~ a    .  
      
smallE     
     .,    
m . 
     l  
  .       were 
l    i l ts   ,  
 were s ti ns     
  i l   a t  
l t e , , , 3, , , , , ,   
     i      !P
 , , , , , , 1 5, , ,  , 
  18  t rs    
284 
NASTRAN progrra. Some of the  NASTRAN rerultr together with the corresponding 
, a n a l y t i c a l  resultr are shown i n  f igures  6 and 7. A d i r e c t  comparison of the two 
approaches i n  the p l a s t i c  range can be seen. The e f f e c t  of load f ac to r s  on the 
d i s t r i b u t i o n  of r a d i a l  displacaaento is shown i n  f igure  6. The d ie t r ibu t fone  of 
. ,  major pr inc ipa l  stresses f o r  th ree  load f ac to r s  are shown i n  f igure  7. Ae can be 
I .  
. 
seen i n  f igures  6 and 7, a d i r e c t  comparison of tvlo approaches w i l l  rupport the  
: following conclusion. Even i f  the  r e s u l t s  i n  the e l a s t i c  range are i n  exce l len t  
, 
agreerent ,  the  d i f fe rences  i n  the p l a s t i c  range can be qu i t e  big fo r  large values of 
load factors .  This syggeets aore research e f f o r t s  should be given t o  large plaSric  
deforgat  ion. 
CONCLUSIONS ORlGINAL FACE R 
OF POOR Q U A F I n  
Two e l a s t i c -p l a s t i c  annular p la te  problems have been analyzed by w i n g  NGTRAN 
p l a t e  elements. One problem is loaded ex terna l ly  by two concentrated forces  and the  
o the r  by uniform in t e rna l  pressure. The NASTRAN r e s u l t s  fo r  the second problem hme 
been compared with an exact ana ly t i ca l  solution. It seams that the NASTRAN code i n  
i t s  present form is st i l l  a valuable tool  because i t  can be used to  solve qu i t e  
complicated plane stress prcblems provided the plae t i c  deformation involved is not 
too large. The l imi t a t ion  t h a t  the use of idea l ly  p l a s t i c  mater ials  is excluded can 
be e a s i l y  reroved by making Binor changes. 
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Figure 1. F i n i t e  Element Model of an Annular P l a t e .  
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Figure 1. Finite Element Model of an Annular Plate. 
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INTRODUCTION 
T h i s  p a p e r  d i s c u s s e s  t h e  f a c t o r s  t h a t  must  be 
t a k e n  i n t o  c o n s i d e r a t i o n  when app l y i n g  NASTRRNYs 1  i n e a r  
a n a l y s i s  t o  s t r u c t u r e s  whose p r i n c i p l e  b o u n d a r i e s  a r e  
fo rmed b y  b o l t i n g ,  and f o r  w h i c h  l o c a l i z e d  s t r e s s  
p e a k i n g  i s  i m p o r t a n t .  The d e t e r m i n a t i o n  o f  wha t  
p o r t i o n  o f  t h e  b o l t  b o u n d a r y  i s  a c t i v e  f o r  a  g i v e n  
l o a d i n g  i s  a n o n l i n e a r  p r o b l e m .  Once t h e  a c t i v e  
b o u n d a r i e s  a r e  e s t a b l i s h e d  f o r  a  g i o e n  l o a d ,  t h e  
d e t e r m i n a t i o n  o f  t h e  r e s u l t i n g  s t r e s s e s  is a  l i n e a r  
p r o b l e m .  Does t h i s  mean t h a t  e v e r y  a n a l y s i s  whose 
p r i n c i p l e  b o u n d a r i e s  a r e  f o r m e d  b y  b o l t i n g  a r e  wrong  i f  
t h e y  a r e  n o t  t r e a t e d  i n  a n o n l i n e a r  f a s h i o n ?  N o t  a t  
a l l !  The i m p o r t a n c e  o f  t h i s  n o n l i n e a r  c o n d i t i o n  r e a r s  
i t s  head  o n l y  when t h e  f i n i t e  e l e m e n t  mesh i s  s o  f i n e  
t h a t  t h e  b o r e  i s  no  l o n g e r  r e p r e s e n t e d  as a  p o i n t .  
Then t h e  p a r t i c u l a r s  o f  t h e  macro  b e h a v i o r  o f  t h e  b o l t  
i n  t h e  b o r e  become i m p o r t a n t .  T h e r e  a r e  t w o  a p p r o a c h e s  
t o  t h i s  p r o b l e m :  E i t h e r  t h e  employment  o f  a s e t  o f  
n o n l i n e a r  s c a l a r  s p r i n g s  a t  t h e  b o u n d a r i e s  t o  d e t e r m i n e  
t h e  a c t i v e  r e g i o n  f o r  a  g i v e n  l o a d i n g  f o l l o w e d  b y  a 
d e t a i l e d  l i n e a r  a n a l y s i s  u n d e r  t h e  a c t i v e  b o u n d l n g  
l o c a l e s ;  o r  t h e  p u r s u i t  o f  a  s e r  i e s  o f  b o u n d a r y  
a p p r o x i m a t i o n s  u s i n g  l i n e a r  a n a l y s i s ,  u n l y ,  u n t i l  
a d m i s s i b l e  c o n d i t i o n s  a r e  f o u n d .  T h i s  p a p e r  d e a l s  w i t h  
t h e  second a p p r o a c h .  An i l l u s t r a t i o n  o f  t h e s e  me thods  
i s  g i v e n  i n  an a p p l i c a t i o n  t o  a  m o u n t i n g  b r a c k e t .  
OPERATION 
Loads  a p p l i e d  s i m u l t a n e o u s l y  i n  3 c o o r d i n a t e  
d i r e c t i o n s  i n v o l v e  3 k i n d s  o f  b o u n d a r i e s  and cause  
v a r i a t i o n s  d e p e n d i n g  on  t h e  m a g n i t u d e s  o f  t h e  l o a d  
COmpO!Ient~. U n f o r t u n a t e l y ,  i t  i s  n o t  p o s s i b l e  t o  a p p l y  
a  S e t  O f  i n d i v i d u a l  n o m i n a l  l o a d s  t h e n  s c a l e  them and 
combine  t hem t o  g e t  a  f i n a l  r e s u l t ,  because  1 t n e a r  
S u p e r p o P i t i o n  does  n o t  u c r k  a t  a l l  i n  t h i s  h i g h l y  
n o n l i n e a r  p r o b l e m .  C h a n g i n g  l o a d s  c a u s e s  t h e  h o l d  down 
b o l t s  t o  b e a r  o n  t h e  b o r e  s u r f a c e  rn different 
l o c a t i o n s ;  t h e y  cause  e i t h e r  t h e  b o l t  head  o r  nl l+ t o  
make c o n t a c t  i n  d i f f e r e n t  l o c a t  i o n s ;  t h e 9  cause  
d i f f e r e n t  edges  o f  t h e  b o l t e d  f o o t  t o  b e a r  on  t h e  
m o u n t i n g  s u r f a c e .  I n  t h e  a p p l l c a t l o n  u n d e r  
c o n s i d e r a t i o n ,  t h e r e  a r e  t w o  b o l t s  t h r o u g h  a s i n g l e  
r e c t a n g u l a r  f o o t .  
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I n  t h e  a c t u a l  c a s e  t h e r e  i s  a  m u l t i - f o l d  i n f i n i t y  o f  
p o s s i b l e  b o u n d i n g  c o n t a c t s .  I n  t h e  f i n i t e  e l e m e n t  c a s e  
o f  a  f i n e  meshed mode l  t h e r e  i s  a h i g h  f l n i t e  number  o f  
p o s s i b l e  b o u n d i n g  c o m b i n a t i o n s .  To r e d u c e  t h e  p r o b l e m  
o f  f i n d i n g  a d m i s s i b l e  c o m b i n a t i o n s  t o  a  manageab le  s e t 0  
r t  was d e c i d e d  t o  l i m i t  t h e  t r i a l  l o c a t i o n s  t o  t h e  
f o l l o w i n g :  
TYPE OF BOUNDARY DETAILS O F  REPRESENTATION 
Bo It Shank A g a i n s t  T h r e e  P a i r s  o f  P o i n t s  A t  Each  
B o r e  S u r f a c e  C a r d i n a l  L o c a t i o n  F o r  Each  O f  
Two B o r e s  
B o l t  Head A g a i n s t  C i r c l e  O f  P o i n t s  Abou t  Each  O f  
Upper  S u r f  ace A n n u l u s  Two B o r e s  
B o l t  N u t  A g a i n s t  C i r c l e  O f  P o i n t s  Abou t  Each  O f  
Lower  S ~ r f a c e  A n n u l u s  Two B o r e s  
F o o t  S i d e  Edge S e t  O f  T h r e e  P o i n t s  A t  Each  Of  
A g a i n s t  Mount  S u r f a c e  Two S i d e s  O f  Each  O f  Two P o i n t s  
F o o t  End Edge A g a i n s t  S e t  O f  P o i n t s  fa long E n t i r e  Edge 
Mount  S u r f  ace O f  End N e a r e s t  L o a d  
S k e t c h e s  o f  t h e s e  b o u d a r i e s  as  t h e y  m i g h t  behave  u n d e r  
l o a d  a r e  shown hefee.  
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F o o l s  r u s h  i n  where  a n g l e s  f e a r  t o  t r e a d .  Based 
o n  t h e  l c g i c  o f  r i g i d  b o d y  a c t i o n s  i t  appea red  q u i t e  
r e a s o n a b l e  t o  e x p e c t  t h a t  one  c o u l d  make i n i t i a l  
p r e d i c t i o n s  t h a t  c o u l d  be m o d i f i e d  s l i g h t l y ,  a f t e r  
i n i t i a l  r e a c t i o n s  were  r e u i e u e d ,  t o  a s e t  t h a t  w o u l d  be  
a d m i s s i b l e .  N o t i c e  t h a t  mea l y -mou thed  1a:lguage i s  
a l r e a d y  b e i n g  used :  r e a s o n v b l e  -- a d m i s s i b l e ;  n o t  
c o r r e c t  o r  p r e c i s e .  I f  t h e  l o a d  were  a p p l i e d  i n  t h e  
+X,+Y,+Z d i r e c t i o n s 0  one  w o u l d  e x p e c t  t h e  f o o t  t o  move 
u v e r  t o  c o n t a c t  t h e  b o l t s  o n  t h e  - X  s i d e s  o f  t h e  b o r e s r  
t h e  - Y  s i d e s  o f  t h e  b o r e s ,  and t o  engage t h e  b o l t  h e a d  
r a t h e r  t h a n  t h e  b o l t  n u t  f o r  b o t h  b o l t s .  I t  was t h e s e  
r i g i d  bod:! n o t i o n s  t h a t  were  dashed  b y  t h e  e l a s t i c  
r e a l i t y  o f  t h ~  c a s e .  A c t i o n s  a t  one b o r e  we re  
d i f f e r e n t  t h a n  a c t i o n s  a t  t h e  o t h e r .  Loads  u e r e  o f f s e t  
f r o m  t h e  f o o t  and t h e  l o r d i n g  s u r f a c e  was c a n t e d  t o  t h e  
p l a n e  o f  t h e  f o o t .  'hese p r o d u c e d  moments t h a t  were  
r e a c t e d  a t  t h e  b o l t s .  R ~ g i d  body  c a l c u l a t i o n s  u e r e  
made f o r  e a c h  l o a d  t o  h e l p  d e c i d e  o n  t h e  i n i t i a l  
b o u n d a r y  a s s i g n m e n t s  i n  t h e  f i r s t  t r i a l  o f  e a c h  r u n .  
T h i s  a p p r o a c h  h a s  l o g i c a l  a p p e a l ,  b u t  i t  o f t e n  u a s  
c o n s i d e r a b l y  o f f  t h e  mark .  
I n  o r d e r  t o  i m p r o v e  t h e  f i r s t  t r i a l #  a  s m a l l  p i l o t  
mode l  w i t h  a  c o a r s e  mesh was assemb led  f r o m  p l a t e  
e l e m e n t s  and h a d  each  b o r e  r e p r e s e n t e d  b y  a  p o i n t .  
R e a d i n g ?  f r o m  t h e  b o r e  p o r n t s  and b o u n d a r y  edge p o i n t s  
h e l p e d  t o  i m p r o v e  t h e  i n i t i a l  SPC a s s i g n m e n t h  i n  t h e  
s o  1  i d  mode 1. 
T h i s  a n a l y s i s  u s e d  s o l i d  e l e m e n t s  e n t i r e l y  f o r  t h e  
w h o l e  mnde l  w h i c h  c o n t r i b u t e d  t o  a  c o m p l i c a t i o n  i n  
s a t i s f y i n g  moments. P a i r s  o f  p o i n t s  a r e  needed  t o  
c r e a t e  t o u p l e s  when u s i n g  s o l i d  e l e m e n t s ,  w h i l e  i f  
p l a t e  b e n d i n g  e l e m e n t s  were  u s e d  i n s t e a d ,  any b e n d i n g  
r e q u i r e m e n t s  c o u l d  b e  met a t  a  s i n g l e  p o i n t  r a t h e r  t h a n  
o v e r  a  p a i r  o f  p o i n t s .  The t e n d e n c i e s  o f  p a i r s  o f  
p o i n t s  t o  f o r m  c o u p l e s  p r o v e d  t r o u b l e s o m e  a t  b o u n d a r i e s .  
To e x p l a i n  t n i s  i t  w i l l  be  h e l p f u l  t o  r e d e f i n e  some t e r m s .  
F i r s t  o f  a l l  " b o u n d a r y "  i s  d e f i n e d  t o  b e  t h a t  s e t  
o f  p o i n t s  w h e r e i n  a  s u b s e t  o f  whose componen ts  a r e  
c o n s t r a i n e d  t o  z e r o  d i s p l a c e m e n t .  T h i s  i s  a  
p a r t i c ~ l a r l y  s e v e r e  c o n d i t i o n  i n  v i e w  o f  t h e  i n e v i t i b l a  
r e d u n d a n c y  o f  c o n s t r a i n t s .  An a d m i s s i b l e  b o u n d a r y  i s  
one t h a t  p u s h e s  o n l y  and does  n o t  p u l l  o n  t h e  ma t . i ng  
b o u n d a r y  s t r u c u t u r e .  T h i s  r e s t r i c t i o n  makes an i d e a l  
a rgumen t  f o r  u s i n g  u n i d i r e c t i o n a l  n o n l  i n e i r  b o u n d a r y  
s p r i n g s .  The n o n l i n e a r  s u p p o r t s  w i l l  a l l o w  n o n z e r o  
d i s p l a c e m e n t s  and s t i l l  p r o d u c e  a p u s h  f o r c e .  E x p l o r i n g  
s u c h  a  c a s e  w o u l d  be  an a t t r a c t i v e  v o n t u r e ~  b u t  t h i s  
p a p e r  c o n c e n t r a t e s  o n l y  o n  t h e  l i n e a r  t r i a l  method .  The 
measure  u s e d  t o  d i s c r i m i n a t e  f o r  a d m i s s i b i l i t y  o f  
b o u n d a r y  c a n d i d a t e s  was t h e  s i g n  o f  t h e  SPCForces a t  
t h e  b o u n d a r i e s .  I f  any b o u n d a r y  components  were  f o u n d  
295 
F.:  OR' ~  II 
F  LI  
tools sh n  l s ~ o  ed 
n e e ic igid dy ti s t red ite 
sonable o t t  uld  itial 
i ti s t uld  ifi d li Jfter 
itial ctio s  vi w o ~ t t l   
i . i e hAt l lang s 
lr ady ing : n~ble i l J t 
ct r . f e d  A d n e 
,TY,+Z ,  ld ct t e t ~ e 
r to t ct t e lts n t e - i s f t e , 
t e - i s f t e nd o ge t e lt ad 
ther t an t e lt t r th . t WAS e 
igid ~ tions thAt  AS .d y . l stic 
~ality f hr t. s t  . r  
r nt t an ctions t t e  s wIre ff SIt 
from t e t nd t e l a ing rf   ted o t e 
l e f t e  · se .d lnts t  
acted t t e . igid dy l l ti s w e 
 r a=h l d o tlp t n t e itial 
dary SS ts In t e irst rial f ach . 
is pproach s l ical t it f n w s 
i erably ff t e r . 
In r r to i rove t e t ri l,  al  ilot 
del th  r e sh  ssembled from t 
l ts nd ad ach re r sented y  O . 
eading~ from t e re Oi ts nd dary dge aints 
lped to i r ve t e i itial PC ssig . in t e 
so  i d e  . 
is nalysis sed olid le nts ntirely for the 
le del ich trib ted to a o li ation in 
atisfying . irs f O ts re eded to 
r ate (ouples n sing olid l  ile if 
l te ending le nts Ire sed i any ending 
r quire ents ould e et t a 5) le Oi t r ther t an 
r a ir f . e tendenCi s f irs f 
aints to form l s roved tr l so e t ariR . 
o x llin tnis it ll e lpful to r define ~. t.r . 
tirst f l  " is ef  to ~ that .t 
f O ts rein a subset f e co nts are 
c strained to zero i l ce nt. is is a 
artic~larly severe ondition in iew f the evitibl~ 
redundancy f tr i . n admiSSi le undary is 
one that shes nly and s ot ul  on the ting 
oundary struc t . is r striction kes an ioeal 
argu ent for sing i ir ctional online&r oundary 
spri . e li ar supports ill al ow nonZRro 
di pl ce ents and stil  produce a push f . xploring 
such a case uld be an attractive ~~nture, ut this 
aper c tr t s only on the li ear trial t . T~e 
a$ure used to iscri i te for ad i sibility of 
boundary candi tes s the sign of the S rorces at 
the ri . If any boundary co nts re f und 
295 
t o  p u l l #  i t  n e c e s s i t a t e d  redefining t h e  b o u n d a r y  
c o n s t r a i n t s  t o  a v o i d  t h i s  p u l l i n g  condition. Q u i t e  
o f t e n  i t  was n o t  enougn t o  j u s t  e l i m i n a t e  t h e  o f f e n d i n g  
component ,  because  t h e  p u l l i n g  b e h a v i o r  o f t e n  moved t o  
t h e  neighboring r e t a i n e d  p o i n t .  A n o t h e r  s u p r i s e  
o c c u r r e d  a t  t h e  b o l t  heads .  I t  seemed r e p r e s e t e t a t i w e  
f o r  b o l t  head  c o n s t r a i n t s  t o  b e  mode led  as an a n n u l u s  
o f  a  d o u b l e  c i r c l e  o f  p o i n t s .  As i t  t u r n e d  o u t ,  p a i r s  
o f  i n n e r  and o u t e r  r a d i a l  p o i n t s  a c t e d  as C o u p l e s  u l t h  
o p p o s i t e  s i g n s  u h i c h  i s  i n a d m i s s i b l e ,  b e c a u s e  0 p p 0 S l t e  
s i g n s  means one i s  p u l l i n g  w h i l e  t h e  o t h e r  i s  p u s h i n g .  
C o n s e q u e n t l y ,  b o l t  head  and b o l t  n u t  r e a c t i o n s  w r r e  
mode led  as a  s i n g l e  c i r c l e  o f  p o i n t s .  Even  r e s t r i c t i n g  
b o l t  c o n s t r a i n t s  t o  s i n g l e  c i r c l e s  was mos t  o f t e n  n o t  
s u f f  l c i e n t  l y  c u r t a i l e d  t o  e l i m i n a t e  a1 1  p u l l  l n g .  T r i a l  
u i t h  o n l y  a r c s  o f  a  c i r c l e  i n  v a r i o u s  p o s i t i o n s  and 
d i f f e r e n t  s p a n s  were  made b e f o r e  somet imes ,  an 
a d m i s s i b l e  head  o r  n u t  r e p r e s e n t a t i o n  u a s  f o u n d .  
A t  t i m r  ? d u r i n g  t h i s  a n a l y s i s .  I wan ted  t o  say ,  
'-What does  t m a t t e r  if t h e r e  i s  some p u l l i n g ? "  S e v e r e  
h i g h  s t r e s s e s  o c c u r r e d  i n  r e g i o n s  where  h i g h  c o n s t r a i n t  
f o r c e s  o f  o p p o s i t e  s i g n s  u e r e  p r e s e n t .  Good a n s u e r .  
The c a n t e d ,  o f f s e t  p o s i t i ~ n  o f  t h e  l o a d i n g  
p r o d u c e d  a t e n d e n c y  f o r  t h e  f o o t  t o  t i l t  w i t h  r e s p p c t  
t o  t h e  m o u n t i n g  s u r f a c e  i n  e v e r y  l o a d i n g  case .  A 
t r i p l e t  o f  p o i n t s  o n  an edge t r a n s u e r s e l q  o p p o s i t e  a  
b o r e  I n  one d i r e c t i c n  c o n s t i t u t e d  t h e  c a n d i d a t e  
b o d n d a r y  s e t  a t  e a c h  o f  4 l o c a t i o n s .  As t r i a l s  were 
Made i t  u a s  f o u n d  t h a t  some t imes  t h e  t r i p l e t  h a d  t o  b e  
r e d u c e d  t o  a  p a i r  o r  a  s i n g l e  p o i n t  b e f o r e  i t  became 
a d m i s s i b l e .  I n  t h e  c a s e  o f  f o r e  and a f t  edges,  i t  was 
f o u n d  t h a t  some t i . ! es  c o n t a c t  u a s  made a t  t h e  edge 
n e a c ? s t  t h e  l o a d  b u t  t i l t i n g  t o w a r d s  t h e  f a r  e n d  was 
t a k e n  up  e l a s t i c a l l y  b e f o r e  r e a c h i n g  t h e  f a r  e n d  s o  
t h a t  t h e  f a r  edge n e v e r  became a  b o u n d a r y  c o n s t r a i n t .  
The d i s t r l b u t i o n  o f  c o n s t r a i n t s  on  t h e  n e a r  edge was 
f o u n d  t o  v a r y  f r o m  t h e  e n t i r e  edge t o  a  b i a s e d  p a r t i a l  
s e t .  
Hbsence o f  p u l l i n g  i s  n o t  t h e  o n l y  c r i t e r i o n  f o r  
a d m i s s i b i l i t y .  O v e r - c o n s t r a i n i n g  must  be  g u a r d e d  
a g a i n s t  when t r y i n g  t o  t r a c P  c r i t i c a l  s t r e s s e s .  I t  i s  
p o s s i b ! e  t o  have  e x c e s s i v e  c o n s t r a i n t s  even  t h o u g h  t h e y  
a r e  a l l  p u s h i n g .  The r e q u i r e m e n t  u s e d  f o r  an a d m i s s ; b l e  
q u a n t i t y  o f  c o n s t r a i n t s  i s  t h a t  t h e  o p p o s i n g  
e q u i l i b r a t i n g  e l a s t i c  c o n s t r a l n t s  b e  o f  t h e  same o r d e r  
o f  m a g n i t u d e  as t h e  o p p o s i n g  f o r c e s  f o r  r i g i d  b o d y  
e q u i l i b r i u m .  An a v e r a g e  o f  s i x  t r i a l  r u n s  p e r  l o a d  
c a s e  u e r e  needed t o  f i n d  an a d m i s s i b l e  s e t  o f  
c o n s t r a l n t s .  R e s u l t s  were  c o n s i d e r e d  t o  b e  on t h e  
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c o n s e r v a t  I J ~  s  i d e ,  b e c a u s e  t h e  c o n t a c t  a r e a  b r o a d e n s  as 
d e f u r m a t  i o n  t a k e s  p l a c e  r n  t h e  a c t u a l  c a s e .  B r o a d e n i n g  
o f  t h e  c o n t a c t  a r e a  was n o t  t a k e n  i n t o  a c c o u n t  i n  t h i s  
a n a l y s i s .  As a  r e s u l t  t h i s  a n a i y s l s  s h o u l d  s h o u  
s t r e s s e s  s l  i g h t  l y  h i g h e r  t h a n  a c t u a l .  
The a d v a n t a g e  f o r  an a P a l y s l s #  s u c h  as t h i s #  IS 
t h a t  : t  g l u e s  much more information t h a n  an 
e x p e r ~ m e n t s l  s e t - u p  u s i n g  s t r a i n  gages.  b e c a u s e  t h e  
f i n ~ t e  e l e m e n t  mesh h a s  a  s m a l l e r  gage l e n g t h  and  h a s  
s e v e r a l  o r a e r s  o f  m a g n i t u d e  more measuremen ts .  The 
l o a d  p a t h  becomes we1 1  t r a c e d  and t h e  p e a k i n g  and 
releasing o f  s t r e s s e s  w h i c h  l e a d s  t o  c r a c k s  and f a t i g u e  
1s w e l l  d e f i n e d .  
To i l l u s t r a t e  how t h i s  me thod  w o r k e d  i n  p r a c t i c e ,  
t h i s  p a p e r  w i l l  t r a c e  t h e  s t e p s  t a k e n  I n  h o m i n g  i n  o n  
an a d m l s s i h l e  s e t  o f  constraints f o r  a  s i n g l e  l o a d i n g  
c o n d i t  I o n .  
SUECASE 3412; X Y Z  l o a d s  a t  t h e  c r s d  l e  a r e  -283,'-559/-422 
I t  m i g h t  be  e a s i e r  t o  d e s c r i b e  t h e  e V O l ~ t i O n  o f  
reactions ~f p o s i t i o n s  a r e  o r i e n t e d  w l t t ?  r e s p e c t  t o  t h e  
b r a c k e t  p a r t s .  F o r  ~ n s t a n c e ,  t h e  p l a c e  where  l o a d s  go 
l n  IS  t h e  c r a d l e  and t h e  t r i a n g u l a r  s h a p e d  l i g a m e n t  
c o n n e c t  i n g  t h e  c r a d l e  t o  t h e  b a s e  i s  t h e  b r a c e .  O p p o s i t e  
t h e  b r a c e  t h e  s i d e  i s  named "open" .  Positions i n  t h e  
o t h e r  d ~ r e c t i o n  a r e  d i s t i n g u i s h e d  b y  t n e  t e r m s  " d i s t a n t "  
f r o m  t h e  l o a d e d  c r a d l e  and " n e a r "  t h e  l o a d .  The b o r e s  
z r e  n o t  o f  e q u a l  s i t e .  The b o r e  v e a r e s t  t h e  c r a d l e  1s 
t h e  l a r g e r  s o  t h e  t e r m s  l a r g e  b o r e  (LEI and s m a l l  b o r e  
(SB) h e l p  t o  k e e p  t h e  r e a c t ~ o n  s t r a i g h t .  F i n a l l y p  t h e  
u e r t i c a l  d l r e c t ~ o n  c a n  be  d e s i g n a t e a  b y  t h e  b o l t  h e a d  
s i d e  on t o p  and t h e  b o l t  n u t  s i d e  on  t h e  b o t t o m .  See 
t h e  s k e t c h  w i t h  l a b e l s  p e r  t h i s  scheme. 
(5
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The r n r t i a l  SPC s e t  was a s s i g n e d  i n  an a t t e m p t  t o  
b a l a n c e  t h e  l o a d s  u i t h  p u s h i n g  f o r c e s  o n l y .  To oppose  
t h e  - X  l o a d .  a  s e t  o f  SPC's was p u t  i n  p l a c e  a t  t h e  
L B c l a r g e  b o r e )  o n  t h e  c a r d i n a l  p o i n t  t o u a r d s  t h e  o p e n  
s l d e .  The c o u p l e  c r e a t e d  b g  t h e  X l o a d  and t h e  LB X 
r e a c t r o n  c a n  b e  b a l a n c e d  b y  p u t t i n g  a  constraint o n  t h e  
c a r d ~ n a l  p o i n t  a t  t h e  S B t s m a l l  b o r e )  t o u a r d s  t h e  b r a c e  
s  1 de . 
To oppose  t h e  -Y l o a d  an SPC S e t  mas p u t  o n  t h e  n u t  s i d e  
o f  LB c a u s r n g  a  moment u h l c h  c o u l d  b e  o p p o s e d  b y  an SPC 
o n  t h e  h e a d  Side o f  SB. 
To oppose  t h e  -2 l o a d  t h e  c a r d i n a l  p o i n t s  t o w a r d  t h e  
n e a r  s ~ d e  o f  b o t h  b o r e s ,  c o n s t r a i n t s  mere p u t  o n  t h e  n e a r  
s l d e  o f  b o t h  LB and SB. To oppose  t h e  moment i n  Z f o r c e s  
a b o u t  t h e  X - a x i s .  a  c o n s t r a i n t  was a p p l i e d  a t  t h e  
d  1 s t  a n t  eage.  
I n  p a r t i c u l d r ,  t h e  i n l t i a l  c o m b i n a t i o n  o f  SPC s e t s  con -  
s  I s t e d  o f :  
( a )  a  f u l l  a r r a y  o f  3 p a i r s  o f  p o i n t s  ( n u t  s u r f a c e .  mean 
s u r f a c e ,  and h e a d  s u r f a c e )  o n  t h e  SB b r a c e  l o c a t i o n  f o r  
X r e a c t i o n .  
( b )  a  f u l l  c o l u m n  o f  3 p o i n t s  ( n u t ,  mean, and  h e a d )  o n  
t h e  LB open  l o c a t ~ o n  f o r  X r e a c t i o n .  
( c )  a 270 d e g r e e  a r c  o f  p o i n t s  f r o m  " n e a r "  a r c u n d  
" b r a c e "  t o  " d i s t a n t "  o n  t h e  h e a d  s u r f a c e  a r o u n d  SB f o r  
Y r e a c t  r o n .  
: d )  a  270 d p g r e e  a r c  o f  p o i n t s  f r o m  " n e a r "  a r o u n a  "open"  
s i d e  t o  " d i s t a n t "  o n  t h e  n u t  s u r f a c e  a r o u n d  LB f o r  Y 
r e a c t  I o n .  
( e l  a  l ~ n e  o f  p o i n t s  on  t h e  " d i s t a n t "  edge  b e y o n d  SB 
f o r  Mx r e a c t i o n .  
t f  1 a  f u l l  a r r a y  o f  3 p a i r s  o f  p o l n t s  on  t h e  SB n e a c  
s r d e  f o r  2 r e a c t i o n .  
( g )  a  f u l l  c o l u m n  o f  3 p o i n t s  o n  t h e  LB n e a r  s i d e  f o r  
Z r e a c t i o n .  
The r e s u l t s  showed a  number o f  p l a c e s  t h a t  w e r e  p u l l  i n g .  
b u t  t h e  one g i v i n g  t h e  g r e a t e S ~  o f f e n s e  u a s  t h e  l ~ n e  
o f  p o i n t s  o n  t n e  d i s t a n t  edge .  
The f l r s t  m o d i f i c a t i o n  t r i e d  t o  t e m p e r  t h e  e f f e c t  o f  
t h e  d r s t a n t  eCge b y  r n t r o d u c i n g  an add i t  i o n a l  c o n s t r a i n t  
on  t h e  b r a c e  egde o p p o s i t e  SB* u h i l e  k e e p i n g  a l l  e l s e  
unchanged .  Tne r e s u l t s  showed n o  r e l i e f  i n  t h e  p u l l i n g  
o f  t h e  d r s t a n t  edge and o n l y  s l l g n t  c o r r e c t i o n  a r o u n d  
t h e  b o r e s .  
The s e c o n d  mod i f  r c a t  I o n  abandoned t h e  d l s t a n t  edge 1  i n e .  
The a r c  on  t h e  n u t  s u r f a c e  o f  L B  u a s  s h i f t e d  f r o a  270 
d e g r e e s  on t h e  open  s r d e  t o  180 d e g r e e s  o n  t h e  b r a c e  s i d e .  
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The a r c  on t h e  head  s u r f a c e  o f  SB was r e d u c e d  t o  190 
d e g r e e s  on  t h e  b r a c e  s i d e .  
The t r i p l e t  o f  p o i n t s  o n  t h e  b r a c e  edge o f  SB r a s  r e d u c e d  
t o  a  p a i r .  
The r e s u l t i  were  c o n s i d e r a b l y  i m p r o u e d *  b u t  some p u l l i n g  
r n  Z persisted. 
The t h l r d  m o d ~ f l c a t i o n  r e d u c e d  3 p a i r s  i n  t h e  S B  n e a r  
s l d e  t o  t h e  u p p e r  2 p a i r s .  
The c o l u m n  o f  c o n s t r a i n t s  i n  LB n e a r  s i d e  w e r e  remoued.  
The t r i p l e t  o n  t h e  open  s i d e  o f  L B  u a s  r e d u c e d  t o  t h e  
u p p e r  p a i r .  
The r e s u l t s  shoued  t h e r e  was s t 1 1 1  p u l l i n g  i n  Y ,  and t h e  
Z p u s h l n q  magnitudes on  S B  were  h i g h .  
The f o u r t h  m o d l f l c a t l o n  r e d u c e d  t h e  188 d e g r e e  a r c  o n  t h e  
n u t  s u r f a c e  o f  LB t o  a  45 d e g r e e  a r c  o n  t h e  b r a c e  s i d e .  
The t r i p l e t  o n  t h e  n e a r  s i d e  o f  L B  u a s  r e s o t e d  t o  m o d e r a t e  
t h o s e  i n  SB. 
The r e s u l t s  were  c l o s e  b u t  t h e r e  u a s  some p u l l i n g  o n  t h e  
b r a c e  s i d e  o f  SB and o n  t h e  n e a r  s l d e  o f  LB. 
The f r f t h  m o d 1 f i c a t : o n  r e d u c e d  t h e  3 p a r r s  t o  t h e  
l o w e r  E p a i p s  on t h e  b r a c e  s i d e  o f  SB. 
The t r l p l e t  o n  t h e  n e a r  s i d e  o f  LB u a s  r e d u c e d  t o  t h e  
l o w e r  p a l r .  
The r e s u l t s  were  a d m i s s l b l e t  
I n  summary, t h e  n e t  o v e r a l l  c h a n g z  e n t a i l e d :  
r e d u c l n g  a f u l l  3 p a l r s  o f  SB b r a c e  s i d e  t o  t h e  l o w e r  2 
p a l r s ;  
r e d u c l n g  a  f u l !  t r l p l e t  o f  LB  open  s i d e  t o  t h e  u p p e r  
p a l r ;  
e l l m l n a t l n g  t h e  d i s t a n t  edge l i n e  and e n a b l i n g  a  p a i r  
o f  p o l n t s  on t h e  b r a c e  edge o f  SB; 
m o v l n g  t h e  LB 270 d e g r e e  a r c  on  t h e  open s i d e  o f  t h e  n u t  
s u r f a c e  t o  a  45 d e g r e e  a r c  on  t h e  b r a c e  s i d e  
o f  t h e  n u t  s u r f  ace; 
r e d u c ~ n g  a  f u l l  3 p a l r s  o f  SB n e a r  s i d e  t o  t h e  u p p e r  
2 p a i r s ;  
r e d u c l n g  a  f u l l  t r i p l e t  o f  LB  n e a r  s i d e  t o  t h e  l 0 w t r  
p a l r .  
T h r s  c u t  and t r y  me thod  u a s  a p p l i e d  t o  e v e r y  l o a d i n g  
case  ~ n  o r d e r  t o  a c h l e v e  admissibility. What k e p t  o n e  
g o l n g  was t h e  o p t l m i s t l c  c e r t a i n t y  t h a t  j u s t  one  more  
t r y  u o u l d  b r l n g  t h e  c o n s t r a i n t s  I n t o  l i n e .  Rnd j u s t  l i k e  
C h a r i l e  B r o u n ' s  t a s e b a l l  t e a m  s o m e t h i n g  u n e x p e c t e d  t u r n e e  
up e a c h  t l m e  t o  f r u z t r a t e  t h e  s u c c e s s  o f  t h e  n e x t  t r y .  
The n e x t  t h r e e  illustrations show t h e  s u r f a c e s  O n l y  o f  
t h e  s o l l d  e l e m e n t  m o d e l l r n g  u s e d  f o r  t h e  b r a c k e t  as 
u ~ e w e d  f r o m  3 different p o s l t ~ o n s .  
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The f o l l o u ~ n g  rllustration shows color contours of 
stresses from a slngle loadrng case. 
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CONCLUSIONS 
I n  c o n c l u s i o n  ~t is f a l r  t o  s a y  t h a t  t h e  me tnod  
w o r k s  and clues r e l ~ a b l e  results s l ~ g h t l y  c n  t h e  
c o n s e r v a t i v e  s i d e .  I t  s t r  11 l e a v e s  an e l e m e n t  o f  
u n c e r t a i n t y  as t o  w h e t h e r  t h e  honed  s e t  o f  c o n s t r a i n t s  
i s  u n i q u e ,  s i n c e  a  r e d u c e d  s e t  o f  w o r k i n g  l o c a t i o n s  was 
used .  Some s h i f t . 1 n g  s a y  t o  ~ n t e r c a r d i n a l  p o i n t s  m i g h t  
cause  some change i n  t h e  s t r e s s e s .  I n  s p i t e  o f  t h i s  
n a g g ~ n g  d o u b t ,  i t  c l a i m s  t o  b e  a  r e a s o n a b l y  good  
method.  I t  c a n  b e  t e s t e d  f u r t h e r  b y  r u n n i n g  a  s e t  o f  
u n i d i r e c t i o n a l  n o n l i n e a r  s p r l n g s  t o  o b t a i n  a  m,easure o f  
i t s  a p p r o x i m a t i o n s .  
Some comment m i g h t  be  made as t o  t h e  e f f ~ c i e n c y  o f  
t h e  c o m p u t i n g  t e c h n ~ q u e s ,  e . g .  B r u t e  F o r c e  as u a s  done 
h e r e  w h i c h  devot .ed a  c o ~ p l e t e  r u n  f o r  e v e r y  t r i a l .  2. 
C o n d e n s a t i o n  o f  a l l  p o ~ n t s  e x c e p t  b o u n d a r y  c a n d i d a t e s  
w i t h  r e s t a r t  o f  o n l y  t h e  m o d l f i e d  A - s e t .  3. S u b s t r u c t u r i n g  
w ~ t n  a  u n i t  s u b s t r u c t u r e  aSSlgn&?d t o  e a c h  c l u s t e r  o f  
b o u n d a r y  p o i n t s  and t n e  b u l k  t o  t v -e  p a r e n t  s t r u c t u r e .  
4. A t r u e  n o n l i n e a r  i n v e s t i g a t i o n  t o  r e c o v e r  t h e  magn i -  
t u d e s  o f  t h e  b o u n d a r y  f o r c e s  f o r  each  l o a d  c a s e  w i t h  a  
compan ion  r u n  o f  t h e  1  i n e a r  c a s e  w h i c h  u o u l d  t h e n  a p p l y  
t h e s e  b o u n d a r y  f o r c e s  f o r  a  l e n g t h y  S t r e s s  r e c o v e r y  
phase .  
The r e a s o n  t h a t  t h e  B r u t e  F o r c e  me thod  was Used i s  
t h a t  t h e  s t o r a g e  r e q u i r e d  t o  i m p l e m e n t  t h e  o t h e r  r o u t e s  
t a x e d  t h e  l i m i t e d  r e s o u r c e s  o f  t h e  V A X .  
The maxim t h a t  fits t h ~ s  s t o r y  i s :  t h a t  whenever  
t h e  mesh o f  a  model  i s  s o  f i n e  t h a t  a  b o r e  c a n ' t  b e  
r e p r e s e n t e d  as a  p o i n t ,  one mus t  be  p r e p a r e d  f o r  a  
c o n s i d e r a b l e  amount o f  e x t r a  c a r e  l f  t h e  s t r e s s e s  i n  
t i l e  r e g i o n  o f  t h e  b o u n d a r y  a r e  i m p o r t a n t .  I n  t h e  u o r d s  
o f  t h e  G r e a t  CPU: 
HE WHO MESHES FINE, 
FINDS A MESH. 
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